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Abstract

Over the past two decades, simulation of conditioned diffusion processes has been
investigated actively, while the field of geometric statistics has emerged due to the
growing need for handling non-linear data within the fields like robotics, biology,
and medical image analysis, among others. Simulation of conditioned diffusions
is a challenging statistical problem as analytically closed-form expressions for the
transition densities of the desired distribution are often unavailable. Much of the
existing literature provides methods to simulate conditioned diffusion processes in
a non-geometric setting, and the intersection between these two fields is relatively
unexplored. This dissertation is devoted to studying the simulation of guided bridge
processes on Riemannian manifolds, Lie groups, and homogeneous spaces and their
applications.

We propose a simple method for simulating conditioned processes on various non-
linear spaces and show its application to likelihood inference for diffusion processes
in different geometric settings.

In the first paper of the thesis, we present a bridge simulation scheme on the
orthonormal frame bundle of Riemannian manifolds. We derive an expression for
the transition densities analytically, and we obtain approximations of the transition
densities on specific manifolds using Monte Carlo techniques. In particular, for the
two-dimensional sphere, we compare the approximation with the truncated exact
heat kernel and show how an iterative maximum likelihood approach yields an
approximation of the mean value.

In the second paper, we utilize the simulation scheme developed in the first paper
to derive a simulation scheme on Lie groups and homogeneous spaces. An iterative
maximum likelihood procedure applied to the approximated transition density yields
an estimate of the unknown underlying metric on the Lie group and homogeneous
space. Moreover, we obtain anisotropic distributions on homogeneous spaces, arising
from non-invariant metrics on the total space.

In the third and last paper of the thesis, we consider bridge simulations on Rie-
mannian product manifolds. Given a set of data points on a manifold, we estimate
the diffusion mean by simulating a single diffusion bridge on the product manifold
conditioned on the diagonal. We verify experimentally the computational efficiency
of the forward sampled diffusion mean estimate compared to the Fréchet mean on
the space of Landmarks.
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Resumé

I løbet af de sidste to årtier er simulering af betingede diffusionsprocesser blevet
undersøgt aktivt, mens området for geometrisk statistik er opstået på grund af det
voksende behov for håndtering af ikke-lineære data inden for områder som robotik,
biologi og medicinsk billedanalyse. Simulering af betinget diffusionsprocesser er et
udfordrende statistisk problem, da analytisk kendte udtryk for overgangstæthederne
for den ønskede fordeling ofte er utilgængelige. Meget af den eksisterende litteratur
giver metoder til at simulere betingede diffusionsprocesser i et ikke-geometrisk
miljø, og skæringspunktet mellem disse to felter er relativt uudforsket. Denne
afhandling er viet til at studere simuleringen af guidede broprocesser på Riemannske-
mangfoldigheder, Lie-grupper og homogene rum og deres anvendelser.

Vi foreslår en simpel metode til simulering af betingede processer på forskellige ikke-
lineære rum og viser dens anvendelse på sandsynlighedsinferens for diffusionsprocesser
i forskellige geometriske kontekster.

I afhandlingens første papir præsenterer vi et brosimuleringsskema på rummet
bestående af ortonormale basisvektorer over Riemannske-mangfoldigheder. Vi
udleder et udtryk for overgangstæthederne analytisk, og vi opnår tilnærmelser
af overgangstæthederne på specifikke mangfoldigheder ved hjælp af Monte Carlo-
teknikker. Især for den todimensionelle sfære sammenligner vi tilnærmelsen med den
trunkerede eksakte varmekerne og viser, hvordan en iterativ maksimum likelihood
tilgang giver en tilnærmelse af middelværdien.

I det andet papir bruger vi simuleringsskemaet udviklet i det første papir til at
udlede et simuleringsskema på Lie-grupper og homogene rum. En iterativ procedure
for maksimum likelihood anvendt på den approksimerede overgangstæthed giver
et estimat af den ukendte underliggende metrik på Lie-gruppen og det homogene
rum. Desuden opnår vi anisotrope fordelinger på homogene rum, der stammer fra
ikke-invariante metrikker på det samlede rum.

I specialets tredje og sidste artikel behandler vi brosimuleringer på Riemannske
produktmangfoldigheder. Givet et sæt datapunkter på en mangfoldighed estimerer
vi diffusionsgennemsnittet ved at simulere en enkelt diffusionsbro på produktmang-
foldigheden betinget på diagonalen. Vi verificerer eksperimentelt den beregningsmæs-
sige effektivitet af det fremadsamplede diffusionsmiddelestimat sammenlignet med
Fréchet-gennemsnittet på landmark rummet.
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Chapter 1

Introduction and Background

This dissertation comprises the work conducted over the last three years
during the author’s enrollment as a Ph.D. student at the Department of
Computer Science at the University of Copenhagen. The dissertation contains
the following manuscripts

• Mathias Højgaard Jensen, Stefan Sommer. “Simulation of Conditioned
Semimartingales on Riemannian Manifolds” arXiv:2105.13190, (2022).

• Mathias Højgaard Jensen, Lennard Hilgendorf, Sarang Joshi, Stefan
Sommer. “Bridge Simulation and Metric Estimation on Lie Groups and
Homogeneous Spaces” arXiv:2106.03431, (2022).

• Mathias Højgaard Jensen, Stefan Sommer. “Diffusion Mean Estimation
on the Diagonal of Product Manifolds” Algorithms, 2022, Vol.15 (3),
p.92.

presented in Chapters 2-4. The two former manuscripts are available as
preprints on ArXiv, while the latter article has been published in the special
issueStochastic Algorithms and Their Applicationsof the open access journal
Algorithms. Besides the manuscripts appearing in Chapters 2-4, the author
authored two papers accepted at the international conference on Geometric
Science of Information (GSI) and published in the conference proceedings of
GSI’19 and GSI’21, respectively.

• Mathias Højgaard Jensen, Anton Mallasto, and Stefan Sommer, “Simu-
lation of Conditioned Diffusions on the Flat Torus”, Geometric Science
of Information (GSI), 2019,

• Mathias Højgaard Jensen, Sarang Joshi, and Stefan Sommer, “Bridge
Simulation and Metric Estimation on Lie Groups”, Geometric Science
of Information (GSI), 2021,



2 Chapter 1. Introduction and Background

The two published conference articles were presented at the GSI'19 and
GSI'21 conferences, respectively. The content of �Simulation of Conditioned
Di�usions on the Flat Torus � appears implicit in the manuscript of Chapter 2.
In contrast, the content of �Bridge Simulation and Metric Estimation on Lie
Groups� explicitly features in the manuscript of Chapter 3. For these reasons,
the dissertation omits the two articles, however, the articles can be found in
Appendix A and B.

The Ph.D. project aims to develop statistical methodologies to infer the distri-
butional properties of observations in geometrical spaces such as Riemannian
manifolds, Lie groups, and quotient spaces. The following sections review the
mathematical background theory and methodology used in the manuscripts.

1.1 Structure of Thesis

This thesis is structured as follows.

Chapter 1 brie�y introduces the di�erent �elds appearing throughout the
thesis. Section 1.2 describes the problem formulation and recent advances
within bridge simulation on non-linear spaces. In Section 1.3, we brie�y
introduce geometric statistics and establish the role of bridge simulation
within this �eld. Section 1.4 gives a preliminary introduction to the theory of
Riemannian geometry. In Section 1.5, we brie�y introduce stochastic processes
and the theory of stochastic calculus, including de�nitions of semimartingales,
Itô integrals, stochastic di�erential equations, and Stratonovich integrals.
Section 1.6 presents stochastic di�erential equations on manifolds by using
the stochastic development approach. Lastly, we introduce bridge processes
through guiding in Euclidean spaces and on manifolds in Section 1.7.

Chapter 2-4 contains the central part of the thesis. Each chapter is a separate
paper and can therefore be read independently of one another. As the topics
in each chapter are very related, it makes the chapters very repetitive.

The last chapter summarizes the thesis and provides an overview of further
investigations in future works.

1.2 Problem Formulation

This thesis is devoted to studying conditioned di�usion processes in the
context of statistical inference for continuous-time stochastic processes in the
presence of curvature. While the statistical inference for di�usion processes has
attracted much attention over the last two decades, the presence of curvature
is a new and relatively unexplored area in this �eld.
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1.2.1 Why Bridge Processes?

Di�usion bridge simulation lies at the heart of statistical inference for discretely
observed di�usion processes. It plays a fundamental role in likelihood and
Bayesian inference for di�usion processes. As the name suggests, di�usion
bridges link points together, thereby creating a bridge between them. The
di�usion bridges serve as the missing observations of continuous di�usion
processes. Given discrete observations of a continuous di�usion process, the
statistical inference problem can be regarded as a missing data problem. The
missing data are the continuous paths between the observations. Had the
entire paths of the di�usion process been observed, Girsanov's formula would
have provided the likelihood functions. Therefore, the theory of conditioned
di�usion processes naturally appears in the context of statistical inference.

Simulating conditioned di�usion processes is a challenging task, even in
Euclidean spaces. Conditioning the continuous di�usion process on arriving
at a pre-speci�ed point at a pre-determined time means conditioning the
process on a set of probability zero. Hence, giving a precise mathematical
de�nition to this problem is challenging, as the usual de�nition of conditioned
probabilities, Bayes' formula, does not apply. To emphasize the challenges
in simulating conditioned di�usion processes, the transition density related
to a di�usion process, which describes the probability mass and its change in
time and space, is often intractable. The intractable transition densities make
simulation from the desired conditioned di�usion troublesome. Proposing
methods for simulating conditioned di�usion processes has been one of the
main concerns in the �eld during the last two decades and is still an active
�eld. Not only does the proposed method need to converge to the desired
point, but the method also needs to converge at the right speed and have a
likelihood that is easy to handle.

1.2.2 The Geometric Challenges

The presence of curvature introduces various new challenges. For one, nu-
merical approximations of stochastic di�erential equations need to take the
curvature into account. Simulating stochastic di�erential equations on smooth
non-linear spaces like smooth manifolds can be done in various ways. For any
smooth curve on a smooth manifold, we expect that its derivative is tangential
to the manifold along its path. If this is not the case, the curve will escape to
the ambient space. The same holds for a manifold valued di�usion. Integrating
vector �elds along the path with respect to Euclidean valued di�usion pro-
cesses should produce a manifold-valued di�usion process. That is indeed true.
However, the classical formulation describes stochastic di�erential equations
in terms of Itô integrals. Itô integrals are integrals where the integrator are
stochastic processes. Such integrals do not obey the fundamental theorem
of calculus. This fact follows from the limiting sum approximation of the
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integrals, where the integrand evaluates at the left-most endpoint. As such,
Itô integrals are not well suited to handle stochastic di�erential equations in a
manifold setting.

The Stratonovich integral is a variation of the Itô integral, designed such
that it follows the fundamental theorem of calculus. The advantage of the
Stratonovich integral is that it transforms consistently with respect to di�eo-
morphisms. Smooth manifolds can be parameterized using local coordinate
charts, which map local neighborhoods of the manifold to open subsets of
Euclidean space. Since di�eomorphisms patch together such local coordinate
charts, the Stratonovich integral is the natural candidate for introducing
stochastic di�erential equations on smooth manifolds. If a single chart can
cover the manifold, the Itô integrals can be used as no local patching is
required. However, this is rarely the case. In the classical Euclidean sense,
describing stochastic di�erential equations in coordinate charts would require
extensive use of local patching between charts.

Embedding the manifold in a high-dimensional Euclidean space o�ers an
alternative approach to simulating stochastic processes on manifolds. Whit-
ney's embedding theorem ensures that embedding smooth manifolds is always
possible. Simulating a stochastic process in the Euclidean embedding space
and projecting the in�nitesimal increments of the Euclidean process orthogo-
nally onto the tangent space results in a stochastic process on the manifold.
This method depends on the embedding, and di�erent embeddings result in
di�erent projections.

A third option exists, which depends only on the chosen starting frame for
the tangent space. A frame at a point on the manifold is an ordered basis for
the tangent space at that point. The method is known as the Eells-Elworthy-
Malliavin construction, or in colloquial terms as "rolling without slipping,"
and introduces stochastic di�erential equations in the frame bundle. The
Eells-Elworthy-Malliavin construction provides a stochastic process in the
frame bundle, which carries a frame along its path in the manifold. The
construction is intrinsic and gives a one-to-one map between Euclidean and
manifold-valued processes.

Under suitable conditions on the drift and di�usion coe�cient, e.g., Lipschitz
continuity and bounded growth, Euclidean valued process has long-term
existence. Introducing curvature does not ensure the long-term existence of
even simple processes like the Brownian motion. In particular, the Brownian
motion on a manifold may explode in �nite time, which means that the process
will escape all compact subsets of the manifold.

Compact manifolds ensure the non-explosion of a Brownian motion. However,
compact manifolds fail to be di�eomorphic to non-compact manifolds, as a
topological consequence of the di�eomorphism. They will only be locally
di�eomorphic to a subset of the tangent space. The maximal subset of the
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manifold di�eomorphic to a subset of the tangent space covers the entire
manifold except for a closed subset. This subset is called the cut locus. Any
point of a compact manifold has a cut locus. The distance function, measuring
the distance from a �xed point, is smooth on the subset away from the �xed
point and its cut locus. Thus, one can apply Itô's fundamental theorem of
stochastic calculus to this function, thereby obtaining the radial process's
one-dimensional stochastic di�erential equation. It is possible to extend the
stochastic di�erential equation for the radial process to the entire manifold
for relatively general stochastic processes on a manifold [5,12,31,32,48,49].
However, by doing so on a compact manifold, one introduces two new processes:
the local time at zero and the geometric local time, with support at the �xed
point and on its cut locus, respectively.

A characteristic property of bridge processes is that they converge almost
surely to the endpoint. Showing the convergence typically requires a stochastic
di�erential equation for the radial process of the proposed bridge. Therefore,
the two local time processes need to be dealt with on any compact manifold.

1.2.3 Recent Advances in Geometric Bridge Simulation

From the viewpoint of statistical inference for di�usion processes, conditioned
di�usion processes on manifolds are a little-studied �eld. In the context of
landmark manifolds, di�usion bridge simulation were studied by Arnaudon et
al. [1,2,4] and Sommer et al. [44], while Bui et al. [9] studied di�usion bridge
simulation on the space of symmetric positive de�nite matrices. The methods
in [1,2,9,44] build on the guiding terms introduced by Delyon and Hu [13],
while [4] use guided proposal as introduced by Schauer, van der Meulen, and
Zanten [42] for inexact matching.

1.3 Geometric Statistics

Geometric statistics is the sub-�eld of statistics concerning the analyzes of
geometric data. Any data residing in a space without a vector space structure
but with a geometric structure are classi�ed as geometric data. Commonly,
geometric data have no vector space structure, and thus traditional statistical
methodologies do not apply. Examples of geometric data such as di�usion
tensor images or shapes of organs are common within the medical image
community. The reader can �nd a detailed introduction to the �eld of geometric
statistics in Pennec et al. [37].

The lack of vector space structure entails that operations such as addition
and multiplication are not de�ned. In geometric statistics, these operations
are generalized to non-linear spaces, for example, by exploiting the vector
space structure of tangent spaces related to smooth manifolds. The addition
operation in Euclidean spacey = x+ v has the manifold equivalenty = Expx (v),
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and subtraction v = x � y becomesy = Logx (y), whereExpx and Logx are
maps between a manifold and its tangent space at a pointx (more details are
presented in Section 1.4).

The most fundamental statistic is arguably the mean. In Euclidean space,
the mean point has various de�ning properties: it is the unique point where
the sum of the residuals equals zero. It is the unique point that minimizes
the variance. Moreover, it is the maximum likelihood estimate of the mean
given i.i.d. observations. In contrast, on manifolds, these de�ning properties
generally lead to di�erent points.

Fréchet generalized the Euclidean mean to metric space, exploiting the Eu-
clidean mean's de�ning property as the unique point that minimizes the sum
of squared distances [19]. For any random variableX on a metric space(E; d),
the mean set de�ned by

� = arg min
p2 E

E
�
d(p; X )2

�
; (1.1)

is called the Fréchet mean or Fréchet mean set. The estimator of the Fréchet
mean is then naturally given by

�̂ = arg min
p2 E

1
n

nX

i =1

d(p; xi )2; (1.2)

for observationsx1; : : : ; xn . In general, the Fréchet mean is not unique. A
simple example of a non-unique Fréchet mean is the case of the sphereS2

when the anti-podal point of the meanCut(� ) has positive point mass. In
such cases, the Fréchet mean is a circle.

The di�usion- t-mean (di�usion mean for short) [22,24] o�ers an alternative to
the Fréchet mean. The di�usion mean is de�ned as the maximum likelihood
estimate

� t = arg min
y2 M

E [� logpt (X; y )] ; (1.3)

for t > 0, wherep denotes the transition density of a di�usion process. The
additional time parameter has the interpretation as the variance of the di�usion
mean, and the di�usion-t-mean is the most likely origin of a Brownian motion
at time t. The relation between the Fréchet mean and the di�usion mean is
clear from the asymptotic relationlim t#0 2t logpt (x; y) = � d(x; y)2, whenever
x and y are not in each other's cut locus [25].

The maximum likelihood de�nition of the di�usion mean requires likelihood
inference, unlike the Fréchet mean. Given discrete observations, the likelihood
inference problem can be regarded as a missing data problem. Therefore, a
natural assumption throughout the thesis is that the geometric data considered
arises as missing observations of observed di�usion process endpoints. Given
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their fundamental role in likelihood and Bayesian inference for missing data
of di�usion processes, it seems natural that simulation of di�usion bridge pro-
cesses should play a signi�cant role when inferring properties of the underlying
probability distribution.

1.4 Riemannian Geometry

This section is primarily based on [10,33,37], but the material presented here
can be found in most textbooks on di�erential geometry.

1.4.1 Riemannian Manifolds

A Riemannian manifold (M; g) is a pair consisting of ad-dimensional smooth
manifold M endowed with a Riemannian metricgp : TpM � TpM ! R, pro-
viding an inner product on each tangent spaceTpM that varies smoothly over
points p 2 M . A chart (U; � ) around p 2 M is a local neighborhood around
p where� : U � M ! Rd de�nes a homeomorphism. A countable collection
of charts f (U� ; � � )g� , such that the neighborhoods provides a cover ofM ,
[ � U� = M , and the compositions� � � � � 1

� on non-empty overlapsU� \ U� 6= ;
are di�eomorphisms, is called an atlas. The atlas parametrizes the manifold
and thus M is said to be locally Euclidean. In particular, any pointx 2 M
in a coordinate chart(U; � ) can be described in Euclidean coordinates, i.e.,
� (x) = ( x1; : : : ; xd) 2 Rd. Throughout, there will be made no distinction
between between(U;  ), U, and  when referring to a chart and the distinction
will be clear from the context.

1.4.2 Connection

Let �( TM ) denote the set of smooth vector �elds onM . A manifold can be
endowed with an a�ne connection r : �( TM ) � �( TM ) ! �( TM ) which,
loosely speaking, provides a way to di�erentiate vector �elds along curves, see
e.g. do Carmo [10, Chapter 2]. IfX and Y are two smooth vector �elds on

M , then (X; Y ) r! r X Y, and the connection moreover satis�es

a) r fX + gY Z = f r X Z + gr Y Z.

b) r X (Y + Z) = r X Y + r X Z.

c) r X (fY ) = f r X Y + X (f )Y ,

where X; Y; Z 2 �( TM ) and f; g 2 C1 (M ). In a local coordinate chart
(x1; : : : ; xd), we can write a vector �eld, using Einstein summation, asX =
x i @i :=

P
i x i @i , where the@i = @=@xi constitute a basis for the tangent space

at x. If Y = yi @i is another vector �eld, then

r X Y = Xbj @j + ai bj r @i @j =
�
Xbk + ai bj � k

ij

�
@k ;
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where� k
ij @k := r @i @j are the Christo�el symbols of the connectionr , with

respect to the chosen chart. Let
 : (� "; " ) ! M be a smooth curve onM ,
and let Y = Y(
 (t)) be a vector �eld along
 . The covariant derivative of Y
along 
 (t) is

DY
dt

= r _
 (t )Y =
�
@_
 yk + yi _
 j � ij

�
@k ;

where _
 (t) = d
=dt is the time derivative of the curve. The vector �eldY is
said to be parallel along
 if r _
 (t )Y = 0. A geodesic is a curve whose tangent
vector remains parellel to itself, i.e.,r _
 (t ) _
 (t) = 0 . From the above, we then
see that a curve
 is a geodesic if it satis�es the second order equation

•
 k + _
 i _
 j � k
ij = 0: (1.4)

Geodesic curves are locally length minimizing curves. They are the manifold
equivalent of straight lines. Indeed, any curve satisfying the equation above
have zero acceleration.

In any chart around x 2 M , we obtain coordinate basis vectors for the
tangent space given by@1; : : : ; @d. With these basis vectors at hand, the
matrix coe�cients of the Riemannian metric can be evaluated by considering
gij (x) = gx (@i ; @j ) = h@i ; @j i . More generally, the Riemannian metric tensor
Gx can be de�ned asgx (v; w) = vT Gxw, for every v; w 2 TxM , and we can
de�ne a norm at each tangent spaceTxM by

kvk2
x = vT Gxv; (1.5)

identifying each tangent space with a Euclidean space. For any manifold, there
are many connections, but when endowing the manifold with a speci�c metric,
one choice of connection seems more natural. The Levi-Civita connection
is the unique connection that preserves the metric and is torsion-free. The
Levi-Civita connection is the natural choice in many aspects of Riemannian
geometry. Note that there is a whole family of natural connections in the
particular case of Lie groups [38].

1.4.3 Exponential Map

One particular choice of chart typically used within geometric statistics is the
exponential normal chart related to the exponential mapExpp : TpM ! M ,
de�ned by Expp(v) = 
 1(v), where
 is a geodesic. Therefore, the exponential
map is intimately related to the geodesic equation(1.4). Locally the exponen-
tial map is a di�eomorphism onto its image. For everyp 2 M , there exists a
neighborhoodU � M of p such that Expp de�nes a di�eomorphism between
A � TpM and U = Expp(A). The largest suchU is the open setM nCut(p),
where the cut locus ofp Cut(p) consists of points where either geodesics from
p are no longer unique or points where the �rst point where the derivative
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of the exponential map fails to be invertible. The latter points are called
the conjugate part of the cut locus. The invertibility of the exponential map
implies the existence of an inverse map often referred to as the logarithmic map
Logp : M nCut(p) ! TpM . The logarithmic map sends points inM nCut(p)
to unique tangent vectors.

1.4.4 Riemannian Distance Function

As the Riemannian metric gives a notion of distances of tangent vectors, the
logarithm map allows for a de�nition of the Riemannian distance function
given as the norm (with respect tog) of the logarithmic map, i.e.,

d(p; q)2 = kLogp(q)k2
p: (1.6)

The de�ntion given is symmetric, i.e.,d(p; q) = d(q; p), but the de�nition in
(1.6) depends on the logarithm map atp and the Riemannian metric atp.
The Riemannian distance in(1.6) �xes the point p. To compute the distance
between two new points requires computing the logarithm map at one of
those points and using the inner product at that tangent space. It is therefore
natural to think of (1.6) as the distance fromp. This is called the radial
distance fromp.

In the exponential normal chart centered atp, the point q 2 M nCut(p) can
be described using normal coordinates(x1; : : : ; xd) 2 Rd as q = Expp(x

i ei ),
where(e1; : : : ; ed) is an orthonormal basis ofTpM . The radial distance function
rp(q) := d(p; q) in normal coordinates then have the simple form

rp(q) =

 
dX

i =1

�
x i

� 2

! 1=2

: (1.7)

The corresponding unit radial vector �eld is given asr rp(q) =
�

@
@rp

�

q
=

x i

r p (q) (@i )q. Here we use the Einstein summation convention - a convention that
will appear throughout the dissertation.

The negative radial vector �eld � (@=@rp)q at q is the unit length vector
pointing in the direction of p. A stochastic process with the negative radial
vector �eld as its drift will be pushed in the direction of p. It will therefore
serve as the manifold equivalent of the guiding term used in Delyon and
Hu [13] (see Section1.7). The radial process and its derivative will be the focal
term in our guided bridges on manifolds.

1.4.5 Lie Groups and Homogeneous Spaces

In Chapter 2, we study bridge processes on Lie groups and homogeneous
spaces. This section brie�y reviews some elementary facts about Lie groups.
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A more extensive, but compact, introduction is present in Chapter 2. Lie
groups are a class of manifolds endowed with a group structure. For a Lie
group G, the multiplication operations G � G ! G, (x; y)

�
7! xy and the

inverse operationG ! G, x 7! x � 1 are smooth maps. For anyx 2 G, the
left-multiplication map L xy de�ned by y 7! � (x; y) is a di�eomorphism from
G to itself. The pushforward map ofL x is a map between tangent bundlesTG.
In particular, the pushforward map ofL x at some pointy 2 G determines a
map (dLx )y : TyG ! Txy G. The pushforward of the left-multiplication map
determines a class of vector �elds onG called left-invariant vector �elds. A
vector �eld V is left-invariant if (dLx )yV(y) = V(xy). The set of left-invariant
vector �elds are fundamental in Lie group theory. Obviously, a Lie group is a
group. Hence there exists an identity elemente 2 G. The tangent space at
the identity TeG equipped with the operation(x; y) 7! [x; y] = xy � yx, for
x; y 2 TeG (Lie bracket) is called the Lie algebra ofG. The set of left-invariant
vector �elds is isomorphic to the tangent space at the identity. As such,
every Lie group is parallelizable, i.e., for any basis(v1; : : : ; vd) of TeG the set
(d(L x )v1; : : : ; d(L x )vd) is a basis for the tangent spaceTxG, for any x 2 G.
Therefore, a vector �eld onG can be speci�ed from a tangent vector in the
Lie algebra using the left-pushforward map.

We denote byh�; �i a Riemannian metric onG. A Riemannian metric on
a Lie group is said to be left-invariant (resp. right-invariant) if hu; vi y =
h(dLx )yu; (dLx )yvi L x (y) (resp. hu; vi y = h(dLx )yu; (dLx )yvi L x (y)), for every
u; v 2 TyG, i.e., the left-(resp. right-)multiplication maps are isometries, for
every x 2 G. If the metric is both right- and left-invariant, then the metric is
called bi-invariant.

A one-parameter subgroup ofG is a continuous homomorphism
 : (R; +) ! G.
The Lie group exponential mapexp: g ! G is de�ned asexp(v) = 
 v(1), for
v 2 G, where 
 v is the unique one-parameter subgroup ofG whose tangent
vector at e is v.

A homogeneous space is a speci�c type of quotient space where the Lie group
acts transitively on the homogeneous space. The homogeneous space is also
referred to as the base or bottom space and the Lie group as the top or
total space. All homogeneous spaces can be described as a quotient space
G=H, whereH is a closed subgroup of the Lie groupG. Familiar Riemannian
manifolds arise as homogeneous space. For example, the sphereS2 can be
regarded as the quotient manifoldSO(3)=SO(2), whereSO(n) denotes the
set of orthogonal rotations inRn . Moreover, the torus arises as the quotient
spaceT2 = R2=Z2.

1.4.6 Frame Bundle Geometry and Horizontal Lift

Let M be a d-dimensional manifold andp 2 M . A frame at p is an R-
linear isomorphismu: Rn ! TpM mapping basis vectors to basis vectors.
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By FM p we shall denote the space of all frames atp. The disjoint union
FM :=

S
p2 M FM p is called the frame bundle of which elements are pairs

(p; u). The frame bundle is a manifold of dimensiond(d + 1) and it associates
a natural projection map � : FM ! M de�ned by � (p; u) = p. Throughout,
we simply refer to elements ofFM asu. A connection onFM corresponds to
a smooth choice of horizontal subspaceHuFM of the tangent spaceTuFM ,
for eachu 2 FM , such that TuFM = HuFM � VuFM . The projection �
induces an isomorphism� � : HuFM ! T�u M from which it follows for any
tangent vector X 2 TpM and frameu at p there exists a unique horizontal
vector X � 2 HuFM such that � � X � = p. The horizontal tangent vectorX � is
called the horizontal lift of X at u. A curve ut in FM is said to be horizontal
if the vector �eld ute, for somee 2 Rd, is parallel along the curve� (ut ). For
any u 2 FM any basis(e1; : : : ; ed) of R, the vectorsu(ei ), i = 1; : : : ; d de�ne a
basis ofT� (u)M resulting in basis forHuFM given by H i (u) := (� � (u(ei )))

� 1.
The collectionH1; : : : ; Hd provides fundamental horizontal vector �elds on the
horizontal part of the frame bundle. EndowingM with a Riemannian metric,
we may restrict attention to the set of frames which are orthonormal. Hence,
there exists a sub-bundle of the frame bundle consisting of orthonormal frames
called the orthonormal frame bundleOM . In this case, elements in the �ber
of � : OM ! M , � � 1(p), di�ers only by a rotation.

1.5 Stochastic Di�erential Equations

In probability theory, one always consider a probility space(
 ; F; P), which
consists of a sample space
 , a sigma-algebraF de�ned on 
 , and a probability
measureP : 
 ! [0; 1]. A real-valued random variable de�ned on(
 ; F; P) is
a measurable mapX : 
 ! R. A countable collection of random variables,
(X n )n2 N, is called a sequence of random variables. If we change the indexation
from at countable set, sayN, to an uncountable set, sayR� 0, the resulting
family, X := ( X t )t � 0, is called a stochastic process. We will often simply refer
to X t as the stochastic process.

1.5.1 Filtered Probability Space

Throughout this dissertation, we assume that the �ltered probability space
(
 ; F; (Ft )t � 0; P) satis�es the usual conditions, i.e., the probability space
(
 ; F; P) is equipped with a �ltration, consisting of a sequence of increasing
sub-� -�elds contained in F, where

(a) The probability space(
 ; F; P) is a complete measure space;

(b) The �ltration is right-continuous, Ft = Ft+ := \ s>t Fs, for all t � 0;

(c) For t � 0, Ft contains all the P-null sets ofF.
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The stochastic processX is said to be adapted to the �ltration (Ft )t � 0 if the
map X t : 
 ! R is Ft measurable for everyt � 0. The process is said to be
continuous if each of its sample pathsX t (! ) = ! t are continuous. We will
only be considering continuous processes throughout this dissertation.

1.5.2 Semimartingales

A martingale is an adapted stochastic process,X , which is integrable, for
eacht � 0, and satis�es the martingale propertyX s = E[X t jFs]. The class of
martingales can be generalized to the class of local-martingales. A process
X is a local-martingale if there exists a sequence of non-decreasing stopping
times, i.e., a sequence of random times� n : 
 ! R� 0 such that f � � tg is
Ft -measurable, for which the stopped processX � n = ( X t^ � n )t � 0 is a martingale,
for eachn. Here t ^ � = min(t; � ). The total variation of f on [0; t] is de�ned
as

jf t j = sup
nX

k=1

�
� f tk � f tk � 1

�
� ;

where the supremum is taken over all �nite partitions0 = t0 < t 1 < ::: < t n = t
of the interval [0; t]. f has bounded variation on[0; t] if jf t j < 1 . A stochastic
processA has �nite variation if every path ! 7! A t (! ) has bounded variation
almost surely on all compact subintervals of[0; 1 ). A semimartingale is a
stochastic process that can be decomposed into a sumX = X 0 + N + A, where
X 0 is an F0 measurable random variable,N a local martingale with N0 = 0
and A a �nite variation process with A0 = 0.

1.5.3 Stochastic Integrals and Di�erential Equations

Semimartingales typically arise as solutions to stochastic di�erential equations
of the form

dX j
t = bj (t; X t )dt + � j

i (t; X t )dB i
t ; X 0 = x0; (1.8)

where b and � are suitably integrable maps. Under suitable integrability
conditions, the �rst term on the right-hand side (rhs) is a �nite variation
process, while the latter term is a local-martingale. The second term on the
rhs of (1.8) is an Itô integral. For a semimartingaleB, the Itô integral is
de�ned as

Y j
t =

Z t

0
� j

i (t; X t )dB i
t ;

where� is an adapted process such that
Rt

0 a(s; X s)d[B ]s < 1 , almost surely,
for all t � 0, wherea = �� T and [B ]t is a �nite variation process. The Itô
integral may be expressed in terms of convergence in probability of Riemann
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sums
K nX

k=1

� j
i (tk� 1; X tk � 1 )(X i

tk
� X i

tk � 1
) P! Y j

t ;

where 0 = t0 < t 1 < � � � < t K n = t (see e.g. [30] or [39]). Since the Itô
integral does not satisfy the fundamental theorem of calculus, it makes the Itô
integral inappropriate to use in non-linear spaces. The Stratonovich integral
is a stochastic integral that satis�es the fundamental theorem of calculus. Let
X and Y be two semimartingales. The Stratonovich integral is de�ned as

Z t

0
X s � dYs =

Z t

0
X sdYs +

1
2

[X; Y ]t ; t � 0;

where[X; Y ]t is the quadratic co-variation de�ned as the limit in probability

K nX

i =0

(X t i +1 � X t i )(Yt i +1 � Yt i )
P! [X; Y ]t :

The Stratonovich integral satis�es the fundamental theorem of calculus, which
makes the Stratonovich integral the preferred choice when performing stochas-
tic integration on non-linear spaces.

1.6 Stochastic Development

The material presented in this section can be found in textbooks such as [18,26].

1.6.1 Brownian Motion on Manifolds

The Brownian motion is the most well-known and studied stochastic process.
The Brownian motion relates to the heat equation in a fundamental way

�
@
@t

� �
�

f = 0; (1.9)

where � denotes the usual Laplace operator. The solutionf to the heat
equation (1.9) is the transition density of a Brownian motion. A natural
generalization of a Brownian motion to smooth manifolds then arises as to
the process with transition density solving the heat equation onM

�
@
@t

� � M

�
f = 0; (1.10)

where� M denotes the Laplace-Beltrami operator - the generalization of the
Laplace operator toM . It turns out that a natural geometric de�nition of
the Laplace-Beltrami is as the divergence of the gradient� M = divr f . From
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this de�nition, one can deduce that the Laplace-Beltrami operator coincides
with the trace of the Hessian tensor, which is the case for the usual Laplace
operator. In a local coordinate chart, the Laplace-Beltrami can be expressed
as

� M f = det( g)� 1=2(@j gji det(g)1=2@i )f; (1.11)

wheredet(g) denotes the determinant of the Riemannian metric tensor and
g� 1 = f gij gij denotes the inverse metric tensor. A simple derivation shows
that (1.11) becomes

� M f = gij @2

@xi @xj
f + gik � j

ik
@

@xj
f; (1.12)

where� k
ij denotes the Christo�el symbols of the connection. The Brownian

motion on M is a di�usion process with generator12 � M . Locally, the Brownian
motion satis�es the stochastic di�erential equation

dX t = b(X t )dt + � (X t )dWt ; (1.13)

where � is the metric square root ofg� 1, bk = � 1
2gij � k

ij , and W is a d-
dimensional Euclidean Brownian motion. The dependency on the chosen chart
is clear from the drift and di�usion coe�cient in (1.13). From (1.12), we see
that locally � M is a Hörmander type second order elliptic operator of the
form

L =
dX

i =1

V 2
i + V0; (1.14)

for smooth vector �elds Vi ; i = 0; : : : ; d. However,(1.12) is not intrinsically
de�ned, and in general, it is not possible to de�ne� M intrinsically in Hör-
mander form. Indeed, a global de�nition of a Brownian motion onM in this
way is only possible if a single chart can coverM .
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1.6.2 Horizontal Semimartingales

M
U0

U t

Rd

Z 0

'

Z t

M

X 0

X t
X T

�

OM

Figure 1.1: The stochastic development con-
struction is de�ned by equation (1.15). The
construction takes anRd-valued semimartin-
gale Z t which is mapped to a horizontal semi-
martingale Ut := ' (Z t ). The horizontal semi-
martingale canonically maps to anM -valued
semimartingale. After �xing the initial frame
U0, the construction is one-to-one.

An equivalent de�nition of a
Brownian motion on M is a so-
lution to a stochastic di�erential
equation independent of charts.
This construction, due to Eells-
Elworthy-Malliavin [17], is known
as stochastic development. The
construction provides a one-to-
one correspondence between Eu-
clidean valued semimartingales
and M -valued semimartingales.
Given the horizontal vector �elds
H1; : : : ; Hd on FM and an Rd-
valued Brownian motion Z , the
solution U to the stochastic dif-
ferential equation

dUt = H i (Ut ) � dZ i
t ; (1.15)

is a horizontal Brownian motion
in FM , where� denotes integra-
tion in the Stratonovich sense. The construction is illustrated in Figure 1.1.
More generally, ifZ is any Euclidean valued semimartingale, thenU deter-
mines a horizontal semimartingale inFM . Using the canonical projection� ,
the processX t := � (Ut ) de�nes an M -valued semimartingale. The solution to
(1.15) provides a stochastic parallel transport onM .

On the orthonormal frame bundleOM , there is a horizontal lift of the Laplace-
Beltrami operator to OM . This is sometimes denoted Bochner's horizontal
Laplacian de�ned using the horizontal vector �eldsH i ; i = 1; : : : ; Hd by

� OM =
dX

i =1

H 2
i : (1.16)

From (1.16), the horizontal Laplacian is a Hörmander typer second-order
elliptic operator de�ned intrinsically. The horizontal Laplacian de�nes the
Brownian motion globally (up to its explosion time) onOM and hence onM .

1.7 Di�usion Bridges

In this section, we give a short introduction to the theory of di�usion bridge
processes. We start by introducing di�usion bridges in the Euclidean setting
before we describe certain bridges on manifolds.
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1.7.1 Guiding in Euclidean Spaces

A stochastic bridge process is designed to go from pointa to point b at time
T > 0. The simplest bridge process is the standard Brownian bridge starting
at zero conditioned to return at timeT > 0. Let W denote a Brownian motion.
The solution to the stochastic di�erential equation

dYt = �
Yt

T � t
dt + dWt ; Y0 = 0; Yt =

Z t

0

1 � t
1 � s

dWs; (1.17)

de�nes a standard Brownian bridge. The standard Brownian bridge can be
generalized to a Brownian bridge froma to b, by instead insertingYt � b into
the numerator of the drift term above. The transition density of a Brownian
motion in R is given by

pt (x; y) =
1

p
2�t

exp
�

�
kx � yk2

2t

�
: (1.18)

From the transition density of a Brownian motion(1.18), equation (1.17) can
equivalently be written (as a Brownian bridge froma to b)

dYt = r y logpT � t (y; b)
�
�
y= Yt

dt + dWt ; Y0 = a: (1.19)

We refer to the drift term in the equation above as the pulling or guiding term.
The added drift term pulls the process in the direction of the pinning point.
By Doob's h-transform, (1.19) holds more generally for any di�usion process
X t , which admit a transition density, in the sense that

dX t = bt (X t )dt + � t (X t )dWt ; X 0 = a (1.20)

dYt = bt (Yt )dt +
�
�� T

�
t
(Yt )r y logp(t; y; T; b)

�
�
y= Yt

dt + � t (Yt )dWt ; Y0 = a;

(1.21)

wherep(t; y; T; b) denotes the transition density of the underlying di�usion
processX t . Simulation of di�usion bridges satisfying(1.20) becomes compli-
cated when the transition density is not explicitly available. The problem
of simulating di�usion bridges has created an active research �eld over the
last 15-20 years. More speci�cally, di�usion bridge simulation is the sub-�eld
of statistics concerned with statistical inference for di�usion processes. As
mentioned in [8], di�usion bridge simulation plays a fundamental role within
simulation-based likelihood inference, including Bayesian inference for, e.g.,
discretely sampled di�usion processes.

The missing data problem dates back to Pedersen [36]. Since then, various
methods have been developed to simulate di�usion bridges where the transition
density is intractable [7,8,15,20,35,40,42,50]. The seminal paper by Delyon
and Hu [13], a generalization of the method proposed by Clark [11], suggested
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exchanging the drift term containing the intractable transition density with
the tractable drift term in (1.19). The guiding term is easy to interpret and
implement. Using a coupling method, the authors in [8] proposed a simple
method to simulate conditioned di�usions going from pointa to point b in
time T > 0. Instead of introducing a guided drift term, as described above,
the method relied on a forward process that started froma and backward
processes that started fromb to intersect at a random time in [0; T]. The
idea of coupling using forward and backward processes was further instigated
in [41, Section 4.5]. Here the transition density of the conditioned di�usion is
considered as a three-point

p(s; y; t; x; �; z ) =
p(s; y; �; z )p(�; z ; t; x )

p(s; y; t; x )
: (1.22)

It was conjectured that a guiding term for this coupling method should be a
Delyon and Hu type guiding term, where the forward and backward processes
had guiding drift terms pulling them towards each other. The idea of backward
guiding was further developed in the context of geometric deep learning [43],
building on the idea of [48]. In Chapter 4 in this thesis, we explore in more
detail this backward guiding in the context of product manifolds and use the
method to obtain estimates of the di�usion mean.

1.7.2 Guiding on Manifolds

The Brownian bridge on a manifold can be de�ned straightforwardly using
Doob's transform. If pt denotes the transition density of a Brownian motion on
M , then the Brownian bridge onM is the stochastic process with in�nitesimal
generator1

2 � M + r logpT � t (�; v). Various properties of the Brownian bridge on
manifolds have been studied by Bismut [6], Hsu [27], Driver [14], Güneysu [21],
and many others. Similar to the Euclidean context, transition densities
on manifolds are often intractable. Known closed-form expressions of the
heat kernel on manifolds are, e.g., on hyperspheres, hyperbolic spaces, and
Euclidean space. In general, approximations of the heat kernel must be made
using numerical simulations.

Elworthy and Truman [16] introduced the semi-classical Riemannian bridge
on manifolds with a pole, i.e., a pointp 2 M such that the exponential
map Expp : TpM ! M is a global di�eomorphism. The semi-classical is the
time-inhomogeneous Markov process whose in�nitesimal generator is of the
form 1

2 � M + r logkT � t (�; v); with

kt (x; v) = (2 �t )� d=2e� d( x;v ) 2

2t J � 1=2(x); (1.23)

whereJ (y) = j detDExp � 1
v (y) Expv j denotes the Jacobian determinant of the
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exponential map atv. The semi-classical Riemannian bridge exhibits prop-
erties similar to the Euclidean Brownian bridge. In fact, the radial part
of the semi-classical bridge is identical to the radial part of a Euclidean
Brownian bridge (see, e.g. [47] and references therein). In particular, the
semi-classical Riemannian bridge is identical to the Brownian bridge onH3

� ,
the three-dimensional hyperbolic space with constant sectional curvature� .

The existence of a pole is a rather restrictive condition. The generalized
bridge [34] is an alternative to the semi-classical bridge. The generalized
bridge process is a time-inhomogeneous Markov process with in�nitesimal
generator 1

2 � M + r logqT � t (�; v), where

qt (x; v) = (2 �t )� d=2e� d( x;v ) 2

2t ; (1.24)

de�ned for any M . When M = Rd, the generalized bridge coincides with
the Brownian bridge. It is clear from the in�nitesimal generators that the
semi-classical Riemannian bridge and the generalized bridge di�er by a single
term. The resulting process from this type of conditioning is also known as
the Fermi bridge [47,48]. Indeed, the conditioning pointv can generally be
any closed embedded submanifoldN � M .

More recently, simulation of guided bridges on non-linear spaces has been done
by Sommer et al. [45], Arnaudon et al. [3], and Bui et al. [9]. These papers
present convincing numerical arguments for the absolute continuity to hold up
until time T. The guiding terms introduced in both [45] and [9] fall in the class
of generalized Brownian bridges. The validity of the scheme presented in [9]
on the space of symmetric de�nite matrices was only presented numerically.
In this thesis, we present a proof of the equivalence of the measures which
holds on[0; T]. In fact, we show the equivalence of the measures hold on a
much broader class of manifolds.
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Chapter 2

Simulation of Conditioned
Semimartingales on Riemannian

Manifolds

The following chapter present a manuscript currently under review. The
manuscript is a joint work made in collaboration with Stefan Sommer and
posted to ArXiv as submission

Mathias Højgaard Jensen, Stefan Sommer. �Simulation of Conditioned
Semimartingales on Riemannian Manifolds� arXiv:2105.13190, (2021).

The paper presented in this chapter introduce a simulation scheme of guided
bridge processes on Riemannian manifolds. The type of guiding term con-
sidered in the article generalizes the guiding term considered by Clark [11]
and Delyon & Hu [13]. The paper appears to be the �rst paper to derive
a bridge simulation scheme for likelihood inference on rather general man-
ifolds. Recently, other papers have derived simulation schemes on speci�c
manifolds [3,9,45].
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Chapter 3

Bridge Simulation and Metric
Estimation on Lie Groups and

Homogeneous Spaces

The following manuscript has been made in collaboration with Lennard Hilgen-
dorf, Sarang Joshi, and Stefan Sommer and has been published on ArXiv as
submission

Mathias Højgaard Jensen, Lennard Hilgendorf, Sarang Joshi, Stefan
Sommer. �Bridge Simulation and Metric Estimation on Lie Groups and
Homogeneous Spaces� arXiv:2106.03431, (2022).

The manuscript is an extension of Jensen et al. [28], which was accepted and
published in the conference proceedings at the international conference of
Geometric Science of Information. We derive a bridge simulation scheme on
Lie groups and homogeneous spaces. The guiding term used in the previous
paper applies in the context of Lie groups as well. Conditioning on a �ber in
the total space (Lie group) over the base space (homogeneous space), leads
to a bridge simulation scheme in the base space. This is a consequence of
the idea by Thompson [48] when conditioning on a submanifold. The current
paper moreover generalizes the paper by Jensen and Sommer [29]. We use the
simulation scheme on the total and base space to obtain metric estimation on
both these spaces.
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Chapter 4

Mean Estimation on the Diagonal
of Product Manifolds

The paper presented in this chapter was made in collaboration with Stefan
Sommer. The chapter contains the paper

Mathias Højgaard Jensen, Stefan Sommer. �Mean Estimation on the
Diagonal of Product Manifolds�, Algorithms, 2022, Vol.15 (3), p.92.

which was published in the special issueStochastic Algorithms and their
Applications of the journal Algorithms. The paper introduce a bridge sampling
scheme on ann-fold product manifold conditioned on the diagonal. The paper
is build on the ideas and concepts introduced by Sommer and Bronstein [46]
and Thompson [48]. The Fréchet mean generalizes the Euclidean mean to
non-linear metric spaces using the geometric properties. Computing the
Fréchet mean is often computationally costly when closed-form expressions
for geodesics are unavailable, as it leads to a nested optimization problem.
The di�usion mean is an alternative to the Fréchet mean, de�ned using a
probabilistic interpretation of the mean [23]. The aim of the paper is to derive
a bridge simulation scheme on product manifolds conditioned on hitting the
diagonal. A single forward simulation yields an estimate of the di�usion mean
which is computationally e�cient. We verify the computational e�ciency on
a speci�c data set with annotated landmarks by computing rough running
times and compare them with the computation time for the Fréchet mean.
In contrast, the di�usion mean estimation performed in [45] using direct
optimization of the likelihood approximation with bridge sampling from the
mean candidate to each data point is comparable in complexity to the Fréchet
mean computation.
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