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Abstract

With the increasing size of datasets in the era of machine learning and Al, exact
computations on these datasets have become increasingly infeasible. Nevertheless, in
many applications, approximate answers are sufficient. This motivates the question
of whether efficient algorithms and data structures can be designed to provide reliable
approximate answers on huge datasets.

Randomization, particularly through hash functions, is a powerful tool for sim-
plifying these algorithms. However, existing analyses of such algorithms regularly
assume fully random or highly independent hash functions, which ignores the issue
of efficiency in practice. While there exist efficient theoretical constructions of highly
independent hash functions none of them are efficient in practice. This thesis ad-
dresses these issues by providing new analyses of practical tabulation-based hashing
schemes. First in [HT22], we obtain a near-optimal understanding of concentration
guarantees for simple tabulation hashing of hash-based sums by bounding the mo-
ments. This analysis allows us to show that mized tabulation hashing has strong
concentration guarantees for hash-based sums that closely match those of fully ran-
dom hashing. Furthermore in [HT23], we demonstrate how these insights can be used
to implement a sparse Johnson-Lindenstrauss transform, a widely used technique in
high-dimensional data analysis.

Additionally in [AK20], we study the problem of approzimate set similarity search,
where the goal is to build a data structure that can identify similar sets in a database
of known sets or report that the database contains no similar set. We show that our
algorithm is optimal for all hashing-based data structures for random sets, providing
a comprehensive solution to this problem.

Finally in [AKT21], we consider the problem of dynamic load balancing in an
environment where both balls and bins can be added and removed. We assume that
each bin has a capacity of C, that is, each bin can contain at most C balls. We
construct a data structure that in expectation moves O(1/f) balls when inserting or
deleting a ball, and O(C/f) balls when inserting or deleting a bin. Where f is the
fraction of non-full bins in the following simpler probabilistic problem: Place the balls
into bins with capacity C, one ball at the time, where each ball picks a uniformly
random non-full bin. We also solve this simpler problem and provide a tight bound
for f. In order to prove these results, we needed a new result in probability theory
which was proven in [AAHT22].



Dansk resumé

Med den stadig stigende stgrrelse af datasat i tidsalderen for machine learning og
ATl er praecise beregninger pa disse datasaet blevet stadig mere udfordrende. Ikke desto
mindre er approksimative svar tilstrackkelige i mange anvendelser. Dette motiverer
spgrgsmalet om, hvorvidt der kan designes effektive algoritmer og datastrukturer til
at levere palidelige approksimative svar pa enorme dataseet.

Randomisering, iseer gennem hashfunktioner, er et kraftfuldt veerktgj til at
forenkle disse algoritmer. Dog antager eksisterende analyser af sadanne algoritmer
ofte fuldstendigt tilfeldige eller meget uafhaengige hashfunktioner, hvilket ignorerer
sporgsmalet om effektivitet i praksis. Selvom der eksisterer effektive teoretiske kon-
struktioner af meget uafhengige hashfunktioner, er ingen af dem effektive i praksis.
Denne afhandling angriber disse problemer ved at give nye analyser af praktiske tab-
ulation-baserede hashingsmetoder. T [HT22] opnar vi en neesten optimal forstaelse af
koncentrationsgarantier for simpel tabulation hashing af hashbaserede summer ved at
begrzense momenterne. Denne analyse ggr det muligt for os at vise, at mized tabulation
hashing har steerke koncentrationsgarantier for hashbaserede summer, der er teet pa
at matche dem fra fuldstendigt tilfeeldig hashing. Derudover viser vi i [HT23], hvor-
dan disse nye ideer kan anvendes til at implementere en spare Johnson-Lindenstrauss
transformation, en bredt anvendt teknik inden for hgjdimensionel dataanalyse.

I [AK20] studerer vi problemet med approksimativ similaritetssggning i mengder,
hvor malet er at opbygge en datastruktur, der kan identificere lignende meengder i
en database med kendte maengder eller retunerer, at databasen ikke indeholder no-
gen lignende maengder. Vi viser, at vores algoritme er optimal for alle hashbaserede
datastrukturer for tilfseldige maengder.

Til sidst i [AKT21] betragter vi problemet med dynamisk load balancing i et
dynamisk system, hvor bade bolde og spande kan tilfgjes og fjernes. Vi antager, at
hver spand har en kapacitet pa C, dvs. at hver spand kan indeholde hgjst C' bolde.
Vi konstruerer en datastruktur, der i forventning flytter O(1/f) bolde, nar en bolde
indsaettes eller fjernes, og O(C/f) bolde, nar en spand indsattes eller fjernes. Hvor
f er brgkdelen af ikke-fulde spande i det fglgende simplere sandsynlighedsproblem:
Placer boldene i spandene med kapacitet C, en bold ad gangen, hvor hver bold vaelger
en uniformt tilfzeldig ikke-fuld spand. Vi lgser ogsa dette simplere problem og giver
en taet greense for f. For at bevise disse resultater har vi brug for et nyt resultat inden
for sandsynlighedsteori, der blev bevist i [AAHT22].
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Preface

The General rules and guidelines for the PhD programme’ at Faculty of Science, University
of Copenhagen, adopted in March 2023 states that “A thesis may either be written as
a monograph, or as a synopsis with manuscripts of papers or already published papers
attached.” The present thesis has adopted the latter format, that is, the thesis is written
as a synopsis with manuscripts of papers attached in the appendix.

In order to limit the scope of the thesis, I have chosen to only present a selected subset
of my work. I will present four papers which focus on different aspects of hashing which
has been the main area of focus for my research during my PhD.

For completeness, this preface contains a brief introduction to all the papers authored
by me, even those that are not included in this thesis. Over the course of my PhD, I
have had the pleasure of being co-author of 13 papers, 9 of which are published or are
accepted at peer-reviewed conferences or journals, while the remaining 4 are currently in
the submission process. The complete list of these papers is presented below for reference.

List of Papers

[AAKR21] Anders Aamand, Mikkel Abrahamsen, Jakob Bak Tejs Knudsen, and Pe-
ter Michael Reichstein Rasmussen. “Classifying Convex Bodies by Their
Contact and Intersection Graphs”. In: 37th International Symposium on
Computational Geometry, SoCG 2021, June 7-11, 2021, Buffalo, NY, USA
(Virtual Conference). Ed. by Kevin Buchin and Eric Colin de Verdiere.
Vol. 189. LIPIcs. Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2021,
3:1-3:16.

[AAHT22] Anders Aamand, Noga Alon, Jakob Bak Tejs Houen, and Mikkel Thorup.

“On sums of monotone random integer variables”. In: Electronic Commu-
nications in Probability 27 (2022), pp. 1-8.

[ADKK+22] Anders Aamand, Debarati Das, Evangelos Kipouridis, Jakob Bak Tejs
Knudsen, Peter M. R. Rasmussen, and Mikkel Thorup. “No Repetition:

Fast and Reliable Sampling with Highly Concentrated Hashing”. In: Proc.
VLDB Endow. 15.13 (2022), pp. 3989-4001.

[AKKR+20] Anders Aamand, Jakob Bk Tejs Knudsen, Mathias Back Tejs Knudsen,
Peter Michael Reichstein Rasmussen, and Mikkel Thorup. “Fast hash-
ing with strong concentration bounds”. In: Proccedings of the 52nd An-
nual ACM SIGACT Symposium on Theory of Computing, STOC 2020,
Chicago, IL, USA, June 22-26, 2020. Ed. by Konstantin Makarychev, Yury
Makarychev, Madhur Tulsiani, Gautam Kamath, and Julia Chuzhoy. ACM,
2020, pp. 1265-1278.
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Anders Aamand, Jakob Bak Tejs Knudsen, and Mikkel Thorup. “Load
balancing with dynamic set of balls and bins”. In: STOC ’21: 53rd Annual
ACM SIGACT Symposium on Theory of Computing, Virtual Event, Italy,
June 21-25, 2021. Ed. by Samir Khuller and Virginia Vassilevska Williams.
ACM, 2021, pp. 1262-1275.

Thomas D. Ahle, Michael Kapralov, Jakob Bak Tejs Knudsen, Rasmus
Pagh, Ameya Velingker, David P. Woodruff, and Amir Zandieh. “Oblivious
Sketching of High-Degree Polynomial Kernels”. In: Proceedings of the 2020
ACM-SIAM Symposium on Discrete Algorithms, SODA 2020, Salt Lake
City, UT, USA, January 5-8, 2020. Ed. by Shuchi Chawla. SIAM, 2020,
pp- 141-160.

Thomas D. Ahle and Jakob Back Tejs Knudsen. “Subsets and Supermajori-
ties: Optimal Hashing-based Set Similarity Search”. In: 61st IEEE Annual
Symposium on Foundations of Computer Science, FOCS 2020, Durham,
NC, USA, November 16-19, 2020. Ed. by Sandy Irani. IEEE, 2020, pp. 728—
739.

Toana O. Bercea, Lorenzo Beretta, Jakob Bak Tejs Houen, Jonas Klausen,
and Mikkel Thorup. Locally Uniform Hashing. 2023. In submission.
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baum, and Jakub Tetek. “Bias Reduction for Sum Estimation”. In: CoRR
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Jakob Bak Tejs Houen, Rasmus Pagh, and Stefan Walzer. “Simple Set
Sketching”. In: 2023 Symposium on Simplicity in Algorithms, SOSA 2023,
Florence, Italy, January 23-25, 2023. Ed. by Telikepalli Kavitha and Kurt
Mehlhorn. STAM, 2023, pp. 228-241.

Jakob Bak Tejs Houen and Mikkel Thorup. “Understanding the Moments
of Tabulation Hashing via Chaoses”. In: 49th International Colloguium on
Automata, Languages, and Programming, ICALP 2022, July 4-8, 2022,
Paris, France. Ed. by Mikolaj Bojanczyk, Emanuela Merelli, and David P.
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In broad terms, the papers can be categorized into four topics. The first two topics,
namely hash functions [ADKK+22; AKKR+20; BBHK+23; HT22; HT23] and hashing-
based algorithms [AK20; AKKP+20; AKT21; BHP22; EHNR+22; HPW23], form the
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main focus of this thesis. The remaining two topics covered in the papers are probability
theory [AAHT22] and computational geometry [AAKR21].

Hash functions The focus of my research into hash functions has been on the design
of fast and practical hash functions with provable theoretical guarantees, comparable to
those of fully random hashing. In collaboration with my advisor Mikkel Thorup and other
researchers, I have explored various families of tabulation-based hash functions in several
papers [ADKK+22; AKKR+20; BBHK+23; HT22; HT23].

In [AKKR+20], we establish that simple tabulation hashing satisfies Chernoff-style
concentration bounds under severe restrictions, and propose a new hashing scheme called
tabulation-permutation that overcomes these restrictions and achieves Chernoff-style con-
centration bounds without sacrificing performance. This hashing scheme is easy to imple-
ment and has been demonstrated to be highly efficient in practice.

In [HT22], we take a different approach by bounding the moments of hashing-based
sums of simple tabulation using techniques from functional analysis, providing a near-
optimal understanding of the moments and leveraging these results to achieve strong
concentration guarantees for mixed tabulation hashing. Building on this research, [HT23]
shows that the strong concentration results of mixed tabulation can be applied to prove
that a sparse Johnson-Lindenstrauss transform implemented using mixed tabulation hash-
ing performs almost as well as when implemented using fully random hashing.

In a slightly different direction, [BBHK+23] introduces tornado tabulation hashing,
which exhibits local randomness that provably enables diverse algorithms, such as Hy-
perLogLog for counting distinct elements and one-permutation hashing for large-scale
machine learning, to perform almost as if fully-random hashing was used. This paper also
provides an efficient solution to obtaining fully-random hashing on a fixed set of n keys
with O(n) space complexity. Finally, in [ADKK+22], we demonstrate how access to hash
functions with concentration guarantees similar to fully random hashing can significantly
speed up various streaming algorithms.

Hashing-based algorithms I have further been involved in several projects on hashing-
based algorithms [AK20; AKKP+20; AKT21; BHP22; EHNR+22; HPW23|. Here, the
focus has not been on designing or proving guarantees for hash functions, but instead on
designing algorithms that use hash functions as a subroutine.

In [AKT21], we consider the problem of dynamic load balancing, where we wish to
distribute balls into bins in an environment where both balls and bins can be added and
removed. Each bin has a capacity of C, i.e., each bin can contain at most C balls. We want
to respect the capacities of the bins while minimizing the number of balls and bins that
are affected when adding or removing a ball or a bin. We construct a data structure that,
in expectation, moves O(1/f) balls when inserting or deleting a ball, and O(C/f) balls
when inserting or deleting a bin. Here, f is the fraction of non-full bins in the following
simpler probabilistic problem: Place the balls into bins with capacity C, one ball at the
time, where each ball picks a uniformly random non-full bin. We also solve this simpler
problem and provide a tight bound for f.
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In [AK20], we formulate and optimally solve a new generalized Set Similarity Search
problem, which assumes the size of the database and query sets are known in advance.
Our algorithm differs from the previous approaches by exploiting the information both
present in the sets as well as their complements, and doing so asymmetrically between
queries and stored sets. Turning the geometric concept, based on Boolean supermajority
functions, into a practical algorithm requires ideas from branching random walks on Z2,
for which we give the first non-asymptotic near tight analysis.

In [AKKP+20], we study the problem of sketching the polynomial kernel. The previous
results on the problem depended exponentially on the degree of the polynomial kernel,
while our algorithms only has a polynomial dependence on the degree.

In [HPW23], we consider a variant of the Invertible Bloom Filter of Eppstein and
Goodrich. While Invertible Bloom Filters have an explicit checksum per bucket to deter-
mine whether the bucket stores a single key, we instead exploit the idea of quotienting,
namely that some bits of the key are implicit in the location where it is stored, and we
use these bits as an implicit checksum. The main technical challenge is that the implicit
checksum is not enough to not ensure that no errors occur during decoding, so we have
to show that the decoding algorithm can recover from those errors.

In [BHP22], we introduce a parameterization of the weighted Bloom filter called a Daisy
Bloom filter. A weighted Bloom filter is a Bloom filter that adapt the number of hash
functions according to the query element. We determine a near-optimal parameterization
in the model where n element are inserted independently from a probability distribution,
P, and query elements are chosen from a probability distribution, ©, under an upper
bound on the false positive probability F'.

In [EHNR+22], we investigate the well-studied problem in statistics of estimating the
sum of a multiset of N real values by sampling from a distribution P. Instead of sampling
from P, we assume that we can only sample from a distribution Q which is pointwise close
to P. We provide an algorithm to this problem that reduces the bias of sampling from
the noisy distribution and show that it is essentially optimal.

Probability theory In [AAHT22], we introduce the notion of monotone random vari-
ables which are random integer variables X where the modulus of the characteristic func-
tion of X is decreasing on [0,7]. This class of random variables include many common
distributions, e.g., the Bernoulli distribution, the Poisson distribution, and the geometric
distribution. We provide estimates for the probability that the sum of independent mono-
tone integer variables attains precisely a specific value without assuming that the variables
are identically distributed. Our estimates show that the point probabilities are close to
the density function of the normal distribution when the point is close to the mean.

Geometry Finally in a completely different direction, I have been involved in a project
within geometry. In [AAKR21], we classify convex bodies by their contact, union, and
intersection graphs. We show that two symmetric convex bodies, A, B, can construct the
same contact, union, and intersection graphs if and only if there exist a linear transfor-
mation, T', such that A = T'(B).
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Papers included in the thesis The thesis commences with a broad introduction, which
encourages the exploration of practical hash functions and hashing-based algorithms. It
then presents the papers included in the thesis, namely [HT22; HT23; AKT21; AK20;
AAHT?22]. The first two papers concentrate on hash functions, whereas the subsequent
two papers deal with hashing-based algorithms. The final paper is a mathematics paper
that discusses a basic probability theory problem.
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Synopsis






Chapter 1

Introduction

In the ever-evolving landscape of machine learning and artificial intelligence, the rapid ad-
vancements and widespread adoption of these technologies have generated a large demand
for algorithms that can efficiently process massive amounts of data. The availability of
vast datasets, coupled with the complexity of modern computational problems, has made
the exact computation of solutions an intractable task. The magnitude of the data at
hand often surpass the capabilities of traditional exact computation methods.

Moreover, the challenges are further complicated by the presence of conditional lower
bounds, which indicate that achieving exact results within reasonable time frames is simply
unfeasible for certain problems. As such, the focus has shifted towards deriving approxi-
mate solutions, which can be obtained in a more feasible and efficient manner. However,
rather than resorting to simplistic heuristics that provide pragmatic yet unreliable results,
the aspiration is to devise algorithms and data structures that can deliver dependable
statistical analyses, even in large-scale data scenarios. This pursuit is fueled by the desire
to strike a balance between computational efficiency and the accuracy of results.

Numerous problems and influential algorithms have been explored within this area of
research. Randomization is a widely used and valuable approach in algorithm design for
addressing such problems, with hash functions playing a particularly crucial role. When
analyzing the performance of these algorithms, it is often convenient to assume that the
hash functions are fully random, meaning that the hash values of keys are mutually inde-
pendent and uniformly distributed. This assumption simplifies the analysis considerably.
However, in practice, achieving fully random hashing is unfeasible. Conversely, if a weak
hash function is used, we lose the strong theoretical guarantees, and the algorithms may
fail completely when dealing with certain structured data sets. Therefore, the goal is
to discover practical and implementable hash functions that can offer some of the same
desirable theoretical guarantees as fully random hashing,.

This thesis will adopt a dual focus. The first part centers around analyzing and es-
tablishing theoretical guarantees for practical families of tabulation-based hash functions,
specifically simple tabulation hashing and mixed tabulation hashing. The latter part, on
the other hand, concentrates on devising hashing-based algorithms under the assumption
of fully random hashing.



4 CHAPTER 1. INTRODUCTION

Structure of this thesis The thesis consists of eight chapters including this introduc-
tory chapter. It first consists of two chapters with a general introduction to hash functions
and moments of hash-based sums. Afterwards, it contains five chapters that introduces
each of the papers included in the thesis.

Chapter 4 This chapter is dedicated to presenting the results of the research paper
“Understanding the Moments of Tabulation Hashing via Chaoses” [HT22] of Appendix A.
This paper is published in the proceedings of the 49th EATCS International Colloquium
on Automata, Languages and Programming (ICALP) 2022.

Chapter 5 This chapter is dedicated to presenting the results of the research paper “A
Sparse Johnson-Lindenstrauss Transform using Fast Hashing” [HT23] of Appendix B. This
paper is to be published in the proceedings of the 50th EATCS International Colloquium
on Automata, Languages and Programming (ICALP) 2023.

Chapter 6 This chapter is dedicated to presenting the results of the research paper
“Subsets and Supermajorities: Optimal Hashing-based Set Similarity Search” [AK20]
of Appendix C. This paper is published in the proceedings of the 61st Annual IEEE
Symposium on Foundations of Computer Science (FOCS) 2020.

Chapter 7 This chapter is dedicated to presenting the results of the research paper
“Load Balancing with Dynamic Set of Balls and Bins” [AKT21] of Appendix D. This
paper is published in the proceedings of the 53rd Annual ACM Symposium on Theory of
Computing (STOC) 2021.

Chapter 8 This chapter is dedicated to presenting the results of the research paper “On
Sums of Monotone Random Integer Variables” [AAHT22] of Appendix E. This paper is
published in the journal Electronic Communications in Probability.



Chapter 2

Hash Functions

In this chapter, we will provide a brief introduction to the study hash functions and
hashing-based algorithms. It is in parts based on the introduction from [HT22].

The concept of hash functions dates all the way back to the 1950s [Dum56] and has
since become an ubiquitous tool in the design of randomized algorithms. A hash function
is a random function h: U — R from a large universe of keys U to a range R chosen with
respect to some probability distribution D. Usually, U and R are bounded integer ranges,
U=[u]={0,...,u—1}, and R =[m] ={0,...,m — 1}. Most often, and this will be the
case in this thesis, D will be the uniform distribution restricted to a subset of function of
H C RY. We will then refer to H as a family of hash functions. In this thesis, we will not
explicitly state H but it will instead be described implicitly. It is common to refer to the
keys of U as balls and the elements of R as bins. One can then think of i as throwing the
balls of U into the bins of R according to the distribution D. A particularly interesting
case is when D is the uniform distribution on RY, i.e., H = RY. In that case, h is said to
be a fully random or uniformly random hash function. A fully random hash function A
thus assigns each key x € U a uniform random random hash value h(z) € R and the hash
values of the keys (h(z))zer are mutually independent.

Fully random hash functions are incredibly powerful and the mutual independence of
the hash values often allows for simple probabilistic arguments showing strong theoretical
guarantees. For this reason a lot progress of analysis of hashing-based algorithms start by
assuming access to fully random hash functions before trying to weaken that assumption.
Unfortunately, the assumption of access to fully random hash function is wholly unrealistic
in practice. Since the size of the hash family H is |R\W| then we would need to use
|U|logy |R| to represent h. In most application, U will be for too large and often the
idea of hashing is to map down to a smaller domain where we can represent the elements.
Instead, we want a practical hash function that requires less space and be evaluated quickly
while still be random enough that it has theoretical guarantees similar to those of fully
random hash functions.

Let us consider a simple of example of an algorithm employing a hash function. Per-
haps, the simplest example of this is hashing with chaining which was also the original
motivation for studying hash function [Dum56]. In hashing with chaining, we distribute

5



6 CHAPTER 2. HASH FUNCTIONS

a subset of keys S C U from a large universe U into a table of size m = |R| with a hash
function h: U — R, storing a key x € S at position h(xz) € R. We will handle collisions
by making a linked list of keys hashing to the same entry. We can then determine if a
key y € U is a member of S by hashing y and checking if y is present in the present in
the linked list stored in position h(y). Clearly, we then get that the query time is pro-
portional with the number of keys colliding with y. Now consider the simple case where
|S| = |R| = n, i.e., we distribute n balls into n bins. Let us furthermore assume that h is
fully random. The expected number of collisions with 3 is then!

ly € 5]

S Prfh(z) = h(y)] = 1 -

zeS\{y}

This holds true as long as the hash values are pairwise independent which is obviously
true for fully random hash functions. However, often we are not just interested in the
expected query time but also want to bound the query time with high probability. The
probability that a bin receives more than k£ balls are at most

()t

k - k

by employing a simple union bound. If we chose £k = O(logn/loglogn) large enough
then standard calculations give us that no bin receives more than k keys with probability
1 —n~7, where v depends on how large we choose k. For this analysis to work, we need
that any k balls are hashing mutually independent, again this clearly the case for fully
random hash function.

When evaluating the performance of a hash function, three main parameters are typ-
ically considered. Firstly, the time required to evaluate the hash function, secondly, the
space required to represent it, and finally, theoretical guarantees. Theoretical guarantees
involve distilling the necessary properties of a fully random hash function to determine
whether a practical hash function with comparable theoretical guarantees exists. This is
typically accomplished by aiming to replicate the properties of fully random hashing.

In the context of this thesis, examples of theoretical guarantees include concentration
results on hash-based sums and the number of (weighted) collisions. An additional example
can be found in [HT23], where an analysis of a Sparse Johnson-Lindenstrauss Transform
[KN14] is provided, which identifies a set of necessary properties from fully random hashing
and demonstrates that a practical hash function satisfies these properties.

k-independence Wegman and Carter [WC81] introduced the key concept of k-
independent hash functions. A hash function, h: U — R, drawn from a distribution,
D, is said to be k-independent if (h(xg),...,h(zx_1)) is uniformly distributed in R* for
any k distinct keys zg,...,2x_1 € U. An important observation is that this implies that
for any k distinct keys zo,...,xp—1 € U their hash values h(zy),. .., h(zr_1) are mutually
independent. It is commonly the case when analysing hashing-based algorithms, that the

'For a statement P we let [P] be 1 if P is true and 0 otherwise.



crucial property of the hash function is some form of limited independence, hence we can
substitute the fully random hash function with a k-independent hash function for a large
enough k. For example, consider the above analysis of hashing with chaining, here we
used 2-independence to calculate the expected query time and used O(logn/loglogn)-
independence to give a high probability bound on query time. Thus, we get the same
result if we just assume that the hash function is k-independent for k = O(log n/ loglogn)
large enough.

We are often interested in how concentrated a hash-based sum, X, is around its mean,
w. If the hash function k-independent for an even k then we can employ the k’th moment
bound to get that

B[1X — "]
Pr|X —p| > 8] € ———— .

Now since the hash function is k-independent then the k’th central moment, E [|X - ,u|k] ,

is exactly the same as if the hash function were a fully random hash function. The study
of moments are incredibly powerful and will be discussed more in depth in Chapter 3.

Wegman and Carter [WC81] gave a simple way of constructing a k-independent hash
function. Let p be a prime then h: [p] — [p] is constructed by choosing ay,...,ar_1 € [p]
independently and uniformly at random and defining

k-1

h(zx) = Zaixi (mod p) . (2.1)

=0

This gives a k-independent hash function that maps to [p], to obtain a hash function that
maps to R = [m] we define h/(z) = h(x) mod m. This construction only approximately
satisfy the definition of k-independence but if we choose p > m large enough then it
becomes a non-issue for most applications.

The main drawback of the construction in (2.1) is that it takes Q(k) time to evaluate.
This can be quite problematic since a lot application will have £ = (logn) and then the
evaluation of the hash function adds a significant overhead. A natural question is then
whether it is possible to construct a k-independent hash function that can be evaluated in
o(k) time. This was studied by Siegel [Sie04] who showed this is indeed possible but then
you need to much more space. More precisely, Siegel showed that if you want to construct
a k-independent hash function that can be evaluated using ¢ < k£ memory probes then
you need to use Q(k(u/k)'/*) words of space. The lower bound shows that there is an
inherent connection between the independence of the hash function, the evaluation of the
hash function, and the space usage of the hash function. If we want to construct a hash
function that is k-independent and can be evaluated in time ¢ = O(1) then we need to use
u/¢ words of space. In the same paper, Siegel also constructs a hash function that uses
O(u!/¢) words of space, can be evaluated in O(c)¢ time, and which is w1/ ¢*) independent.
Unfortunately, as Siegel notes in his paper, the construction is “/...] are far too slow for
any practical application”.
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2.1 Tabulation-Based Hashing

The construction of Siegel is part of the class of hash function which we call tabulation-
based hash functions. Tabulation-based hash functions are hash functions that are centered
around a table with random entries which are used when evaluating the hash functions.
More precisely, tabulation-based hash functions will have access to a random table, T: I" —
R, which we will think of as a function, which takes values from some set I' and returns
values in R. Usually, the size of I' is a root of the size of the universe or proportional
to the number of elements, that is, either |I'| = O(u®) for some small constant ¢ < 1 or
IT'| = O(n) where n is the number of elements. Let us briefly compare the tabulation-
based hash functions to the polynomial hashing scheme, (2.1). Tabulation-based hash
functions uses significantly more space, O(u®) compared to O(k), but in contrast with the
polynomial hashing scheme, they do not need to read all the randomness when evaluating
the functions. In fact, the constructions we consider in this thesis only need to access a
constant number of words when evaluating the functions.

It has been an active research area to improve on Siegel’s construction. Several papers
have focused on constructing better k-independent hash functions with the best construc-
tion currently having an evaluation time of O(clogc) while using the same space and
having the same independence as Siegel’s construction [Thol3; CPT15]. While they are
asymptotically better than Siegel’s construction they have so far not been proven to work
in practice. In a slightly different direction, a series of papers have studied constructing
hash functions that are highly independent on a fixed (unknown) set S C U but not on
the entire universe [DWO03; OP03; PPOS; DRO09]. Currently, the best construction for
constructing a function that is fully independent on a fixed (unknown) set S C U is by
Dietzfelbinger and Rink [DR09] and it uses (1 + ) |S| words of space and can be evalu-
ated in O(log(1/¢)) time. Dahlgaard et al. [DKRT15] considered the even more general
problem where the set S is chosen by a random process that uses parts of the hash values.
They gave a construction that uses O(|S|) space and can be evaluated in constant time.

The construction discussed above are all concerned with getting a highly independent
hash function. In this thesis, we present several new results on tabulation-based hashing
but in contrast with the above construction they do not exploit independence.

Simple tabulation hashing Simple tabulation hashing dates back to 1970 and was
first introduced by Zobrist for optimizing chess computers [Zob70]. In simple tabulation
hashing, we view the universe, U, to be of the form U = X¢ for some alphabet, 3, and
a positive integer ¢. Let T': [¢] x ¥ — [2!] be a uniformly random table, i.e., each value
is chosen independently and uniformly at random from the set [2!]. A simple tabulation
hash function, h: ¢ — [2!], is then defined by

c—1

h(ao, Ce ,06071) = @T(i, Oéi) s

=0

where @ is the bitwise XOR-operation, i.e., addition when [2!] is identified with the Abelian
group (Z/2Z)'. We say that h is a simple tabulation hash function with ¢ characters. With
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8- or 16-bit characters, the random table 7' fits in cache, and then simple tabulation is
very fast, e.g., in experiments, [PT12] found it to be as fast as two to three multiplications.

Let us reflect a bit about how simple tabulation hashing fits in the framework of
tabulation-hashing introduced above. In simple tabulation hashing, we have I' = [c] x X,
the space usage is O(c|X|) = O(cu'/®), and in each evaluation of a simple tabulation
hash function we access precisely ¢ memory locations. We see that there is an interesting
trade-off between evaluation time with ¢ lookups and the space usage of O(cU 1/ €). This
motivates analysing how c affects the theoretical guarantees of simple tabulation hashing.

The constructions discussed above were all concerned with getting high independence
either on a subset of the universe or on the entire universe. An obvious question is therefore
how much independence simple tabulation hashing possess. As it turns out, simple tab-
ulation hashing is only 3-independent. The simplest case showing that simple tabulation
hashing is not 4-independent is as follows: Let ¢ = 2 and choose ay, as, 81, 52 € ¥ with
a1 # ag and B1 # B2. We now consider the keys © = (a1, 51), vy = (a1, 82), 2 = (a2, 51),
and w = (ag,B2). It now follows from the definition of simple tabulation hashing that
h(z)® h(y) ® h(z) @ h(w) = 0, irrespective of the randomness of h, thus the keys z, y, w, z
are not mutually independent.? The low independence of simple tabulation hashing might
suggest that it does not have strong theoretical guarantees but surprisingly it does. This
was first studied by Patragscu and Thorup [PT12] who showed that simple tabulation
hashing in certain situations has concentration guarantees like fully and studied its per-
formance in linear probing, cuckoo hashing, and min-wise hashing. The concentration
guarantees of simple tabulation hashing was later refined [AKKR~+20] and it was shown
that the concentration guarantees tightly linked to size of the output range |R|. A series
of papers [DKRT16; AKT18; AT19] have studied simple tabulation in the context of 2-
and d-choice balanced allocation schemes and the number of non-empty bins.

One of the reasons, that simple tabulation has these strong guarantees even though
that it is only 3-independent, is that the hash values of most subsets are independent.
There exists a quite simple description of which subsets are independent under simple
tabulation hashing. First, we note that we can consider a key = = (xg,...,z.—1) € X as
a set of ¢ position characters, T = {(0,z0),...,(c—1,2.—1)} C [¢] x ¥. Now a subset of
keys A C ¥¢ have independent hash values, that is, (h(z))zc4 are mutually independent,
if and only if there does not exist a non-empty subset ) # B = {zg,..., 211} C A
such that Tg A -+ AZ;_1 = () where A denotes the symmetric difference operator. A
counting argument in [DKRT15] shows that there cannot be that many subsets, B, with
that property.

Mixed tabulation hashing Let us consider the following way to construct a hash
function: Let g: ¥ — R be a simple tabulation hash function and f: U — X" be
a function. We then define h: U — R by h(z) = g(f(x)). Now if we can construct
f such that for all subsets B = {zg,...,2¢—1} C U up to some size k, we have that
fzo) A -+ A f(xi—1) # 0, then h will be k-independent. This is roughly speaking the

2We can easily extend the example to ¢ > 2, simply choose v € £°72 and consider the keys = =
(Oél,ﬁh')/), Yy = (al7ﬁ277)7 z = (0[2761,"}/)7 and w = (0627527’Y)-



10 CHAPTER 2. HASH FUNCTIONS

idea behind most of the construction of highly independent tabulation-based hash func-
tions. Unfortunately, it is not known how to construct f deterministically. Instead, the
constructions choose f to be a random hash function and show that with high probability
it has the desired property.

One such construction is mized tabulation hashing which was introduced in [DKRT15].
Mixed tabulation hashing can be constructed as follows: Let g: ¢4 — [2!] and ho: ¢ —
¥4 be simple tabulation hash function and define f: 3¢ — %3¢+ by f(z) = (z, hao(z)). A
mixed tabulation hash function, h: %¢ — [2!], is then defined by

We call h a mixed tabulation hash function with ¢ characters and d derived characters.
It can be beneficial to view g as two simple tabulation hash functions, hy: %¢ — [2/]
and h3: X% — [2Y], then g(z,y) = hi(z) ® h3(y) for x € X¢y € X% With this view we
then get that h(x) = hi(x) @ hs(ha(z)). When implementing a mixed tabulation hash
function it is possible to combine hy and hs into a single simple tabulation hash function
¢ — [21] x ¥4 and then h is implemented with only ¢ + d lookups. Mixed tabulation
hashing was originally introduced to obtain high independence on a set S but in this thesis
we will study properties of mixed tabulation hashing unrelated to its independence.



Chapter 3

Moments

In this chapter, we will introduce moments of hash-based sums. It is in parts based on
the introduction from [HT22].

Before we go into discussing moments of hash-based sums, it will be instructive to
first consider some classical concentration results for random variables. The Chernoff’s
bounds [Che52] go all the way back to the 1950s and were originally introduced in the
study of statistics. In fact, the study of such bounds can be traced event further back to
Bernstein [Ber24] in the 1920s. Today Chernoff’s bounds are an essential part of analysing
randomized algorithms.

Consider the random variable X = 3,1, X; where (X;);e[n) are independent Bernoulli
random variables, i.e., X; € {0,1} and Pr[X; = 1] = 1 —Pr[X; = 0] = E[X]] for all i € [n].
Writing 4 = E[X] Chernoft’s bounds show that for every ¢ > 0 it holds that

€

Pr[X > (1+¢)y] < < ‘ )HE)M = exp(—pC(e))

(1+¢

e I
(1—5)1_5> = exp(—pC(—¢)) -
Here C(x) : (—1,00) — Ry is defined by C(z) = (1 + z)In(1 + z) — .

The proof of Chernoff’s bounds follow by Markov’s inequality and by upper bounding
the moment generating function. Here we will focus on the upper tail but the proof of
lower tail is analogous.

—E&

Pr(X < (1 - )] < (

PrlX > (1+)u] < inf <E [e*X} exp(—(1 + 5)u)) .

The last step of the proof is to upper bound the moment generating function, E [e’\X ] <

exp(pu(e* —1)). An interesting observation is that exp(u(e* — 1)) = E[eM] where Y is
random variable that have a Poisson distribution with parameter u. So we upper bounded
the moment generating function of X by the moment generating function of the Poisson
distribution with parameter u.

An alternative method for proving concentration result is by using moment bounds.
Let p > 1 and consider a random variable X for which E[X] < oo exists then for all ¢ > 0

11
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it holds that

Pr[X > t] <E[(XT)P]tP.

Here Xt = max{X,0}. There are several advantages to using moment bounds instead of
using the moment generating function. It has been shown that moment bounds are always
tighter [PN95], but even more crucial is the fact that the moment generating function
might not exist even random variables where all the moments exist. This motivates
studying the moments of random variables.

It often more convenient to work with p-norms instead of working the moments of
random variables directly. The p-norm of a random variable is the p’th root of the p’th
moment of the random variable and is formally defined as follows:

Definition 3.1 (p-norm). Let p > 1 and X be a random variable with E[|X|?] < co. We
then define the p-norm of X by [ X||, = E[|X|[P]Y/?.

A nice and simple feature of working with p-norms is the following tail bound which
follows by a standard application of Markov’s inequality.

Pr||X| > eHXHp] <e?.

This is useful a bound since a lot of applications are interested in bounding the smallest
deviation that happens with probability at most J. Thus, if we bound [|X[|, for p =
log(1/6) then we immediately obtain such a bound.

As discussed above, Chernoff’s bounds are proven by upper bounding the moment
generating function by the moment generating function of the Poisson distribution. This
inspires us to similarly bound the p-norms with the p-norms of the Poisson distribution.
In order to do this, we first need to understand the p-norms of the Poisson distribution.
In [HT23], they introduced the function W, (M, o) which does exactly that. THe definition
of W, (M, o?) is quite technical but [HT22] proved that ¥,(1,\) is equal up to a constant
factor to the central p-norm of a Poisson distributed variable with mean A.

Definition 3.2. For p > 2 we define the function ¥,,: R, x Ry — R, as follows

1/
( o? ) pM ifp<logpM2

pM?2 o2
2 1 : 2 02
U,(M,0%) = { 5/D0 if p<eim
. M2 9 o2
T1og 217 if max{log Pve %} <p
o2
o

Remark 3.3. When p is small then case 1 and 2 apply while for large p case 3 applies. If
2
B % for 2 < p, hence only case 2 and 3 apply.

2 < 62% then we always have that p > log

Similarly, if 62% < 2 then p > 62% for all 2 < p, hence only case 1 and 3 apply. This
shows that the cases disjoint and cover all parameter configurations.
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The definition W, (M, 0?) is quite technical but the important property of it is not its
exact definition but the fact that it captures the central p-norms of Poisson distributed
random variables. This was proven in [HT22] and is stated formally in the following
lemma.

Lemma 3.4 ([HT22]). There exist universal constants K1 and Ka satisfying that for a
Poisson distributed random variable, X, with A\ = E[X]

KaWy(1,N) < [IX = All, < KyWy(L, ),

for all p > 2.

3.1 Moments of Hash-Based Sums

Let us formalize the notion of a hashed-based sum. For a hash function A: U — R and
a fixed value function, v: U x R — R, we define the random variable X, = v(z, h(x))
for every key x € U. We are then interested in proving concentration bounds for the
sum X =3 Xe = > cpyv(x, h(zx)). It should be noted that the randomness of X is
derived from the hash function A, thus the results will depend on the strength of h.

This is quite a general problem, and at first glance, it might not be obvious why
this is a natural construction to consider, but it does generalize a variety of well-studied
constructions:

1. Let S C U be a set of balls and assign a weight, w, € R, for every ball, x € S. The
goal is to distribute the balls, S, into a set of bins R = [m]. For a bin, y € [m],
we define the value function vy: U x [m] — R by vy(z,j) = w, [j = y] [z € 5], then
X =3 cuvy(x, h(x)) =, cgws [M(x) = y] will be the weight of the balls hashing
to bin y.

2. Instead of concentrating on a single bin, we might be interested in the total weight
of the balls hashing below some threshold [. This is useful for sampling, because
if h(z) is uniform in [m], then Pr[h(xz) < I] = [/m. We then define the value
function v: Ux[m] — R by v(z, j) = w, [j <l][x € S],then X =" _;;v(x, h(z)) =
Y wes Wz [(x) < 1] will be precisely the total weight of the balls hashing below I.

We already saw the first case appear when we discussed hashing with chaining in the
chapter and it generally appears when one tries to allocate resources. The second case
arises in streaming algorithms. In [ADKK+22], it was shown that if the hash function
provides strong concentration guarantees then the running time of certain streaming al-
gorithms can be improved. Finally, in [HT23], the full generality of hashed-based sums
are exploited to obtain a new analysis of a Sparse Johnson-Lindenstrauss transform. The
goal is generally to prove that X is concentrated around the mean pu = E[X]. If h is a
uniformly random hash function then this will be the case under mild assumptions about
v but it cannot otherwise be assumed a priori to be the case.

Now we fix a value function v: U x R — R where 3, pv(x, j) = 0 for all keys = € U,
and we assume that the hash function, h: U — R, is uniformly distributed for all keys
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x € U, i.e., the has value h(x) is uniformly distributed in R. These assumptions imply
that the random variable X, = v(x, h(x)) has mean 0 for every key z € U. We then define
some notation which will be useful.

My= max o) (31)
z€U,j€[m)|

2 _ ZwGU’je[m] U(ﬂf7j)2

(2

(3.2)

g
m

Here M, is the smallest upper bound that always holds |X,| for all keys x € U, and
oo = Var[X] if the hash function h is pairwise independent. With this notation, we
can obtain a stronger tail bound than Chernoff’s bound for general value functions by
employing Bennett’s inequality [Ben62]. For a fully random hash function, h, Bennett’s
inequality give us that.

Pr Zv(a:,h(a:)) zt] §2exp<_§zc(tgu>>
b v U (3 3)
2 exp —%) if ¢ < JC\IZ) .
2exp —ﬁlog(ﬂr%)) ife> 2

The proof Bennett’s inequality follows the same structure as the proof of Chernoff’s
bounds. The crucial difference between them is how they upper bound the moment
generating function. In the proof of Bennett’s inequality, the estimate E[e’\X] <

2
exp( i (Mo — 1)) is used. If Y is a Poisson distributed random variable with parameter

](‘722 then exp(%(e)‘M“ — 1)) <E [e)‘(M“Y)]. Thus, the moment generating function of X
is upper bounded by the moment generating function of M,Y. Combining this insight
with Lemma 3.4 which shows that ¥, (M, 02) captures the central p-norms of the Poisson
distribution, it should not be too surprising that the p-norms of ) _;; v(x, h(z)) can be
controlled using W, (M, 0?). This is exactly what was shown in [HT22].

Theorem 3.5 ([HT22]). Let h: U — [m] be a uniformly random function, letv: U x[m] —
R be a fixed value function, and assume that Zje[m} v(z,j) =0 for all keys x € U. Define
the random variable X, = Y iy v(x, h(z)). Then for all p > 2

IXoll, < LYy (Mo, 03)
where L < 16e is a universal constant.
To get a further intuition for W, (MM, 0?), it is instructive to apply Markov’s inequal-

ity and compare the tail bound to Bennett’s inequality. More precisely, assume that
1Z = E[Z]]|, < LE,(M, 0?) for a constant L and for all p > 2. Then we can use Markov’s
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inequality to get the following tail bound for all ¢ > 0.

Y = EM]l,\"
Pr[Z—E[Z]‘ zt} < (—F—
Liq? if ¢ < Lmax{M, < | (3.4)
< S exp(— a7 ) if L2 <t < L9

exp(—ﬁlog(%ﬁ)) if Lmax{eifj,M} <t

In order to obtain these bounds, p is chosen as follows: If ¢ < maX{M , 6—02} then p = 2
and otherwise p is chosen such that ||Z — E[Z]|, < e~t. More precisely, we have that

2 iftSLmax{M,e—(;}
P=1 e if L <1< Lo

£+ log (%) ifLmax{e;]('j,M} <t

We see that eq. (3.4) gives the same tail bound as Bennett’s inequality, eq. (3.3), up to a
constant in the exponent.

An interesting question is whether we can do better, that is, is the W, (M, 0?) the best
we can do. In [HT22], we showed that if all we know about our value function v is M, and
o2 then the answer is no. More precisely, in [HT22], we show the following lower bound.

Theorem 3.6 ([HT22]). Let h: U — [m] be a uniformly random function, then there
exists a value function, v: U x [m] — R, where 3, v(@,j) =0 for all keys x € U, such
that the random variable X, =) iy v(x, h(x)) satisfies that for all p < L1 |U]|log(m)

S (e, h(x))

xzeU

> LoV, (M,,07) ,

vy Yo

p

where L1 and Lo are a universal constant.






Chapter 4

Understanding the Moments of
Tabulation Hashing via Chaoses

This chapter is dedicated to presenting the results of our research paper “Understanding
the Moments of Tabulation Hashing via Chaoses” [HT22] of Appendix A, and includes
a slightly modified subset of its introduction. The work presented in the paper overlaps
with the master thesis submitted by the author in May 2021 [Hou23|. The core results
were present in the master thesis [Hou23| but several proofs have been rewritten and
significantly simplified.

4.1 Introduction

In [HT22], we will focus on analyzing hash-based sums. More precisely, we consider a
fixed wvalue function, v: U x R — R, and define the random variable X, = v(z, h(z)) for
every key x € U. We are then interested in proving concentration bounds for the sum
X =3 cvXe =2 scyv(z,h(x)). It should be noted that the randomness of X derives
from the hash function h, thus the results will depend on the strength of h. We will focus
on the case where h is either a simple tabulation hash function or a mixed tabulation hash
function.

Patragcu and Thorup [PT12] studied the theoretical guarantees of simple tabulation
hashing. They showed that simple tabulation hashing provides Chernoff-style tail bounds
for distributing n balls into m bins as long as m = n!~1/(9) This is fine for some
applications but a lot applications need the number of bins m to be much smaller. In a
later paper [PT13], the same authors introduced a variant of simple tabulation hashing
called twisted tabulation hashing. They showed that twisted tabulation hashing provides
Chernoff-style tail bounds for any hash-based sum (as defined in Section 3.1) as long as
the expectation p is not too large. More precisely, they need p < \2]178 for a constant
0 < €. Again, there are a lot of applications where this assumption will be violated.

In a recent paper [AKKR~+20], the analysis of simple tabulation hashing was strength-
ened. They showed that simple tabulation hashing provides Chernoff-style tail bounds
for distributing n balls into m without any restriction on n and m, but instead they

17
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needed an additive term of m™" where ~ is a constant. They also showed that such a
term is necessary. Thus, if m = O(1) then simple tabulation hashing cannot provide nice
Chernoff-style tail bounds. In the same paper [AKKR+20], they introduced tabulation-
permutation which they showed have Chernoff-style tail bounds for any hash-based sum
with an additive term of |X|”7 where v is a constant.

The big issue with the prior results is that they all contain an extra additive term.
If we try to use the tail bounds to bound the central moments of X then we will only
obtain something useful for p = O(1) since the additive term will be prohibitive for
higher moments. In contrast, if we prove strong bounds for the central moments of X
for p = O(logn) then we can use Markov’s inequality to prove a bound the tail that is
exponentially decreasing but with an additive term of the form n™" where v = O(1). Thus
in some sense, it is more robust to bound the moments compared to bounding the tail.

While most of the study of simple tabulation hashing have focussed on proving tail
bounds, there have also been a couple of paper studying the moments of simple tabulation
hashing. Braverman et al. [ BCLM+10] showed that for a fixed bin the 4th central moment
is close to that achieved by truly random hashing. Dahlgaard et al. [DKT17] generalized
this to any constant moment p. Their proof works for any p but with a doubly exponential
dependence on p, so their bound is only useful for p = O(1). In [HT22], we obtain bounds
for all the moments of hash-based sums for simple tabulation hashing which are tight up
to constants depending only on c.

4.2 Moments of Tabulation Hashing

In [HT22], we analyze the p-norms of hash-based sums for simple tabulation hashing, and
our analysis is the first that provides useful bounds for non-constant moments. Further-
more, it is also the first analysis of simple tabulation hashing that does not assume that ¢
is constant. We obtain an essentially tight understanding of this problem and show that
simple tabulation hashing only works well when the range is large. This was also noted
by Aamand et al. [AKKR+20] and they solve this deficiency of simple tabulation hashing
by introducing a new hashing scheme, tabulation-permutation hashing. We show that it
is also possible to break the bad instances of simple tabulation hashing by using mixed
tabulation hashing.

We introduce a bit of notation to make the theorems cleaner. We will view a value
function v: 3¢ x [m] — R as a vector, more precisely, we let

1/q

loll, =1 > D o, )

T€XC je[m]

for all ¢ € [1,00]. For every key x € 3¢ we define v[z] to be the sub-vector v restricted to

x, more precisely, we let
1/q

lofally = | D lo(z, )

J€[m]
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for all ¢ € [1,00].

4.2.1 Moments of Simple Tabulation Hashing

Tha main result of [HT22] for simple tabulation hashing is a version of Theorem 3.5.

Theorem 4.1 ([HT22]). Let h: ¢ — [m] be a simple tabulation hash function, v: ¥¢ x
[m] = R a value function, and assume that ;¢ v(z, j) = 0 for all keys x € X°. Define

the random wvariable v.m ¢ = vz, h(z)). en for allp >
he rand ble V5™P! vese V(@ h Then for all p > 2

simple
(i :

< L1V, (KC'YIC)_IMIM KC'Y;_IO'Q) )
p

where K, = (Lgc)c_l, Ly and Lo are universal constants, and

. {log(m) +log< S senellvlall} > e, p}

max, exe||vfz]||5
2y —1
o (ctm (e {1241 )
It is instructive to compare this result to Theorem 3.5 for fully random hashing. Ig-
noring the constant K., the result for simple tabulation hashing corresponds to the result
for fully random hashing if we group keys into groups of size v¢~1.

p

The definition of v, is somewhat complicated because of the generality of the theorem,

2
HZE”% measures
how spread out the mass of the value function is. It was also noted in the previous analysis

by Aamand et al. [AKKR+20] that this measure is naturally occurring. In fact, their

2
”vﬂ”% < m!*. If we consider the example of hashing below a
v|T 2

threshold I < m where each key, x € X¢, has weight w,, then the value function, v, will
be v(z, j) = w, ([j <1 — L) for z € £¢,j € [m], and we then get that

2

=€ |Jofa] |3 m

Tp =

but we will try to explain the intuition behind it. The expression max, s«

result needs that max,cye

This correctly measures that the mass of the value function is mostly concentrated to the
[ positions of [m].

2
M is a measure for how many keys that have signifi-
maxzexel|v[z]|l3

cant weight. This also showed up in the previous analyses of simple tabulation hash-
ing [AKKR+-20; PT12]. If we again consider the example from before, we get that

2
Yoese [0lll; _ Ypexewl

maxyese |vfz]l[;  maxpese w?

The expression

We can summarize the example in the following corollary.
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Corollary 4.2 ([HT22]). Let h: ¢ — [m] be a simple tabulation hash function, assign a
weight, w, € R, to every key, v € X¢, and consider a threshold | < m. Define the random
variable Vi™Ple = > pese wo ([A(z) <1 — LY. Then for allp > 2

l l
—1 —1 2
=V (Kc%? mapcws, Koy, (Z ww) m (1 - m>) |

rede

simple
|

where K, = Ly (Lgc)c_l, L1 and Lo are universal constants, and
2
max{log(m) + 10g(%) /c,p}
Tp = 5
log<e4;”)

A natural question is how close Theorem A.7 is to being tight. We show that if
2 2y —1
log(m) + log<zz62cv[$]”2> /e =0 <log(1 +m (maxmegc HZE”;) >> then the result
2

maxgesel|v[z]||3
is tight up to a universal constant depending only ¢. Formally in [HT22], we prove the
following lemma.

Theorem 4.3 ([HT22]). Let h: ¢ — [m] be a simple tabulation hash function, and
2 < p < Li|¥|log(m), then there exists a value function, v: U x [m| — R, where
Zje[m} v(z,7) =0 for all keys x € ¢, and for which

> K0, (75 My, v to2)

S v(a, ()

reXC

p

where K = L§ and Ly is a universal constant, and

p
) ol !
log(e m (maxses: [ ) )

4.2.2 Moment of Mixed Tabulation Hashing

Yp = max{ 1,

The results of simple tabulation hashing work well when the range is large and when
the mass of the value function is on few coordinates. In [HT22], we show that mixed
tabulation hashing works well even if the range is small.

Theorem 4.4 ([HT22]). Let h: X¢ — [m] be a mized tabulation function with d > 1
derived characters, v: ¥ X [m] — R a value function, and assume that Zje[m] v(z,j) =0

for all keys x € 3¢, Define the random variable Vx4 =3~ . v(z, h(x)). For allp > 2
then

mixed
Vs

]p < W, (KACM,, KACo?)
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where K. = L1 (Lac)®, Ly and Lo are universal constants, and

log(m) — p }
"log(|2]) " log(|2])
Usually, in hashing contexts, we do not map to a much larger domain, i.e., we will

usually have that m < |U|" for some constant v > 1. If this is the case then we can obtain
the following nice tail bound for mixed tabulation hashing by using Markov’s inequality.

Vp = max{ 1

Corollary 4.5 ([HT22]). Let h: 3¢ — [m] be a mized tabulation function with d > 1
derived characters, v: X° x [m] = R a value function, and assume that ;e v(@,j) =0

for all keys x € X°. Define the random variable V¥4 = Y opese v(x, h(x)). If m < |U|?
for a value v > 1 then for allt >0

mixed
Vi

2

> t} < exp(—%c(%v> /KM) + U=,

where C(z) = (z + 1)log(z + 1) — x, Kcy = L1 (Lac®y)®, and Ly and Ly are universal
constants.

4.3 Conclusion

In [HT22], we have studied the moments of hash-based sums of both simple tabulation
hashing and mixed tabulation hashing. We have shown that the moments of hash-based
sums of simple tabulation hashing are close to the moments of hash-based sums of fully
random hashing as long as the number of bins are large. But when the number of bins
are small then simple tabulation hashing does not provide good concentration. We show
that mixed tabulation hashing does not suffer from this restriction and does in general
provide good concentration.






Chapter 5

A Sparse Johnson-Lindenstrauss
Transform using Fast Hashing

This chapter is dedicated to presenting the results of our research paper “A Sparse
Johnson-Lindenstrauss Transform using Fast Hashing” [HT23] from Appendix B, and
includes a slightly modified subset of its introduction.

5.1 Introduction

Dimensionality reduction is an often applied technique to obtain a speedup when working
with high dimensional data. The basic idea is to map a set of points X C R" to a lower
dimension while approximately preserving the geometry. The Johnson-Lindenstrauss
lemma [JL84] is a foundational result in that regard.

Lemma 5.1 ([JL84]). For any 0 < € < 1, integers n,u, and X C R" with |X| = n, there
exists a map f: X — R™ with m = O(¢~2logn) such that

Yw,w' € X,

1 (w) = F ()], = lw = wlly] < & flw = w/]l,

It has been shown in [AK17; LN17] that the target dimension m is optimal for nearly
the entire range of n, u, €. More precisely, for any n, u, € there exists a set of points X C R“
with | X| = n such that for any map f: X — R™ where the Euclidean norm is distorted
by at most (1 =+ &) must have m = Q(min {u, n,e ?log(e?n)}).

All known proofs of the Johnson-Lindenstrauss lemma constructs a linear map f. The
original proof of Johnson and Lindenstrauss [JL84] chose f(z) = Ilx where II € R™**
is an appropriately scaled orthogonal projection into a random m-dimensional subspace.
Another simple construction is to set f(x) = ﬁAw where A € R™** and each entry
is an independent Rademacher variable. In both cases, it can be shown that as long as

m = Q(e721log 1/§) then

vw € RY, Pr[|Ilf(w)I3 - wl}| = < ]3] <o (5.1)

23
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The Johnson-Lindenstrauss lemma follows by setting 6 < 1/(%) and taking w = z — 2’ for
all pairs z, 2z’ € X together with a union bound. (B.1) is also known as the distributional
Johnson-Lindenstrauss lemma and it has been shown that the target dimension m is tight,
more precisely, m must be at least (min {u, £ 2log 1/5}) [JW13; KMN11].

5.1.1 Sparse Johnson-Lindenstrauss Transform

One way to speed up the embedding time is replacing the dense A of the above construction
by a sparse matrix. The first progress in that regard came by Achlioptas in [Ach03] who
showed that A can be chosen with i.i.d. entries where A;; = 0 with probability 2/3 and

otherwise A;; is chosen uniformly in :l:\/% . He showed that this construction can achieve
the same m as the best analyses of the Johnson-Lindenstrauss lemma. Hence this achieves
essentially a 3x speedup, but the asymptotic embedding time is still O(m ||z||,) where ||z||,
is number of non-zeros of x.

Motivated by improving the asymptotic embedding time, Kane and Nelson in [KN14],
following the work in [DKS10; KNI10; BORI10], introduced the Sparse Johnson-
Lindenstrauss Transform which maps down to essentially optimal dimension m =
O(e72logn) and only has s = O(¢~!logn) non-zeros entries per column. This speeds
up the embedding time to O(s~!logn|z||,) = O(em|z||,) thus improving the em-
bedding time by a factor of e~!. It nearly matches a sparsity lower bound by Nel-
son and Nguyen [NN13] who showed that any sparse matrix needs at least s =
Q(e711og(n)/log(1/e)) non-zeros per column. Kane and Nelson [KN14] provided two dif-
ferent constructions with the same sparsity. Later a simpler analysis was given in [CJN18]
which also generalized the result to a more general class of constructions. In [HT23], we
will only focus on one of the constructions which is described below.

We will first consider the related CountSketch which was introduced in [CCF04] and
was analyzed for dimensionality reduction in [TZ12]. In CountSketch, we construct the
matrix A as follows: We pick a pairwise independent hash function, h: [u] — [m], and a
4-wise independent sign function o: [u] — {—1,1}. For each = € [u], we set Ay, , = o(7)
and the rest of the z’th column to 0. Clearly, this construction has exactly 1 non-zero
entry per column. It was shown in [TZ12] that if m = Q(¢7267!) then it satisfies the
distributional Johnson-Lindenstrauss lemma, eq. (5.1). The result follows by bounding
the second moment of || Az||5— || z|3 for any # € R? and then apply Chebyshev’s inequality.

The construction of the Sparse Johnson-Lindenstrauss Transform is s CountSketch
matrices concatenated and scale the resulting matrix by ﬁ This clearly gives a construc-
tion that has s non-zero entries per column and as it has been shown in [KN14; CJN18] if
s = Q(e7!log(1/8)) then we can obtain the optimal target dimension m = O(s~2log(1/9)).
More formally, we construct the matrix A as follows:

1. We pick a hash function, h: [s] x [u] — [m/s] and a sign function o: [s] X [u] —
{-1,1}.
o(i,x)

2. For each z € [u], we set A /sih(in)e = s for every i € [s] and the rest of the

z’th column to 0.
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In the previous analyses [KN14; CJN18|, it was shown that if & and o are (log1/d)-
wise independent then the construction works. Unfortunately, it is not practical to use a
Q(log 1/9)-wise independent hash function so the goal of [HT23] is to obtain an analysis
of a Sparse Johnson-Lindenstrauss Transform with fewer assumptions about the hash
function. In particular, the analysis of [HT23] relax the assumptions of the hash function,
h, and the sign function, o, to just satisfying a decoupling-decomposition and a strong
concentration property.

In [HT23], it also shown that Mixed Tabulation satisfies these properties and thus that
the Sparse Johnson-Lindenstrauss Transform can be implemented using Mixed Tabula-
tion. Let us describe more formally, what we mean by saying that Mixed Tabulation can
implement the Sparse Johnson-Lindenstrauss Transform. We let hy: X¢ = [u] — [m/s],
he: X¢ — %4 and hz: ¥% — [m/s] be the independent Simple Tabulation hash functions
that implement the Mixed Tabulation hash function, hi(z) @ hz(h2(x)). We then extend
it to the domain [s] x [u] as follows:

1. Let hb: [s] x ¢ — %? be defined by hb(i,x) = ha(x) @ (4,...,1), i.e., each derived
———

d times
character gets xor’ed by 1.

2. We then define h: [s] x [u] — [m/s] and o: [s] x [u] — {—1,1} by h(i,z) =
hi(z) @ hs(hh(i,z)) and o(i,z) = oi(x) - o3(hb(i,2)), where h; and hs are the
Simple Tabulation hash functions described above, and o1: ¢ — {—1,1} and
o3: ¥4 — {—1,1} are independent Simple Tabulation functions.

5.2 Overview of the New Analysis

The main the technical contribution of [HT23] is a new analysis of the Sparse Johnson-
Lindenstrauss Transform that relaxes the assumptions on the hash function, k. In [HT23],
we show that if h satisfies a decoupling decomposition property and a strong concentration
property then we obtain the same bounds for the Sparse Johnson-Lindenstrauss Trans-
form. Both of these properties are satisfied by h if h is Q(log 1/0)-wise independent so our
assumptions are weaker than those of the previous analyses.

In order to describe the approach of [HT23], we look at the random variable

Z=|Awl;—1= % S > oli,x)o(i,y) (b ) = hii,y)] wew,. (5.2)

i€[s] eye(ul

Here w € R" is a unit vector. With this notation the goal becomes to bound Pr[|Z] > ¢].

The first step in the analysis is to decouple eq. (5.2). Decoupling was also used in one
of the proofs in [CJN18], but since we want to prove the result for more general hash func-
tions, we cannot directly use the standard decoupling inequalities. We will instead assume
that our hash function allows a decoupling-decomposition. The definition of a decoupling-
decomposition is a bit technical and we postpone the formal definition to Appendix B.
Intuitively speaking the idea of the decoupling-decomposition is to decompose the universe
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U into pieces (U, ) where each of the pieces can be decoupled. Thus, for simplicity, we
will assume that our hash function allows for the standard decoupling inequality. If we
apply Markov’s inequality and a standard decoupling inequality for fully random hashing
we obtain the expression.

Pr[|Z| > €] < e PE[|Z|"]

p

< <€_1;1>PE Z Z o(i,z)o’(i,y) [h(i,z) = B (i,y)] wewy

i€[s] z,y€u]

(5.3)

where (h/, ') are independent copies of (h,o) and p > 2. The power of decoupling stems
from the fact that it breaks up some of the dependencies and allows for a simpler analysis.

The goal is now to analyze Hzie[s] 2w yel] o(i,x)o'(i,y) [h(i,z) = W (i,y)] wmwa
’ p

First we fix (h/,0’) and define the value function v: [s] x [u] x [m/s] = R by v(i,z,j) =
Wy D ye @ (4y) [A(i,y) = jlwy. We then use the randomness of (h,0) to bound the
hash-based sum .13, cpy 0, @)v(i, 2, h(é,2)). In order to do this, we will assume
that (h,o) is strongly concentrated. The formal definition of strongly concentrated is
deferred to Appendix B, but informally speaking, it requires the pair (h, o) to have similar
concentration as fully random hashing, that is, it satisfies a lemma akin to Theorem 3.5.

Now we note that v(i,z,j) = wga;; where a;; = 3° 00" (i, y) [h(i,y) = jlw,. We
then take the view that |a;;| is the load of the bin (i, j) € [s] x [m/s]. We can then split
[s] x [m/s] into heavy and light bins and handle each separately.

In [HT23], we show that the contribution from the light bins is as if the collisions are
independent. This should be somewhat intuitive since if we only have few collisions in
each bin then the collisions behave as if they were independent. In contrast, we show that
the contribution from the heavy bins is dominated by the heaviest bin. This turns out to
be exactly what we need to finish the analysis. The following is an informal statement of
the main technical lemma of [HT23].

Lemma 5.2 ([HT23], informal). Let h, h: [s|xU — [m/s] be hash functions and 0,5 [s] X
U — {—1,1} be sign functions. Assume that (h,o) and (h, (o)) are strongly concentrated
then for all vectors w € RY,

> oli,2)7(iy) [hi,x) = (i y)] wewy

: U
i€[s] z,y€ »

p
logm/s

2
2 ;5 4 2
< 0y (L1l 25 Jull) + L2 ol

Here L is a constant only depending on (h,o) and (h, (c)).

If we combine the technical lemma with a decoupling-decomposition then we obtain
the main result of [HT23] which stated informally is the following.
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Theorem 5.3 ([HT23], informal). Let h: [s] x [u] — [m/s]| be a hash function and o: [s] X
[u] = {—=1,1} be a sign function. Furthermore, let 0 <e <1 and 0 < § < 1 be given.

Assume that (h,o) allows for a decoupling-decomposition and that (h,o) is strongly
concentrated then the following is true

Pr]|Z] > €] <.

5.3 Conclusion

In [HT23], we have provided a new analysis of a sparse Johnson-Lindenstrauss transform
with fewer assumptions on the hash function. With this new analysis we have shown that
it is possible to implement a sparse Johnson-Lindenstrauss transform using a practical
hash functions, namely, mixed tabulation hashing.






Chapter 6

Subsets and Supermajorities:
Optimal Hashing-based Set
Similarity Search

This chapter is dedicated to presenting the results of our research paper “Subsets and
Supermajorities: Optimal Hashing-based Set Similarity Search” [AK20] from Appendix C,
and includes a slightly modified subset of its introduction.

6.1 Introduction

Set Similarity Search (SSS) is the problem of indexing sets (or sparse boolean data) to
allow fast retrieval of sets, similar under a given similarity measure. The sets may repre-
sent one-hot encodings of categorical data, “bag of words” representations of documents,
or ‘“visual/neural bag of words” models, such as the Scale-invariant feature transform
(SIFT), that have been discretized. The applications are ubiquitous across Computer Sci-
ence, touching everything from recommendation systems to gene sequences comparison.
See [CCT10; JZYY+18] for recent surveys of methods and applications.

Set similarity measures are any function, s that takes two sets and return a value
in [0,1]. Unfortunately, most variants of Set Similarity Search, such as Partial Match,
are hard to solve assuming popular conjectures around the Orthogonal Vectors Prob-
lem [Wil05; APRS16; ARW17; CW19], which roughly implies that the best possible al-
gorithm is to not build an index, and “just brute force” scan through all the data, on
every query. A way to get around this is to study Approximate SSS: Given a query, ¢, for
which the most similar set y has similarity(q,y) > s1, we are allowed to return any set
with similarity(q,y’) > s2, where sy < s1. In practice, even the best exact algorithms for
similarity search use such an (s1, s2)-approximate solution as a subroutine [CPT18].

The question is made harder by the fact that previous algorithms study the problem
under different similarity measures, such as Jaccard, Cosine, or Braun-Blanquet similar-
ity. The only thing those measures have in common is that they can be defined as a
function f of the sets sizes, the universe size, and the intersection size. In other words,

29
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similarity (¢, v) = f(lql, |yl |[¢Nyl|, |U|) where |U| is the size of the universe from which the
sets are taken. In fact, any symmetric measure of similarity for sets must be defined by
those four quantities.

Hence, to fully solve Set Similarity Search, we avoid specifying a particular similarity
measure, and instead define the problem solely from those four parameters. This general-
ized problem is what we solve optimally in [AK20], for all values of the four parameters:

Definition 6.1 (The (wg,w,, w1, w2)-GapSS problem). Given some universe U and a

collection Y C (qu|U|) of |Y| = n sets of size w,|U|, build a data structure that for any

query set g € (wq7U|): either returns y' € Y with |y N¢g| > w2 |U|; or determines that there
isno y € Y with |y Ng| > wi|U|.

For the problem to make sense, we assume that w,|U| and w,|U| are integers, that
wg, Wy, € [0,1], and that 0 < wy < wy < min{wg, w,}. Note that |[U| may be very large,
and as a consequence the values wg, wy, w1, w2 may all be very small.

At first sight, the problem may seem easier than the version where the sizes of sets
may vary. However, the point is that making polylog(n) data-structures for sets and
queries of progressively bigger sizes, immediately yields data structures for the original
problem. Similarly, any algorithm assuming a specific set similarity measure also yields
an algorithm for (wg, wy, w1, w2)-GapSS, so the lower bounds of [AK20] also hold for all
previously studied SSS problems.

Example 1 As an example, assume we want to solve the Subset Search Problem, in
which we, given a query ¢, want to find a set y in the database, such that y C q. If we
allow a two-approximate solution, GapSS includes this problem by setting w; = w, and
wg = w1 /2: The overlap between the sets must equal the size of the stored sets; and we
are guaranteed to return a y’ such that at least |[¢ N y'| > |y|/2.

Example 2 In the (j1, j2)-Jaccard Similarity Search Problem, given a query, ¢, we must
find y such that the Jaccard Similarity |¢ Ny|/|¢ Uy| > j2 given that a ' exists with
similarity at least ji. After partitioning the sets by size, we can solve the problem using
GapSS by setting wy = % and wy = W

other similarity measure with polylog(n) overhead.

. The same reduction works for any

The version of this problem where wy = wgyw, is similar to what is in the literature
called “the random instance” [Pan06; Laal5; ALRW17]. To see why, consider generating
n — 1 sets independently at random with size w,|U|, and a “planted” pair, (g, y), with size
respectively wy|U| and w, |U| and with intersection |¢ Ny| = w1|U|. Insert the size w,|U|
sets into the database and query with ¢. Since ¢ is independent from the n — 1 original
sets, its intersection with those is strongly concentrated around the expectation wgw,|U|.
Thus, if we parametrize GapSS with we = wyw, + o(1), the query for ¢ is guaranteed to
return the planted set y.

There is a tradition in the Similarity Search literature for studying such this indepen-
dent case, in part because it is expected that one can always reduce to the random instance,
for example using the techniques of “data-dependent hashing” [AINR14; AR15]. However,
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v 1
—T
(a) Two cohorts, y and ¢ with a large (b) Branching random walk run on two cohorts ¢ and y.
intersection (blue). The first repre- The bold lines illustrate paths considered by sets, while
sentative set, s, favours y, while the the dashed lines adorn paths only considered by only one
second, s, favours both y and gq. of  or y. Here ¢ has a higher threshold (¢, = 2/3) than

y (t, = 1/2), so q only considers paths starting with two
favourable representatives.

Figure 6.1: The representative sets, coloured in red, are scattered in the universe to provide
an efficient space partition for the data.

for such a reduction to make sense, we would first need an optimal “data-independent”
algorithm for the wy = wqw, case, which is what we provide in [AK20].

6.2 Supermajorities

In Social Choice Theory a supermajority is when a fraction strictly greater than 1/2
of people agree about something.In the analysis of Boolean functions a t-supermajority
function f: {0,1}" — {0,1} can be defined as 1, if a fraction > ¢ of its arguments are 1,
and 0 otherwise. We will sometimes use the same word for the requirement that a fraction
< t of the arguments are 1.

The main conceptual point of our algorithm is the realization that an optimal algorithm
for Set Similarity Search must take advantage of the information present in the given sets,
as well as that present in their complement. A similar idea was leveraged by Cohen et
al. [CK09] for Set Similarity Estimation. In [AK20], we show that there is a better way
of combining this information and that doing so results in an optimal hashing based data
structure for the entire parameter space of random instance GapSS.

The algorithm (idealized) While our data structure is technically a tree with a care-
fully designed pruning rule, the basic concept is very simple.

We start by sampling a large number of “representative sets” R C (g) Here roughly
|R| =~ n'°&™ and k =~ logn. Given family Y C (qu|U|) of sets to store, which we call
“cohorts”, we say that r € R “t-favours” the cohort y if |y N r|/|r] > t. Representing
sets as vectors in {0, 1}d, this is equivalent to saying fi(r Ny) = 1, where f; is the t-
supermajority function. (If ¢ is less than w,, the expected size of the overlap, we instead
require [y Nr|/|r] < t.)
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Given the parameters t,,t, € [0,1], the data-structure is a map from elements of R to
the cohorts they t,-favour. When given a query ¢q € (waljU‘), (a wq|U| sized cohort), we
compare it against all cohorts y favoured by representatives r € R which ¢,-favour ¢ (that
is [gNr|/|r] > t4). This set Ry (q) is much smaller than |R| (we will have |Ry (q)| =~ n®
and E[|Ry, (y) N Ry, (q)|] & n°1), so the filtering procedure greatly reduces the number of
cohorts we need to compare to the query from n to n® (where e = p, < 1 is defined later.)

The intuition is that while it is quite unlikely for a representative to favour a given
cohort, and it is very unlikely for it to favour two given cohorts (¢ and y). So if it does,
the two cohorts probably have a substantial overlap. Figure 6.1a has a simple illustration
of this principle.

In order to fully understand supermajorities, we want to understand the probability
that a representative set is simultaneously in favour of two distinct cohorts given their
overlap and representative sizes. This paragraph is a bit technical and may be skipped at
first read. Chernoff bounds in R are a common tool in the community, and for iid. X; ~
Bernoulli(p) € {0,1} the sharpest form (with a matching lower bound) is Pr[> | X; > tn] <
exp(—nd(t || p)), which uses the binary KL-Divergence d(¢ || p) = tlog % +(1—1t)log llf_;.
The Chernoff bound for R? is less common, but likewise has a tight description in terms of
the KL-Divergence between two discrete distributions: D(P || Q) = >~ ,cq P(w)log %
(summing over the possible events). In our case, we represent the four events that can
happen as we sample an element of U as a vector X; € {0,1}2. Here X; = []] means the ith
element hit both cohorts, X; = [}] means it hit only the first and so on. We represent the

distribution of each X; as a matrix P = [ wuufw ) 1—wizq—_w?+w ) } , and say X; ~ Bernoulli(P)

iid. such that Pr[X; = [,7}]] = Pj;. Then Pr[}] X; > [,*|n] = exp(—nD(T || P)) where

T = [tut_ltl 1—ttqq—_t12+t11| and t; € [0, min{t,, t;}] minimizes D(T || P). (Here the notation
(5] > [iz] means = > t, Ay > tg.)

These bounds above would immediately allow a cell probe version of our upper
D(Ty || P1)—d(tqllwg)

bound Theorem 6.2, e.g. a query would require nP@2lP2)-dtqlwe) probes, where P; =
w; Wqg—w1
Wy —W; 1—wg—wy+w;

and T; defined accordingly. The algorithmic challenge is that for
optimal performance, |R| must be in the order of Q(n'°¢™), and so checking which repre-
sentatives favour a given cohort takes super polynomial time!

We augment the above representative sampling procedure as follows: Instead of inde-
pendent sampling sets, we (implicitly) sample a large, random height k tree, with nodes
being elements from the universe. The representative sets are taken to be each path from
the root to a leaf. Hence, some sets in R share a common prefix, but mostly they are still
independent. We then add the extra constraint that each of the prefixes of a representa-
tive has to be in favour of a cohort, rather than only having this requirement on the final
set. This is the key to making the tree useful: Now given a cohort, we walk down the
tree, pruning any branches that do not consistently favour a supermajority of the cohort.
Figure 6.1b has a simple illustration of this algorithm. This pruning procedure can be
shown to imply that we only spend time on representative sets that end up being in favour
of our cohort, while only weakening the geometric properties of the idealized algorithm
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negligibly.

While conceptually simple and easy to implement (modulo a few tricks to prevent
dependency on the size of the universe, |U|), the pruning rule introduces dependencies
that are quite tricky to analyze sufficiently tight. The way to handle this will be to
consider the tree as a “branching random walk” over Z%r where the value represents the
size of the representative’s intersection with the query and a given set respectively. The
paths in the random walk at step ¢ must be in the quadrant [tqi,] X [t,i,4] while only
increasing with a bias of [,,? ] per step. The branching factor is carefully tuned to just the
right number of paths survive to the end.

6.3 Main Results

Results on approximate similarity search are usually phrased in terms of two quantities:
(1) The “query exponent” p, € [0,1] which determines the query time by bounding it
by O(n”4); (2) The “update exponent” p, € [0,1] which determines the time required
to update the data structure when a point is inserted or deleted in Y and is given by
O(nPv). The update exponent also bounds the space usage as O(n!**+). Given parameters
(wg, Wy, w1, ws), the important question is for which pairs of (pg, pu) there exists data
structures. E.g. given a space budget imposed by p,, we ask how small can one make p,?

6.3.1 Upper Bound

As discussed, the performance of our algorithm is described in terms of KL-divergences.
To ease understanding, we give a number of special cases, in which the general bound
simplifies. The bounds in this section assume wyg, w,,, w1, wo are constants. See Appendix C
for a version without this assumption.

Theorem 6.2 ([AK20]). For any choice of constants wq,w, > w1 > wy > 0 and 1 >
tg;tu > 0 we can solve the (Wq, Wy, w1, w2)-GapSS problem over universe U with query
time O(nPe + wy|U|) +n°Y) and auziliary space usage O(n**Pv), where

Do = D(T1 || Pr) — d(tg || wg) P D(T || P1) — d(tu || wa)
DT Py) —dtg [ wg)” Tt D(Ta [l P2) —d(tg [ wg)”

(6.1)

and T, Ty are distributions with expectation [fz] minimizing respectively D(Ty || P1) and
D(T5 || P2), as described in Section 6.2.

The two bounds differ only in the d(¢, || w,) and d(¢, || w,) terms in the numerator.
The thresholds ¢, and ¢, can be chosen freely in [0, 1]2. Varying them compared to each
other allows a full space/time trade-off with p, = 0 in one end and p, = 0 (and p; < 1)
in the other. Note that for a given GapSS instance, there are many (t4,t,) which are not
optimal anywhere on the space/time trade-off. Using Lagrange’s condition Vp, = AVp,
one gets a simple equation that all optimal (t4,t,) trade-offs must satisfy. Figure 6.2
provides some additional intuition for how the p values behave for different settings of
GapSS.
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Figure 6.2: Comparison to Spherical LSF: Plots of the achievable p, (time exponent) and
pu (space exponent) achievable with Theorem 6.2. The plots are drawn in the “random
setting”, wy = wyw, where Spherical LSF and Data-Dependent LSH coincide.

Example 1: Near balanced p values. As noted, many pairs (t4,t,) are not optimal
on the trade-off, in that one can reduce one or both of p,, p, by changing them. The
pairs that are optimal are not always simple to express, so it is interesting to study those
that are. One such particularly simple choice on the Lagrangian is ¢, = 1 — w, and
ty = 1 —wy. This point is special because the values of ¢, and ¢, depend only on w,

and wg, while in general they will also depend on w; and ws. In this setting we have
T — [17wq7wu+wi Wy —w;
L=

Wy — 0 s }, which can be plugged into Theorem 6.2.

In the case wy, = w, = w we get the balanced p values p, = p,

log(“% %) /log("2 ké;iiwz) in which case it is simple to compare with Chosen Path’s
p value of log(*“)/log(*2). Chosen Path on balanced sets was shown in [CP17] to be

optimal for w,wi,ws small enough, and we see that Supermajorities do indeed recover
this value for that range.

Example 2: Linear space/constant time. Setting ¢; in T} = tut_ltl 1_ttqq__tt: +t1} such
. to—t _ .
that either 5}—11 = ﬁ or 5}—11 = ﬁ we get respectively D(T7 || P1) = d(tq || wq)

or D(T || P1) = d(ty || wy). Theorem 6.2 then yields algorithms with either p, = 0 or
pu = 0 corresponding to either a data structure with ~ eOWhogn) query time, or with

O(n) auxiliary space. Like [ALRW17] we have p, < 1 for any parameter choice, even
when p, = 0.
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6.3.2 Lower Bound

Since the first lower bounds on Locality Sensitive Hashing [MNP06], lower bounds for ap-
proximate near neighbours have split into two kinds: (1) Cell probe lower bounds [PTWO0S;
PTW10; ALRW17] and (2) Lower bounds in restricted models [ODol4; AR16; ALRW17;
CP17]. The most general such model for data-independent algorithms was formulated
by [ALRW17] and defines a type of data structure called “list of points”:

Definition 6.3 (List-of-points). Given some universes, @), U, a similarity measure S :
@ x U — [0,1] and two thresholds 1 > s; > s9 > 0,

1. We fix (possibly random) sets A; C {—1,1}¢, for 1 < i < m; and with each possible
query point ¢ € {—1,1}¢, we associate a (random) set of indices I(q) C [m);

2. For a given dataset P, we maintain m lists of points L1, Lo, ..., Ly, where L; =

PN A,

3. On query ¢, we scan through each list L; for i € I(q) and check whether there exists
some p € L; with S(q,p) > s9. If it exists, return p.

The data structure succeeds, for a given ¢ € Q,p € P with S(q,p) > s1, if there exists
i € I(q) such that p € L;. The total space is defined by S = m + ;1 [Li| and the
query time by T' = [I(q)| + > ;s (q I Lil-

The List-of-points model contains all known Similarity Search data structures, except
for the so-called “data-dependent algorithms”. It is however conjectured [ALRW17] that
data-dependency does not help on random instances (recall this corresponds to we =
wqwy, ), which is the setting of Theorem 6.4.

In [AK20], we present two main lower bounds: (1) That requires wy, = w,, and pg = py
and (2) That requires we = wqyw,. In this introduction, we will only focus on the latter
and refer the reader to Appendix C for a discussion of the former.

The lower bound are concerned with random instances. This is powerful since every
known data-dependent algorithm reduces the general case to a random instance. It is even
conjectured that data-dependence does not help on random instances [ALRW17]. This
lower bound is tight for any 0 < wyw, < wy < min{wq, wy } in the list-of-points model.

Theorem 6.4 ([AK20]). Consider any list-of-point data structure for the
(wgq, Wy, w1, Wqwy,)-GapSS  problem over a wuniverse of size d of n points with
wqwy,d = w(logn), which uses expected space nitPu . has expected query time nPa—on(1)
and succeeds with probability at least 0.99. Then for every o € [0, 1] we have that

. D(T || P) —d(tq || wg) D(T || P) — d(ty || wu)
1—a)p, > inf 1- ,
R e B % T
tyuFWey
where P = |, 1—w1zq—_w1il+w1} and T = arg inf D(T || P).

— tll
T<<P’X§T[X}_[tu}
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Note that for wy = wqw,, the term D(T5 || P%), in Theorem 6.2, splits into d(¢, ||
wy) + d(ty || wy), and so the upper and lower bounds perfectly match. This shows that
for any linear combination of p, and p, our algorithm obtains the minimal value. By
continuity of the terms, this equivalently states as saying that no list-of-points algorithm
can get a better query time than our Theorem 6.2, given a space budget imposed by p,.

Example 1: Choices for ¢, and ¢,. As in the upper bounds, it is not easy to prove
that a particular choice of t, and ¢, minimizes the lower bound. One might hope that
having corresponding lower and upper bounds would help in this endeavour, but alas both
results have a minimization. E.g. setting ¢{;, = 1 — w, and t, = 1 — w, the expression in
Theorem 6.4 we obtain the same value as in Theorem 6.2, however it could be (though
we strongly conjecture not) that another set of values would reduce both the upper and
lower bound.

The good news is that the hypercontractive inequality by Oleszkiewicz [Ole03], can be
used to prove certain optimal choices on the space/time trade-off. In particular, in [AK20],
we show that for wy, = w, = w the choice t;, = t, = 1 — w is optimal in the lower bound,

and matches exactly the value p = log (%) / log(%) from Example 1 in

the Upper Bounds section.

6.4 Conclusion

In [AK20], we have studied the problem of approximate set similarity search. We provide
a data structure that solves the problem optimally in the random setting. Our data
structure exploits information both in the sets and their complements by using Boolean
supermajority functions. Ideas and concepts from branching random walks in Z? are
employed in order to turn the abstract ideas into an actual algorithm.



Chapter 7

Load Balancing with Dynamic Set
of Balls and Bins

This chapter is dedicated to presenting the results of our research paper “Load Balancing
with Dynamic Set of Balls and Bins” [AKT21] from Appendix D, and includes a slightly
modified subset of its introduction.

7.1 Introduction

Load balancing in dynamic environments is a central problem in designing several net-
working systems and web services [SMLK+03; KLLP+97]. We wish to allocate clients
(also referred to as balls) to servers (also referred to as bins) in such a way that none of
the servers gets overloaded. Here, the load of a server is the number of clients allocated to
it. We want a hashing-style solution where we given the ID of a client can efficiently find
its server. Both clients and servers may be added or removed in any order, and with such
changes, we do not want to move too many clients. Thus, while the dynamic allocation
algorithm has to always ensure a proper load balancing, it should aim to minimize the
number of clients moved after each change to the system. For every update in the system,
we need to change the allocation of clients to servers. For simplicity, we assume that the
updates (ball and bin insertions and removals) do not happen simultaneously and will be
operated one at a time, so that we have time to finish changing the allocation before we
get another update. Such allocation problems become even more challenging when we
face hard constraints in the capacity of each server, that is, each server has a capacity and
the load may not exceed this capacity. Typically, we want capacities close to the average
loads.

There is a vast literature on solutions in the much simpler case where the set of servers
is fixed and only the client set is updated. For now, we focus on solutions that are known to
work in our fully-dynamic case where both clients and servers can be added and removed
in an arbitrary order. This rules out solutions where only the last added server may be
removed. The above problem formulation is very general, and does not assume anything

37
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about the ratio between the number of clients n, and the number of servers m. However,
it is also conceivable having a system with many clients or a balanced system with n =~ m.

The classic solution to the scenario where both clients and servers can be added and re-
moved is consistent hashing [SMLK+03; KLLP+97] where the current clients are assigned
in a random way to the current servers. While consistent hashing schemes minimize the
expected number of movements, they may result in hugely overloaded servers, and they
do not allow for explicit capacity constraints on the servers. More recently, Mirrokni et
al. [MTZ18] presented an algorithm that works with arbitrary capacity constraints on the
servers. For the purpose of load balancing, the system designer can specify a balancing
parameter ¢ = 1 + £, guaranteeing that the maximum load is at most [ecn/m]. While
maintaining this hard balancing constraint, they limit the expected number of clients to
be moved when clients or servers are inserted or removed. From a more practical perspec-
tive, we think of the load balancing parameter ¢ = 1 + ¢ as a simple knob which captures
the tradeoff between load balancing and stability upon changes in the system. This gives
a more direct control to the system designer in meeting explicit balancing constraints.

With the algorithm from [MTZ18], while guaranteeing a balancing parameter ¢ =
14+ e < 2, when a client is added or removed, the expected number of clients moved
is O(E%) When a server is added or removed, the expected number of clients moved is
O(z%). These numbers are only a factor O(a%) worse than the general lower bounds
without capacity constrains.

Before going into the new scheme from [AKT21], it instructive to first consider a
simpler probabilistic problem, in order to understand the results of the new scheme. The
probabilistic problem is as follows: Consider placing n balls in m bins, each of capacity C =
(14&)n/m, one ball at the time, where each ball picks a uniformly random non-full bin. We
are interested in the number of non-full bins both in expectation and with concentration
bounds. This relatively simple problem had not been analyzed before [AKT21]. To state
the bounds from [AKT21], we define

eC if C <logl/e
f=19 eV/C-/log(1/(eV/C)) if logl/e < C < % ; (7.1)
1 if C> 5

whenever 0 < ¢ <1 and C > 1 is integral. The problem was solved in [AKT21] and we
proved the following result.

Theorem 7.1 ([AKT21]). Let n,m € N and 0 < € < 1 be such that C = (1 +e)n/m is
integral. Moreover assume that that 1/e = m°W) . Suppose we distribute n balls sequentially
into m bins each of capacity C, for each ball choosing a uniformly random non-full bin.
The expected fraction of non-full bins is ©(f).

How does this result relate to our dynamic load allocation problem? We can think of
the distribution scheme in the theorem as the algorithmically weakest way to assign the
balls to the capacitated bins. Here, by algorithmically weak, we mean that it cannot be
implemented in the dynamic setting where balls and bins can come and go. However, it is
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still helpful to think of it as the mathematically ¢deal way of solving dynamic load alloca-
tion with bounded loads in the following sense. Imagine that an insertion of a ball is carried
out by repeatedly choosing a random bin until we find a non-full one where we place the
ball. Then we avoid all the unpleasant dependencies between the loads of the bins visited
during the insertion that arise in algorithmically stronger schemes. For example, one can
compare to a scheme like linear probing where the cascading effect of balls causes heavy
dependencies between the loads of bins visited during a search or an insertion. It follows
from Theorem 7.1 that in the simple scheme above, the expected number of bins visited
when making an insertion is O(1/f). The main contribution of [AKT21] is to present a
much stronger scheme which supports general insertions and deletions of both balls and
bins, and which, nonetheless, achieves complexity bounds that are analogous to those in
the mathematically ideal scheme above. To be precise, with the scheme of [AKT21], we
expect to move O(1/f) balls when inserting or deleting a ball, and O(C/f) balls when
inserting or deleting a bin and this is tight. Similar bounds holds on the number of bins
visited when performing any of these updates.

7.2 Consistent Hashing

The standard solution to our fully-dynamic allocation problem is variations of consistent
hashing [SMLK+03; KLLP+97]. The new scheme of [AKT21] combines ideas from these
variations, so we start by reviewing those.

7.2.1 Simple Consistent Hashing

In the simplest version of consistent hashing, we hash the active balls and bins onto a unit
circle, that is, we hash to the unit interval, using the hash values to create a circular order
of balls and bins. Assuming no collisions, a ball is placed in the bin succeeding it in the
clockwise order around the circle. One of the nice features of consistent hashing is that it
is history-independent, that is, we only need to know the IDs of the balls and the bins and
the hash functions, to compute the distribution of balls in bins. If a bin is closed, we just
move its balls to the succeeding bin. Similarly, when we open a new bin, we only have to
consider the balls from the succeeding bin to see which ones belong in the new bin.

With n balls, m bins, and a fully random hash function h, each bin is expected to have
n/m balls. This is also the number of balls we expect to move when a bin is opened or
closed.

The problem with simple consistent hashing is that the maximum load on a bin is
much larger than the average load, approximately O (logm) times bigger. This is due to
the significant variation in the coverage of bins. Some bins cover intervals of size @(1@%)
and are expected to receive @("10%)

Additionally, there is an issue where the expected number of balls landing in the same
bin as a given ball is nearly twice the average. This is because the expected distance
between neighboring bins for a ball is 1/(m + 1), leading to an interval size of 2/(m + 1).
Consequently, approximately 2n/m other balls are expected to land in the same bin as

balls, resulting in a higher maximum load.
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the given ball, causing each bin’s load to be almost twice the average. This negatively
affects the server’s performance, as the load determines its efficiency in serving clients.

7.2.2 Consistent Hashing with Virtual Bins

To get a more uniform bin cover, [KLLP+97] suggests the use of virtual bins. The virtual
bin trick is that the ball contents of k = O(logm) virtual bins is united in a single super
bin. The super bins are the m bins seen by the user of the system. Internally it is the
km virtual bins we place on the cycle together with the n balls. Each virtual bin has a
pointer to its super bin. To place a ball, we go along the cycle to the first virtual bin, and
then we follow the pointer to its super bin.

A super bin covers the union of the intervals covered by its k& virtual bins. The point
is that for any constant ¢ > 0, if we pick a large enough k = O((logm)/e?), then with
high probability, each super bin covers a fraction (1 +¢)/m of the unit cycle.

We note that many other methods have been proposed to maintain such a uniform
bin cover as bins are added and removed (see, e.g., [BSS00; GH05; Man04; KM05; KRO6;
TR98]), and in our algorithms, we shall also employ such virtual bins.

With a uniform bin cover, balls distribute uniformly between bins. On the posi-
tive side, in the heavily loaded case when n/m is large, e.g., n/m = w(logm), all
loads are (1 £ o(1))n/m, w.h.p. However, with n = m, we still expect many bins with
O((logm)/(loglogm)) balls even though the average is 1.

7.2.3 Simple Consistent Hashing with Bounded Loads.

As we mentioned earlier, Mirrokni et al. [MTZ18] presented an algorithm that works with
arbitrary capacity constraints on the bins. For the purpose of load balancing, the system
designer can specify a balancing parameter ¢ = 1 4 ¢, guaranteeing that the maximum
load is at most C' = [en/m/].

Their idea is very simple. As in simple consistent hashing, we place balls and bins
randomly on a cycle, but instead of placing balls in the first bin along the cycle, we place
them in the first non-full bin. Thus we can think of the distribution as first placing all the
bins on the cycle, and then placing the balls one-by-one, putting each in the first non-full
bin found by going in clockwise around the cycle. If we have hash functions for placing
arbitrary balls and bins along the cycle, and if we have a priority order on all balls, telling
us the order in which we insert balls, then this completely determines the placement of
any set of the balls in any set of capacitated bins. This means that the distribution is
history independent as in [BGO7]. It also means that we know exactly which balls to move
if balls or bins are added or removed.

As terminology, we say a ball hash to the first bin following it in the clockwise order.
However, the ball may be placed in a later bin if the bin it hashed to was full.

Note that the priority order makes the insertion of a new ball a bit more complicated
since it may have higher priority than balls already in the system. To place it, we first
place it in the bin it hashes to directly (that is, the one just after its hash location on the
cycle). If the bin becomes overfull, we pop the lowest priority ball and place it in the next
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bin, and repeat. It is, however, important to notice that the bins we end up considering
are exactly the bins from the one the ball hashes to, and to the first non-full bin.
Mirrokni et al. [MTZ18] provided an analysis of their system. With ¢ < 1, they showed
that starting from the hash location of any ball, the expected number of full bins passed on
the way to the first non-full bin is O(1/£2). From this they get that the expected number
of balls that has to be moved when a ball is inserted or deleted is O(1/e?). Likewise,
the expected number of balls that has to be moved when a bin is inserted or deleted is
O(C/€?). These bounds are all tight for simple consistent hashing with bounded loads.

7.3 Consistent Hashing with Virtual Bins and Bounded
Loads

The new algorithm of [AKT21] basically just combines the bounded loads with virtual
bins. When a ball is placed in a virtual bin, it is also placed in its super bin which has
a limited capacity. We fix some natural number k, which is the number of virtual bins
for each super bin. In the following, we describe a mathematically simple version of the
scheme in [AKT21]. In [AKT21], they also consider a variation of this scheme which is
more suitable to be implemented in practice. The description of this scheme can be found
in Appendix D.

We hash each super bin to k different cycles or levels using independent hash functions.!
The k£ hash values on the k cycles will be the associated virtual bins of the given super
bin. We also hash the balls to the cycles, but contrary to the bins, each ball gets just a
single random hash value on a single random cycle.

The static placement of the balls can be described as follows: We start by placing
all balls which hash to the first cycle using standard consistent hashing with bounded
loads as described in Section 7.2.3. We assume that we have priorities on the balls and
we will simulate that they are inserted in priority order. After the first level, the balls
hashing to this level have thus been distributed into the virtual bins and we put them
in the corresponding super bins. Initially, each super bin had capacity C. If the virtual
bin of such a super bin received a balls at the first level, its new capacity is then reduced
accordingly to C' —a. We continue this process on level i = 2,... k. At level i, each super
bin has a certain remaining capacity and we use standard consistent hashing with bounded
loads (with these capacities) to place the balls at level ¢ into the virtual bins and thus, into
the corresponding super bins. If a super bin had capacity Cy before the hashing to level
i, and it received a balls at level i, its remaining capacity for the next levels is Cyp — a .
Traversing the levels one at a time like described, corresponds to enforcing that regardless
of the initial priorities of the balls, if two balls hash to different levels, the ball hashing to
the lower level will have the highest priority of the two. With these modified priorities,
the static image at a given point can be obtained by simply inserting the balls one by one
in priority order, placing each ball in the first virtual bin whose super bin is not full. This

!For simplicity, we advice the reader to think of all our hash functions as fully random. However, our
results hold even when the hashing is implemented with the practical mixed tabulation from [DKRT15].
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completely describes the placement of balls in bins if we know the hash functions and the
priority order, so the system is history-independent as described in [BGO7].

Searching for a ball z is almost the same as for normal consistent hashing. We calculate
the hash value of x and visit the virtual bins starting from that hash value in cyclic order
until we either find = in a corresponding super bin or we meet a ball of lower priority
hashing to the same level.

Insertions are a bit more complicated. For inserting a ball x we calculate h(x) which
in particular indicates the level, i, that = hashes to. We traverse level i starting at h(x)
until we meet a bin, b, which either (a) is not full or (b) contains a ball of lower priority
than z (all balls hashing to levels j > i have lower priority than x by convention). We
insert x in b. In case (a), the insertion is complete, but in case (b) we pop y from b and
recurse the insertion starting with y (which happens at some level j > 7).

Ball deletions are symmetric to ball insertions in the sense that the hash functions
tells us exactly the placement of all balls in bins, both before and after the ball which we
are to insert or delete is inserted or deleted. Deleting a bin is the same as re-inserting
all balls in it, and inserting a bin is symmetric to deleting a bin. Therefore we get that
the number of balls to be moved is essentially determined by the number that has to be
moved in connection with an insertion.

Main Result In classic consistent hashing without virtual bins, we obtain no advantage
when the number of balls n are much larger than the number of bins m, or in other words,
when the capacity of a bin, C, is large. The basic issue is that most of the uncertainty
in the system without virtual bins stems from the uncertainty in the distance between a
bin and its predecessor, which determines the expected number of balls hashing directly
to the bin.

However, the use of virtual bins improves the concentration of the number of balls
hashing directly to a super bin, and we do obtain an advantage of this improved concen-
tration. This was in fact the whole point of introducing virtual bins in classic consistent
hashing without load bounds [SMLK+03]. To be precise, fix k = A(logn)/e? for some
appropriately large constant A. Then standard Chernoff bounds show that each bin cover
a fraction (1 4 Ae)/m of the combined hash range, where A\ can be made arbitrarily small
(by increasing A). If further the average load m/n is above k, then with high probability,
no bin gets load above C' = (1 + £)m/n by balls hashing directly to them. In particular,
all load bounds are satisfied without the having to forward a single ball. The result be-
low (which is the main result of [AKT21]) asymptotically settles the expected insertion
time for general C, in particular for any C' < (logn)/e?. Before stating the theorem, we
encourage the reader to recall the definition of f in eq. (7.1)

Theorem 7.2 ([AKT21]). Let 0 < € < 1 and suppose that we distribute n balls into m
bins each of capacity C = (1 4+ €)n/m using consistent hashing with bounded loads and
k = c/e? uniform levels for a sufficiently large constant c. Assume that 1/e = n°M . In
expectation we move O(1/f) balls when inserting or deleting a ball, and O(C/f) balls
when inserting or deleting a bin. Finally, when searching a ball, we expect to visit O(1)
bins when C >log1/e and O(%) bins when C < log1/e.
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Our bounds in Theorem 7.2 show that we do get an advantage from bigger capacities
even when C'is smaller than k& = ©((logn)/e?). In fact, already for C = 1/£2, the expected
insertion time drops to O(1).

7.4 Conclusion

In [AKT21], we have given a new solution to the problem of load balancing in a dynamic
system where both balls and bins can be added and removed. Our new data structure
combines the ideas of the previous work and its performance is comparable to the natural
probabilistic problem of throwing balls into capacitated bins. We have also given a solution
to this probabilistic problem.






Chapter 8

On Sums of Monotone Random
Integer Variables

This chapter is dedicated to presenting the results of our research paper “On Sums of
Monotone Random Integer Variables” [AAHT22] from Appendix E, and includes a slightly
modified subset of its introduction.

8.1 Introduction

We study the problem of estimating probability that the sum of independent (not neces-
sarily identically distributed) integer-valued random variables attains precisely a specific
value. In [AKT21], we provide sharp estimates and our estimates hold under a fairly
general assumption on the properties of the random variables, which for example is sat-
isfied for Bernoulli, Poisson and geometric random variables. The bounds on the point
probabilities derived in this paper have been used to understand the distribution of balls
in capacitated bins [AKT21]. In the cleanest combinatorial variant of the problem, where
the balls arrive sequentially and each ball picks a uniformly random non-full bin, they just
needed the point probabilities of sums of i.i.d. Bernoulli variables. However, for a more
dynamic distribution system, they had to apply the bounds for sums of a mix of Bernoulli
and geometrically distributed variables.

Recall that for a real random variable X, the characteristic function of X is the
map fx : R — C given by fx(\) = E[¢"*X]. We say that a real random variable X is
monotone if |fx| is decreasing on [0, 7]. In [AKT21], we provide estimates for the point
probabilities of a sum, X = ) jelk] X, of independent monotone random integer variables.
To be precise, for any given t € Z, we estimate the probability Pr[X = ¢]. The estimates
of [AKT21] are sharp whenever t is close to the mean E[X], but they are not useful further
out in the tail. To handle point probabilities in the tail, we require a slightly stronger
assumption on the random variables which we now describe.

For a random integer variable X we define Ix = {# € R : E[¢?X] < 0o}, to consist of
those 6 € R for which the moment generating function of X is defined. We note that Ix
is an interval with 0 € Ix. For 0 € Ix, we may define the exponentially tilted random
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variable Xy by Pr[Xy =t] = Pr[E)feijﬂf“ for t € Z. We say that X is strongly monotone if
(1) Ix # {0} and (2) Xy is monotone for each § € Ix. In [AKT21], we use the trick of
exponential tilting to provide estimates for the point probabilities of a sum of independent
strongly monotone random integer variables, X = > jelk] X, which are also sharp in the
tail.

It follows by direct computation that Bernoulli, Poisson, and geometric random vari-
ables are monotone, and moreover, that exponentially tilting these variables again yields
Bernoulli, Poisson and geometric variables. In particular, these variables are all strongly
monotone, so the results of [AKT21] give sharp estimates for the point probabilities of the
sum of (a mix of) such variables.

We will consider the following setting. Let k be an integer and (X;) jelx] independent
integer-valued random variables with E[X;] = p; and Var[X;] = 0]2 for j € [k]. Let X =
>icfk] Xi> and further = 3.0 py and o = > ek 0]2- be respectively the expectation
and variance of X. The main result of [AKT21] is the following theorem.

Theorem 8.1 ([AKT21]). There exists a universal constant ¢, such that if X is monotone,
then for every t for which u + to is an integer, the probability that X is precisely p + to
satisfies,

Z. o E |X‘—,u~|3
Pr[X:,u+ta]f;e—t2/2 J€k] [33 J }
o

V2o

<ec

(8.1)

Remark 8.2. We note that if each X; is monotone, then X is as well. Indeed, the
characteristic function of X can be factorized as fx(A) = [;cp fx;(A). In particular,
Theorem 8.1 holds when each of the variables (X});c is monotone.

The result is reminiscent of the Berry-Esseen theorem, but instead of bounding the
distance between the cumulative function of X and the cumulative function of the normal
distribution as the Berry-Esseen theorem does, our result bounds the distance between
the density function of X and the density function of the normal distribution. This setting
has been studied before in the context of large deviation theory, e.g., by Blackwell and
Hodges [BJ59] and by Iltis [I1t95] in the d-dimensional case. They do not require X to be
monotone but they only consider the case where (Xj);e[) are identically distributed and
are interested in the asymptotical behavior when k& — oo. In particular the distribution of
the variables (Xj);ex cannot depend on k. McDonald [McD79] considers variables that
are not necessarily identically distributed but again in the limit k¥ — oo and with certain
extra assumptions on the distribution of the variables. In this work we are not interested
in such asymptotic bounds and our result is a uniform bound for monotone variables.

Point probabilites in the tail As is, Theorem 8.1 is only useful when [to| is not

too large. Indeed, for large |¢|, the term ﬁe‘ﬁ/ 2 will typically be much smaller than
the error term on the right hand side of (8.1). In [AAHT22], we now show that if our

variables satisfy the stronger property of being strongly monotone, we may also obtain
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precise estimates for the point probabilities in the tail by combining with the trick of
exponential tilting.

Now suppose X = > jelk] X, is a sum of independent random integer variables and
moreover that X is not almost surely equal to a constant. We are interested in estimates
for the probability Pr[X = t] for some t € Z. Let I; = {6 € R : E[e?%] < oo} and
I ={0 € R:E[e’)] < oo} = Njegpyl;. We note each I; and I are intervals containing
0. We define! A = essinf X and B = esssupX. Let further ¢)x : I — R be the
cumulant generating function defined by v¥x : 0 — log(E[e?X]). It is well known that 1x
is strictly convex and infinitely often differentiable for # lying in the interior of I with

P (0) = EE[)[ZEZ)](] For t € R, we define g(t) = supge;(0t — 1x(0)). Now it is a standard
fact about the cumulant generating function that if I contains a non-empty open interval
(i.e., consists of more than a single point), then infge; ¢’y (0) = A and supyc; ¥y (0) = B.
If in particular A < ¢ < B, there exists a 6 in the interior of I with ¢, () = t. Moreover,
this 0y is unique since Yy is strictly convex.

Now let (Y;) ;e[ be independent random variables obtained by tilting each X; by 6 as
above. Let further Y =3 . Y;. For s € Z, we define Ay = {z € ZF iz 4+ 2 =)
Then for any t € Z,

E[eeoX] E[eeoX]
PriX =t] =Y [[PrX;=2]= ot I Py =2 = o Py =1,

2€A¢ je[k] 2€A¢ jelk]

so Y is simply the variable obtained by tilting X by 6y. Moreover, by the choice of 6,

r[X = z]efo?2 efoX
EY] = % r [é[e%i} - EE[)TZGOX]] = Yk (0o) = 1.

Now the fact that E[Y] = ¢, suggests using Theorem 8.1 to estimate the probability that
Pr[Y = t]. Doing so, we immediately obtain the following result of [AAHT22].

Theorem 8.3 ([AAHT22]). Assume that X is strongly monotone and not almost surely
equal to a constant. Moreover assume that I # {0}. Let t be an integer with with A <t <
B and 0 be the unique real in the interior of I having ' (0) =t. LetY be the exponential
tilt of X by 0. Then E[Y] =t and

Pr[X =] = E[:;tX] (\/%UY +0 (Zﬁ;)) , (8.2)

where 02, = Var[Y] and ny = > e EIIY; — E[Y;]]3].

Remark 8.4. We note that if either A = essinf X # —oo or B = esssup X # oo, then
[0,00) C I or (—o0,0] C I, respectively, and we can therefore always apply the exponential

'Recall that the essential infimum and supremum of a random variable X are defined by essinf X =
sup{t : Pr[X < t] =0} and esssup X = inf{¢ : Pr[X > ¢] = 0} which are values in R U {—00, c0}.
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tilt in the lemma. We moreover note that for ¢ < A and t > B, it trivially holds that
Pr[X =t] =0 and it is an easy exercise to show that

PriX = A] = H Pr[X; =essinf X;|, and Pr[X =DB]= H Pr[X; = esssup Xj],
JEK] JEK]

whenever A # —oo and B # oco. Even though the lemma does not provide estimates for
these probabilities, they are therefore usually easy to determine for concrete families of
random variables.

To apply Theorem 8.3, for X =) jelk] X a concrete sum of strongly monotone random
variables, say geometric variables, we would calculate ¢x and find the unique 6 with
Y (0) = t. We would then determine the tilted random variables (Y;);cj- Typically
Y; comes from the same family of random variables as X, e.g., an exponential tilt of
respectively a Bernoulli, geometric, and Poisson variable is again Bernoulli, geometric and
Poisson. We would then determine the quantities 7y and o and plug into (8.2).

8.2 Conclusion
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Dansk resumé

Simple tabulation hashing dates back to Zobrist in 1970 and is defined as follows:
Each key is viewed as ¢ characters from some alphabet ¥, we have ¢ fully random hash
functions hg, ..., he—1: X — {0, I 1}, and a key = (zo, ..., z._1) is hashed to
h(z) = ho(2o0)®...Dhe—1(xe—1) where & is the bitwise XOR operation. The previous
results on tabulation hashing by Pétragcu and Thorup [J.LACM’11] and by Aamand
et al. [STOC’20] focused on proving Chernoff-style tail bounds on hash-based sums,
e.g., the number keys hashing to a given value, for simple tabulation hashing, but
their bounds do not cover the entire tail. Thus their results cannot bound moments.
The paper Dahlgaard et al. [FOCS’15] provides a bound on the moments of certain
hash-based sums, but their bound only holds for constant moments, and we need
logarithmic moments.

Chaoses are random variables of the form Y a;,, ., , Xy - .- Xi, , where X are
independent random variables. Chaoses are a well-studied concept from probability
theory, and tight analysis has been proven in several instances, e.g., when the inde-
pendent random variables are standard Gaussian variables and when the independent
random variables have logarithmically convex tails. We notice that hash-based sums
of simple tabulation hashing can be seen as a sum of chaoses that are not independent.
This motivates us to use techniques from the theory of chaoses to analyze hash-based
sums of simple tabulation hashing.

In this paper, we obtain bounds for all the moments of hash-based sums for simple
tabulation hashing which are tight up to constants depending only on c¢. In contrast
with the previous attempts, our approach will mostly be analytical and does not
employ intricate combinatorial arguments. The improved analysis of simple tabulation
hashing allows us to obtain bounds for the moments of hash-based sums for the mixed
tabulation hashing introduced by Dahlgaard et al. [FOCS’15]. With simple tabulation
hashing, there are certain inputs for which the concentration is much worse than with
fully random hashing. However, with mixed tabulation, we get logarithmic moment
bounds that are only a constant factor worse than those with fully random hashing for
any possible input. This is a strong addition to other powerful probabilistic properties
of mixed tabulation hashing proved by Dahlgaard et al.

*Research supported by Investigator Grant 16582, Basic Algorithms Research Copenhagen (BARC),
from the VILLUM Foundation.
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A.1 Introduction

Hashing is a ubiquitous tool of randomized algorithms which dates all the way back to
the 1950s [Dumb56]. A hash function is a random function, h: U — R, that assigns a
random hash value, h(z) € R, to every key, x € U. When designing algorithms and data
structures, it is often assumed that one has access to a uniformly random hash function
that can be evaluated in constant time. Even though this assumption is very useful and
convenient, it is unfortunately also unrealistic. It is thus a natural goal to find practical
and efficient constructions of hash functions that provably have guarantees akin to those
of uniformly random hashing.

If we want implementable algorithms with provable performance similar to that proven
assuming uniformly random hashing, then we have to find practical and efficient construc-
tions of hash functions with guarantees akin to those of uniformly random hashing. An
example of this is simple tabulation hashing introduced by Zobrist in 1970 [Zob70]. The
scheme is efficient and easy to implement, and Patragcu and Thorup [PT12] proved that it
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could replace uniformly random hashing in many algorithmic contexts. The versatility of
simple tabulation does not stem from a single probabilistic power like k-independence (it
is only 3-independent), but from an array of powers that have different usages in different
applications. Having one hash function with multiple powers has many advantages. One
is that we can use the same hash function implementation for many purposes. Another
is that hash functions are often an inner-loop bottleneck, and then it is an advantage if
the same hash value can be used for multiple purposes. Also, if we have proved that a
simple hash function has some very different probabilistic properties, then, morally, we
would expect it to possess many other properties to be uncovered as it has happened over
the years for simple tabulation (see, e.g., [AKT18; AT19]). Finally, when we hash a key,
we may not even know what property is needed, e.g., with weighted keys, we may need
one property to deal with a few heavy keys, and another property to deal with the many
light keys, but when we hash the key, we may not know if it is heavy or light.

One of the central powers proved for simple tabulation in [PT12] is that it has strong
concentration bounds for hash-based sums (will be defined shortly in Section A.1.1). The
concentration holds only for quite limited expected values, yet this suffices for important
applications in classic hash tables. Recently, Aamand et al. [AKKR+20] introduced
tabulation-permutation, which is only about twice as slow as simple tabulation, and which
offers general concentration bounds that hold for all hash-based sums regardless of the
expected size. An issue with tabulation-permutation is that it is not clear if it possesses
the other strong powers of simple tabulation.

A different way to go is to construct increasingly strong schemes, each inheriting all the
nice properties of its predecessors. In this direction, [PT13] introduced twisted tabulation
strengtening simple tabulation, and [DKRT15] introduced mixed tabulation strengthening
twisted tabulation. Each new scheme was introduced to get some powers not available
with the predecessor. In particular, mixed tabulation has some selective full-randomness
that is needed for aggregating statistics over hash-based k-partitions. These applications
also needed concentration bounds for hash-based sums, but [DKRT15] only provided some
specialized suboptimal concentration bounds.

In this paper, we do provide strong concentration bounds for mixed tabulation hashing
which can then be used in tandem with all the other strong properties of simple, twisted,
and mixed tabulation. In fact our bounds are more general than the strong concentration
bounds proved in [AKKR+20] for tabulation-permutation. More precisely, the concentra-
tion bounds in [AKKR+20] are Chernoff-style tail bounds that hold with high probability,
while what we do is to show moment bounds that imply such tail bounds as special cases.
Indeed the key to our results for mixed tabulation is a much stronger understanding of
the moments of simple tabulation.

Below we proceed to describe our new mathematical understanding, including the
relevance of chaoses. We will contextualize this with other work later in Section A.1.6.

A.1.1 Moment bounds for hash-based sums

In this paper, we will focus on analyzing hash-based sums. More precisely, we consider
a fixed value function, v: U x R — R, and define the random variable X, = v(x, h(x))
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for every key « € U. We are then interested in proving concentration bounds for the sum
X =3 v Xe =D scpv(x, h(x)). It should be noted that the randomness of X derives
from the hash function h, thus the results will depend on the strength of h.

This is quite a general problem, and at first glance, it might not be obvious why
this is a natural construction to consider, but it does generalize a variety of well-studied
constructions:

1. Let S C U be a set of balls and assign a weight, w, € R, for every ball, x € S. The
goal is to distribute the balls, S, into a set of bins R = [m].! For a bin, y € [m],
we define the value function vy: U x [m] — R by vy(z,j) = w, [j = y] [z € 5], then
X =3 cuvy(x, h(z)) =, cgws [(x) = y] will be the weight of the balls hashing
to bin 7.2

2. Instead of concentrating on a single bin, we might be interested in the total weight
of the balls hashing below some threshold /. This is useful for sampling, for if
h(x) is uniform in [m], then Pr[h(z) < ] = [/m. We then define the value func-
tion v: U x [m] — R by v(z,j) = w, [j <[][z € 5], then X = > __;v(z,h(z)) =
Y zes We [h(x) < 1] will be precisely the total weight of the balls hashing below 1.

The first case appears when one tries to allocate resources, and the second case arises in
streaming algorithms, see, e.g., [ADKK+20]. In any case, X ought to be concentrated
around the mean p = E[X]. If h is a uniformly random hash function then this will be
the case under mild assumptions about v but it cannot otherwise be assumed a priori to
be the case.

There are two natural ways to quantify the concentration of X, either we bound the
tail of X, i.e., we bound Pr[|X — pu| > t] for all ¢ > 0, or we bound the central moments
of X, i.e., we bound the p-th moment E[|X — u|’] for all p > 2. If we have a bound on
the tail that is exponentially decreasing, we can bound the central moments of X for all
p > 2. Unfortunately, some of the prior works [AKKR+20; DR09; Thol3] prove bounds
on the tail that are exponentially decreasing but also has an additive term of the form
n~Y where v = O(1). It will then only be possible to give strong bounds for the central
moments of X for p = O(1). This is not necessarily a fault of the hash function but a
defect of the analysis. In contrast, if we prove strong bounds for the central moments of
X for p = O(logn) then we can use Markov’s inequality to prove a bound the tail that
is exponentially decreasing but with an additive term of the form n~ where v = O(1).
Thus in some sense, it is more robust to bound the moments compared to bounding the
tail.

We can use the classic k-independent hashing framework of Wegman and
Carter [WC81] as an easy way to obtain a hash function that has bounds on the cen-
tral moments as a uniformly random hash function. A random hash function, h: U — R,
is k-independent if (h(zg),...,h(zx_1)) is uniformly distributed in R* for any k distinct
keys xg,...,2x—1 € U. The p-th central moment E[(X — u)?] of X for a k-independent

'For a positive integer m € N we define [m] = {0,...,m — 1}.
2For a statement P we let [P] be 1 if P is true and 0 otherwise.
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hash function h is the same as the p-th central moment of X for a fully random hash
function when p is an even integer less than k.

A.1.2 Tabulation Hashing

Simple tabulation hashing dates back to 1970 and was first introduced by Zobrist for
optimizing chess computers [Zob70]. In simple tabulation hashing, we view the uni-
verse, U, to be of the form U = 3¢ for some alphabet, ¥, and a positive integer c.
Let T: {0,...,c—1} x ¥ — [2!] be a uniformly random table, i.e., each value is cho-
sen independently and uniformly at random from the set [2']. A simple tabulation hash
function, h: X¢ — [2!], is then defined by

c—1

h(ao, Ce ,Oécfl) = @T(i, Oéi) s

=0

where @ is the bitwise XOR-~operation, i.e., addition when [21] is identified with the Abelian
group (Z/27)'. We say that h is a simple tabulation hash function with ¢ characters. With
8- or 16-bit characters, the random table T fits in cache, and then simple tabulation is
very fast, e.g., in experiments, [PT12] found it to be as fast as two to three multiplications.

The moments of simple tabulation hashing have been studied in multiple papers.
Braverman et al. [BCLM+10] showed that for a fixed bin the 4th central moment is
close to that achieved by truly random hashing. Dahlgaard et al. [DKT17] generalized
this to any constant moment p. Their proof works for any p but with a doubly exponential
dependence on p, so their bound is only useful for p = O(1). In this paper, we obtain
bounds for all the moments of hash-based sums for simple tabulation hashing which are
tight up to constants depending only on c.

Previous work has just treated c as a constant, hidden in O-notation. However, ¢ does
provide a fundamental trade-off between evaluation time with ¢ lookups and the space
cUYc. We therefore find it relevant to elucidate how our moment bounds depend on ¢
even though we typically choose ¢ = 4.

Mixed tabulation hashing was introduced by Dahlgaard et al. [DKRT15]. As in simple
tabulation hashing, we view the universe, U, to be of the form U = X¢ for some alphabet,
¥, and a positive integer c. We further assume that the alphabet, 3, has the form ¥ = [2¥].
Let hy: X¢ — [21], ho: ¢ — %4 and hz: ©% — [2!] be independent simple tabulation hash
functions. A mixed tabulation hash function, h: X¢ — [2!], is then defined by

h(.’L‘) = hl(.%') & h3(h2(l‘)) .

As in simple tabulation hashing, @ is the bitwise XOR-operation. We call A a mixed
tabulation hash function with ¢ characters and d derived characters. We note that h; and
hs can be combined in a single simple tabulation hash function ¥¢ — [2!] x £¢, and then
h is implemented with only ¢ + d lookups.

With simple tabulation hashing, there are certain inputs for which the concentration
is much worse than with fully random hashing. However, with mixed tabulation, even
if we have just d = 1 derived character, we get logarithmic moment bounds that, for
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¢ = 0O(1), are only a constant factor worse than those with fully-random hashing for any
input assuming that hash range at most polynomial in the key universe.

Getting within a constant factor is very convenient within algorithm analysis, where
we typically only aim for O-bounds that are tight within a constant factor.

A.1.3 Relation between Simple Tabulation and Chaoses

A chaos of order ¢ is a random variable of the form

E Qig,...ic—1 H Xij )

0<ip<...<ic—1<n Jj€lc]

where (Xi)ie[n] are independent random variables and (as,... i, )o<io<..<i._,<n i & mul-
tiindexed array of real numbers. And a decoupled chaos of order ¢ is a random variable

of the form ‘
Z Qi i H Xi(j) ;

iOv"'viC—le[n] jE[C]

where (Xi(] ))ie[n],je[c] are independent random variables and (ai,...i,_ )i,....ic_1€[n] 15 @
multiindexed array of real numbers. Chaoses have been studied in different settings, e.g.,
when the variables are standard Gaussian variables [Lat06; Lehl1], when the variables
have logarithmically concave tails [AL12], and when the variables have logarithmically
convex tails [KL15].

From the definition of a chaos and simple tabulation hashing it might not be immedi-
ately clear that there is connection between the two. But we can rewrite the expression
for hash-based sums of simple tabulation hashing as follows

d o)=Y wllao,...,ac) ka0 1))

xrxEeXC Q.. Qe—1EX
= > > v (o, o). @i | [] 176G @) =i -
J0sesde—1€[M] @0, 01 €5 i€lc] i€

We then notice that >, xv ((ao, s 0e-1), Dy ji) [Liciq [T'(2, i) = ji] is a de-
coupled chaos of order ¢ for any ( ji)ie[c}, thus hash-based sums of simple tabulation hashing
can be seen as a sum of chaoses. Now since the random variables, ([T'(¢, @) = j])jefm),
are not independent then the chaoses are not independent either which complicates the
analysis. Nonetheless, this realization inspires us to use techniques from the study of
chaoses to analyze the moments of tabulation hashing, in particular, our approach will be
analytical in contrast with the combinatorial approach of the previous papers. We will
expand further on the techniques in Appendix A.1.5.

A.1.4 Our Results

When proving and stating bounds for the p-th moment of a random variable it is often
more convenient and more instructive to do it in terms of the p-norm of the random
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variable. The p-norm of a random variable is the p-th root of the p-th moment of the
random variable and is formally defined as follows:

Definition A.1 (p-norm). Let p > 1 and X be a random variable with E[|X|"] < co. We
then define the p-norm of X by [ X||, = E[|X7)'/P.

Our main contributions of this paper are analyses of the moments of hash-based sums
of simple tabulation hashing and mixed tabulation hashing. To do this we first had to
analyze the moments of hash-based sums of fully random hashing which as far as we are
aware have not been analyzed tightly before.

The Moments of Fully Random Hashing

Previously, the focus has been on proving Chernoff-like bounds by using the moment
generating function but a natural, different approach would be to use moments instead.
Both the Chernoff bounds [Che52] and the more general Bennett’s inequality [Ben62]
bound the tail using the Poisson distribution. More precisely, let v: U x [m] — R be a value
function that satisfies that }- ¢, v(@,j) = 0 and define the following two parameters M,

and o2 which will be important throughout the paper as follows:

M, = max |v(z,j)|, (A.1)
z€U,j€[m)]
\2
2_ ZreUgelm Y0 I) (A.2)
m

Bennett’s inequality specialized to our setting then says that for a fully random hash
function h

pr[

> ol h())

zelU

o v ()
2 exp —%) ift <2

2 ex —ﬁlog(l + %)) if t >

(A.3)

SN

@qw ;

=

where C(z) = (z + 1) log(x + 1) — 2.3

This inspires us to try to bound the p-norms of X, with the p-norms of the Poisson
distribution. To do this we will introduce the function W, (M, 0?) which is quite technical
but we will prove that ¥,(1,A) is equal up to a constant factor to the central p-norm of
a Poisson distributed variable with mean A. One should think of W,(M,0?) as a p-norm

version of

2
]C\;[”QC (t%”) which appears in Bennett’s inequality.

3Here and throughout the paper log(x) will refer to the natural logarithm.
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Definition A.2. For p > 2 we define the function ¥,: Ry x R — R as follows

1/
( o? ) pM ifp<logpM2

pM? o2
2 1 ; 2
U,(M,0%) = 4 5/P0 if p < ez
. M2 9 52
e1ogppﬂg2 M if max{log Pove %} <p

Remark A.3. When p is small then case 1 and 2 apply while for large p case 3 applies.
2
p% for 2 < p, hence only case 2 and 3

If 2 < 62% then we always have that p > log

apply. Similarly, if 62% < 2 then p > 62]('/[—2; for all 2 < p, hence only case 1 and 3 apply.
This shows that the cases disjoint and cover all parameter configurations.

The definition W,(M, 0?) might appear strange but it does in fact capture the central
p-norms of Poisson distributed random variables. This is stated more formally in the
following lemma.

Lemma A.4. There exist universal constants Ky and Ko satisfying that for a Poisson
distributed random variable, X, with A = E[X]

KaWy(1,0) < X = All, < KiWy(1,A) |
for all p > 2.

Bennett’s inequality shows that we can bound the tail of ) . v(z,h(z)) and
Lemma A.4 shows that W, (M, 0?) captures the central p-norms of the Poisson distribu-
tion. It is therefore not so surprising that we are to bound the p-norms of > __; v(z, h(x))
using W, (M, o?).

Theorem A.5. Let h: U — [m] be a uniformly random function, let v: U x [m] — R be
a fized value function, and assume that Zje[m] v(z,j) =0 for all keys x € U. Define the
random variable X, = Yy v(z, h(z)). Then for all p > 2

1Xoll, < LW, (M, 07)
where L < 16e is a universal constant.

To get a further intuition for W,(M,o?) is is instructive to apply Markov’s inequal-
ity and compare the tail bound to Bennett’s inequality. More precisely, assume that
|Y = E[Y]||, < LY,(M, 02) for a constant L and for all p > 2. Then we can use Markov’s
inequality to get the following tail bound for all ¢ > 0

1Y — E[Y]]],\"
Pr[Y—E[Y]’ Zt] <(—F
L%62 : e
o2 ift < Lmax{M, —2} (A.4)
< exp(—%) ifL% §t§L%

exp(— 7y log(24)) if Lmax{5e? M} <1
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In order to obtain these bounds p is chosen as follows: If ¢ < max{M , \e}} then p = 2

and otherwise p is chosen such that ||V — E[Y][|, < e~'t. More precisely, we have that

2 ift < Lmax{M, \6}}
p= % if L9 <t < LS

LM log (2“‘3) 1fLmaX{ 22MQ, } <t

We see that eq. (A.4) gives the same tail bound as Bennett’s inequality, eq. (A.3), up to
a constant in the exponent.

We also prove a matching lower bound to Theorem A.5 which shows that W,(M, o?)
is the correct function to consider.

Theorem A.6. Let h: U — [m] be a uniformly random function, then there exists a
value function, v: U x [m] = R, where 3 cp, v(z,j) = 0 for all keys x € U, such that

the random variable X, = Y v(x, h(z)) satisfies that for all p < Ly |U|log(m)

> o(x, h(z))

zelU

> LoV, (My,02) ,

p

where L1 and Ly are a universal constant.

The Moments of Tabulation Hashing

We analyze the p-norms of hash-based sums for simple tabulation hashing, and our analysis
is the first that provides useful bounds for non-constant moments. Furthermore, it is also
the first analysis of simple tabulation hashing that does not assume that c is constant. We
obtain an essentially tight understanding of this problem and show that simple tabulation
hashing only works well when the range is large. This was also noted by Aamand et
al. [AKKR~+20] and they solve this deficiency of simple tabulation hashing by introducing
a new hashing scheme, tabulation-permutation hashing. We show that it is also possible to
break the bad instances of simple tabulation hashing by using mixed tabulation hashing.

We introduce a bit of notation to make the theorems cleaner. We will view a value
function v: 3¢ x [m] — R as a vector, more precisely, we let

1/q

loll, = > Z v(z, 7)]

z€EXC jE[m

for all ¢ € [1,00]. For every key x € 3¢ we define v[z] to be the sub-vector v restricted to

x, more precisely, we let
1/q

lofelll, = | > vl )

J€[m]

for all g € [1, o).
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Simple Tabulation Hashing. Our main result for simple tabulation hashing is a ver-
sion of Theorem A.5.

Theorem A.7. Let h: 3¢ — [m] be a simple tabulation hash function, v: ¢ x[m] - R a
value function, and assume that Zje[m] v(z,7) =0 for all keys x € X°. Define the random

variable Vi™Pe = > zese V(z, h(x)). Then for all p > 2

H V;simple 2

< Ll\Ilp (Kc%?_le K07;_102) s
p

where K, = (Lgc)c_l, L1 and Lo are universal constants, and

- {log(m) +10g( S senelvlall} > e, p}
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It is instructive to compare this result to Theorem A.5 for fully random hashing.
Ignoring the constant K., the result for simple tabulation hashing corresponds to the
result for fully random hashing if we group keys into groups of size 7;*1.
The definition of -, is somewhat complicated because of the generality of the theorem,
lofz1l1?

1 measures
llvl=]ll5

how spread out the mass of the value function is. It was also noted in the previous analysis
by Aamand et al. [AKKR+20] that this measure is naturally occurring. In fact, their result

[vf]ll
lofelll; =
hashing below a threshold | < m where each key, x € ¢, has weight w,, then the value

function, v, will be v(z,j) = w, ([j <] — %) for x € X, j € [m], and we then get that

2

2€x* |Jofa] 3 m

Tp =

but we will try to explain the intuition behind it. The expression max, s«

needs that max;eye m!/4. If we consider the example from the introduction of

This correctly measures that the mass of the value function is mostly concentrated to the
[ positions of [m].

2
M is a measure for how many keys that have signifi-
maXIGECHU[Jf]HQ

cant weight. This also showed up in the previous analyses of simple tabulation hash-
ing [AKKR+20; PT12]. If we again consider the example from before, we get that

2
Yoexe Wlalll;  Ypepews

maxgexe |[v[z]]|2 Maxgese w?

The expression

We can summarize the example in the following corollary.

Corollary A.8. Let h: ¢ — [m] be a simple tabulation hash function, assign a weight,
w, € R, to every key, x € 3¢, and consider a threshold | < m. Define the random variable
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Vvusimple _ erzc Wy ([h(l‘) < l] — %) Then fOT all p > 2
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where K. = L1 (Lgc)c_l, Ly and Lo are universal constants, and
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A natural question is how close Theorem A.7 is to being tight. We show that if
2 2y —1
log(m) + 10g<217520v[x”|2> Je=0 <log<1 +m (maxwegc Hv[z]”l) >> then the result

max,esel|v[z][|3 lvl]l13
is tight up to a universal constant depending only c¢. Formally, we prove the following

lemma.

Theorem A.9. Let h: X¢ — [m] be a simple tabulation hash function, and 2 < p <
Ly [X[log(m), then there exists a value function, v: Ux[m] — R, where 3 cp, v(x,j) =0
for all keys x € ¥¢, and for which

S (e, h(@))

reEXC

> KLU, (v "My, v5 o)

v

p

where K| = L§ and Ly is a universal constant, and

p
) ol
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Mixed Tabulation Hashing. The results of simple tabulation hashing work well when
the range is large and when the mass of the value function is on few coordinates. We show
that mixed tabulation hashing works well even if the range is small.

Yp = maxq 1,

Theorem A.10. Let h: ¥¢ — [m] be a mized tabulation function with d > 1 derived
characters, v: 3¢ x [m] — R a value function, and assume that 3¢, v(z,j) = 0 for all

keys © € X¢. Define the random variable V"4 = 3 o v(z, h(z)). For all p > 2 then

|

where K. = L1 (Lac)®, Ly and Lo are universal constants, and

~ max log(m) p
"= {1’log<|z\>’1og<|zr>}'

mixed
Vi

’ <, (KASMy, KeACo?) (A.5)
p
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Usually, in hashing contexts, we do not map to a much larger domain, i.e., we will
usually have that m < |U|” for some constant v > 1. If this is the case then we can obtain
the following nice tail bound for mixed tabulation hashing by using Markov’s inequality.

Corollary A.11. Let h: ¢ — [m] be a mized tabulation function with d > 1 derived
characters, v: 3¢ x [m] = R a value function, and assume that ;¢ v(z,j) = 0 for all

keys © € X°. Define the random variable V"> = 3~ o v(z, h(z)). If m < |U[" for a
value v > 1 then for all t > 0

2

2
- ] < - (1) Ker) 101

where C(z) = (z + 1)log(z + 1) — x, Key = Ly (L2c*y)", and Ly and Ly are universal
constants.

Proof. The idea is to combine Theorem A.10 and Markov’s inequality. We use Theo-
rem A.10 for 2 < p < ylog |U| to get that

)‘L/nﬁxed
v

<V, (KeysMy, Kevsos)
p

where we can bound ~, by

log(m) — p }
Yp = maxs 1, , <ecy.
: { log(|X]) " log(|X])

So we have that

mixed
v

<y, ((LQC2")/)C M, (LQCQ’}/)C 02) .
P

v

Now by the same method as in eq. (A.4), we get the result. O

Adding a query element In many cases, we would like to prove that these properties
continue to hold even when conditioning on a query element. An example would be
the case where we are interested in the weight of the elements in the bin for which the
query element, g, hashes to, i.e., we would like that ) g w, [h(x) = h(q)] is concentrated
when conditioning on g. Formally, this corresponds to having the value function v: ¢ x
[m] x [m] defined by v(z,j,k) = w,[xr € S][j = k] and then proving concentration on
> zese\{g} V(2 ~(2), h(g)) when conditioning on g. We show that this holds both for
simple tabulation and mixed tabulation.

Theorem A.12. Let h: ¥¢ — [m] be a simple tabulation hash function and let ¢ € X°
be a designated query element. Let v: ¢ x [m] x [m] — R a value function, and assume
that 3 ;i v(@,j, k) = 0 for all keys € U and all k € [m]. Define the random variable

fo;nple =Y sese\(q V(@ h(z), h(q)) and the random variables

My, = max x,j,h ,
a xezc\{q}ye[m]l( 7, h(a))]

w2 2 v k@)

wGZC\{q}JE m|
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which only depend on the randomness of h(q). Then for all p > 2
simple \” 1/p 1 c—1 2
B[ (vVeimee)”| )] " < @y (Kerg Myg, Ker 102,

where K, = Ly (Lgc)c_l, L1 and Lo are universal constants, and

max{log(m) +10g< Seenelolal >/C p}

max e e [0[z]|2
ou [ 2 lofe]2) !
Og e“m maxxegc ||U[ZB]H§

Theorem A.13. Let h: ¢ — [m] be a mized tabulation hash function and let q € X¢
be a designated query element. Let v: ¥.¢ x [m] x [m] — R a value function, and assume
that 3~ ;i v(@, j, k) = 0 for all keys € U and all k € [m]. Define the random variable

Usyiqmple =D zexe\(q V(@ h(2), h(q)) and the random variables

o =

M’U,q = max |’U(.’E,j,h(q))| )

EE“\{q},je[m]

m 2 2 v@ih@)’,

IEEC\{Q}JE[W]
which only depend on the randomness of h(q). For all p > 2 then

[ (viyme) ]

<V, (KevgMy g, Kc’ygaz,q) (A.6)

where K. = L1 (Lac)®, Ly and Lo are universal constants, and

log(m)  p }
log(|%]) " log(|%]) J

Yp = max{l,

A.1.5 Technical Overview
Fully Random Hashing

Sub-Gaussian bounds A random variable X is said to be sub-Gaussian with parameter
oif | X[, < \/po forall p > 2. It is a well-known fact that the sum of independent bounded
random variables are sub-Gaussian. In the context of fully random hashing, we have that

Z(azh

zelU

< Vap |3 |lvlal (A7)

zeU

A natural question is whether this is the best sub-Gaussian bound we can get. If we are
just interested in the contribution to a single bin, i.e., v(z,j) = wy([j = 0] — —) then we
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can obtain a better sub-Gaussian bound. By using the result of Oleszkiewicz [Ole03], we

get that
h(x .
> o(a, H L2 o (A-8)
xelU mGU

where L is a universal constant. This shows that eq. (A.7) can be improved in certain
situations. We improve on this by proving a generahzatlon of eq. (A.8). We show that

p
E v(z, h(z))|| <L . E [|v]] (A.9)
log € mZzeUllv 95]” zelU
b >eeulvlall?

zelU
where L is a universal constant. It is easy to check that if v(z, j) = wg([j = 0] — £ ) then
it reduces to eq. (A.8) and that it is stronger than eq. (A.7).

Moments for general random variables As part of our analysis we develop a couple
of lemmas for general random variables which might be of independent interest. We prove
a lemma that provides a simple bound for weighted sums of independent and identically
distributed random variables.

Lemma A.14. Let (Xl-)ie[n] and X be independent and identically distributed symmetric
random variables, and let (a;);c[n) be a sequence of reals.* If p > 2 is an even integer then

1/s
. a’
S aXi| < Ksuwp (Z;j) X[, |2<s<p}b,

i€[n]

S

p

where K < 4e is a universal constant.

If we consider Laplace distributed random variables then it is possible to show that
Lemma A.14 is tight up to a universal constant. Thus a natural question to ask is whether
Lemma A.14 is tight, i.e., can we prove a matching lower bound. But unfortunately, if
you consider Gaussian distributed variables then we see that Lemma A.14 is not tight. It
would be nice if there existed a simple modification of Lemma A.14 which had a matching
lower bound.

Moments of functions of random variables As part of the analysis of tabulation
hashing, we will need to analyze random variables of the form ¥, (X,Y’) where X and Y are
random variables. More precisely, we have to bound [|¥,(X,Y)l[,. It is not immediately
clear how one would do this but we prove a general lemma that helps us in this regard.

4A symmetric random variable, X, is a random variable that is symmetric around zero, i.e., Pr[X >t =
Pr[—X >t] for all ¢t > 0.
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Lemma A.15. Let f: RY; — R>o be a non-negative function which is monotonically in-
creasing in every argument, and assume that there exist positive reals (a;)icfn) and (ti)iejn)
such that for all A >0

FA%tg, ..., )\a”_ltn_l) < Af(toy---stn—1) -

Let (Xi)ie[n] be non-negative random variables. Then for all p > 1 we have that

l/ai
1 Xl
I1f(Xo,- -, Xn1)ll, < nl/pxgé% <tp/ f(to, - tn-1) -

If we can choose t; = || X;]| for all ¢ € [n], then we get the nice expression

p/a;

1F(Xor e, Xn)ly < 02 F (1 X0l g s o [ X

p/ao 7 p/an_1) :

Now the result is natural to compare to the triangle inequality that says that || X + Y|| » <
| X ||, + [[Y]l,, which corresponds to considering f(z,y) = x +y, and to Cauchy-Schwartz
that says that | XY, < [|X[[y,[[Y[l5,, which corresponds to f(z,y) = zy. These two
examples might point to that the n/P is superfluous, but by considering f(zq, ..., Tn_1) =
max{zo,...,Tp—1} and Gaussian distributed variables, it can be shown that Lemma A.15
is tight up to a constant factor.

Tabulation Hashing

Symmetrization The analyses of chaoses have mainly focused on two types of chaoses:
Chaoses generated by non-negative random variables and chaoses generated by symmetric
random variables. It might appear strange that focus has not been on chaoses generated by
mean zero random variables. The reason is that a symmetrization argument reduces the
analysis of chaoses generated by mean zero random variables to the analysis of chaoses
generated by symmetric random variables. More precisely, a standard symmetrization
shows that

92-¢ Z Qig,...ie—1 H E,E]])Xz(j) < Z Aig,.ic—1 H XZ(JJ)

io,...,icflé[n] jE[C] p i07---7i6716[n] jE[C} P
< g o () 5 )
= a'LOy---,Zc—l E”Lj 15 ?
1050 yic—1€[N] JEld]

where (6? ))z‘e[n],je[n] are independent Rademacher variables.”
In our case, we can assume that v(z, h(z)) is a mean zero random variable but is not
necessarily symmetric. We can remedy this by using the same idea of symmetrization. We

5A Rademacher variable, e, is a random variable chosen uniformly from the set {-1,1}, ie,
Prle=—-1]=Prle=1] = 3.
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define e: ¢ — {—1,1} to be a simple tabulation sign function, more precisely, we have
a fully random table, T%: [c] x ¥ — {—1,1}, and ¢ is then defined by &(ag,...,ac—1) =
[Licjq T(@, ). We then prove that for all p > 2

276 S S 2C

Y e@)o(z, hix))

rexe

S (e, h(@))

reXC

> e@)o(z, h(z))

reXC

(A.10)

p p p

The power of symmetrization lies in the fact that we get to assume that v is symmetric
in the analysis without actually changing the value functions.

Somewhat surprisingly, we are able to improve the moment bound of Dahlgaard et
al. [DKRT15] just by using symmetrization. Their result has a doubly exponential de-
pendence on the size of the moment, p, which stems from a technical counting argument
where they bound the number of terms which does not have an independent factor when
expanding the expression (erzc v(z, h(:):)))p . It appears difficult to directly improve
their counting argument but by using eq. (A.10) we are able to circumvent this. Thus,
just by using symmetrization and the insights of Dahlgaard et al. [DKRT15] we obtain
the following result.

Lemma A.16. Let h: £¢ — [m] be a simple tabulation function, e: ¥¢ — {—1,1} be a
simple tabulation sign function, and v: X¢ x [m] — R be a value function. Then for every
real number p > 2

<2

S (e, h(@))

rexe

3 e(@)o(e, hx))

reXe

< Vap' |3 Il -

P p reXe

General value functions For most applications of hashing, we are either interested in
the number of balls landing in a bin or in the number of elements hashing below a threshold.
But we are studying the more general setting where we have a value function. A natural
question is whether it is possible to obtain a simpler proof for the simpler settings. We do
not believe this to be the case since the general setting of value functions will naturally
show up when proving results by induction on ¢. More precisely, let us consider the case
where we are interested in the number of elements from a set, S C X¢, that hash to 0. We
then want to bound Y, ¢ ([h(z) =0] — 1) = > s [# € S] ([h(z) = 0] — ). This can

be rewritten as®

Y lres (=) =0-2)=>" > [wa) eS| (hy) &T(c—1,a)=0-21) .

reNC aeX ycye-1

So if we define the value function v': 3 X [m] — R by

’U,(Oé,j>: Z [(y,oa)GS]([h@j:O]—%),

y62671

S5For a partial key y = (Bo, .. -, Be—2) € 7', we let h(y) = @16[671] T(i,B:).
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then we get that >, ¢ ([h(z) =0] — 1) = 3 5, v'(, T(c — 1,a)). Thus, we see that
general value functions are natural to consider in the context of tabulation hashing.

Instead of shying away from general value functions, we embrace them. This force us
look at the problem differently and guides us in the correct direction. Using this insight
naturally leads us to use eq. (A.9) and we prove the following moment bound, which is
strictly stronger than Lemma A.16.

Lemma A.17. Let h: £¢ — [m] be a simple tabulation function, ¢: ¢ — {—1,1} be a
simple tabulation sign function, and v: 3¢ x [m] — R be value function. Then for every

real number p > 2
< |K, p (max{p, IOg( Z ||”

Zzezcllv[d\\z

3 e(@)o(e, b))

reXC

where K. = (Lc)¢ for a universal constant L.

This statement is often weaker than Theorem A.7 but perhaps a bit surprisingly, we
will use Lemma A.17 as an important step in the proof of Theorem A.7.

Sum of squares of simple tabulation hashing A key element when proving Theo-
rem A.7 is bounding the sums of squares

2
> (Z v(m,h(m)@j)) : (A.11)

j€[m] \zeXxe

This was also one of the main technical challenges for the analysis of Aamand et
al. [AKKR+20]. Instead of analyzing eq. (A.11), we will analyze a more general problem:
Let v;: 3¢ x [m] — R be a value function i € [k], we then want to understand the random

variable.
2. > H vilzi, ji ® h(z:)) (A12)

J0s-sk—1€[M] 20, T -1 €L i€[k
@zé[k]-h 0

If we have k = 2 and vg = v; then this corresponds to eq. (A.11). By using a decoupling
argument, it is possible to reduce the analysis of eq. (A.12) to the analysis of hash-based
sums for simple tabulation hashing. We can then use Lemma A.17 to obtain the following
lemma.

Lemma A.18. Let h: ¢ — [m] be a simple tabulation function, £: ¢ — {—1,1} be a
simple tabulation sign function, and v;: ¥°¢ x [m] — R be a value function for i € [k]. For
every real number p > 2

JE[m] \zeXe M zeYe

S eesellvi]l?

3 (Zss(x)v(x,h(x))) < | Lemaxtplos(m)} g~ e
mE

p
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where L is a universal constant.

Proving the main result The proof of Theorem A.7 is by induction on ¢. We will use
Theorem A.5 on one of the characters while fixing the other characters. This will give us
an expression of the form

2

S wa).h) @)

aey,jelm] \yexe—!

Y| 22, 2

yEEC_l

m

P
By applying Lemma A.15, we bound this by
2
> > oy @), h(y) @ )
. aeX,je[m] \yexe—1
g h
P || eBax Zﬁ v((y, @), h(y) @ 5)||| -
yezc 1
P
P

We will bound Hmaxaez,je[m] ‘Zyechl v((y, @), h(y) EB])‘H by using the induction hy-
p

Saesjem (Dyese1 v((1.0).h1)@5))’

by using Lemma A.18.

p
While this sketch is simple, the actual proof is quite involved and technical since one

has to be very careful with the estimates.

pothesis, and we bound

A.1.6 Mixed Tabulation Hashing in Context

Our concentration bounds for mixed tabulation hashing are similar to those Aamand et
al. [AKKR+20] for their tabulation-permutation hashing scheme and the schemes also
have very similar efficiency, roughly a factor 2 slower than simple tabulation and orders
of magnitude faster than any alternative with similar known concentration bounds. We
shall make a more detailed comparison with tabulation-permutation in Section A.1.6.

As mentioned in the beginning of the introduction, the big advantage of proving con-
centration bounds for mixed tabulation hashing rather than for tabulation-permutation
is that mixed tabulation hashing has many other strong probabilistic properties that can
now be used in tandem with strong concentration. This makes mixed tabulation an even
stronger candidate to replace abstract uniform hashing in real implementations of algo-
rithms preserving many of the asymptotic performance guarantees.
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Mixed tabulation inherits all the nice probabilistic properties known for simple and
twisted tabulation’. Dahlgaard et al. [DKRT15] introduced mixed tabulation hashing to
further get good statistics over k-partitions as used in classic streaming algorithms for
counting of distinct elements by Flajolet et al. [FM85; FFGa07; HNH13], and for fast set
similarity in large-scale machine learning by Li et al. [LOZ12; SL14a; SL14b].

Selective full randomness with mixed tabulation The main result of Dahlgaard et
al. [DKRT15] for mixed tabulation is that it has a certain kind of selective full randomness
(they did not have a word for it). An ¢-bit mask M with don’t cares is of the form {0, 1, ?}*.
An (-bit string B € {0,1}¢ matches M if it is obtained from M by replacing each ? with
a 0 or a 1. Given a hash function returning ¢-bit hash values, we can use M to select the
set Y of keys that match M. Consider a mixed tabulation hash function h : ¢ — {0, 1}
using d derived characters. The main result of Dahlgaard et al. [DKRT15, Theorem 4] is
that if the expected number of selected keys is less than |¥|/2, then, w.h.p., the free (don’t
care) bits of the hash values of Y are fully random and independent. More formally,

Theorem A.19 (Dahlgaard et al. [DKRT15, Theorem 4]). Let h : ¢ — {0,1}¢ be a
mixed tabulation hash function using d derived characters. Let M be an £-bit mask with
don’t cares. For a given key set X C 3¢, let Y be the set of keys from X with hash values
matching M. If E[|Y|] < |Z|/(1 4+ (1)), then the free bits of the hash values in'Y are
fully random with probability 1 — O(|%|'~L4/2]).

The above result is best possible in that since we only have O(]X|) randomness in the
tables, we cannot hope for full randomness of an asymptotically larger set Y.

In the applications from [DKRT15], we also want the size of the set Y to be concen-
trated around its mean and by Corollary A.11, the concentration is essentially as strong
as with fully random hashing and it holds for any d > 1.

In [DKRT15] they only proved weaker concentration bounds for the set Y selected in
Theorem A.19. Based on the concentration bounds for simple tabulation by Patragcu and
Thorup [PT12], they proved that if the set Y from A.19 had E[Y] € [|X]|/8, 3|X|/4], then
within the same probability of 1 — O(|%|*~L%2]) it has

Y| = E[Y] (110 (\/log\2|(l(|)§’10g|2|)2>>. (A.13)

With Corollary A.11, for E[Y] = O(|X]), we immediately tighten (A.13) to the cleaner

Y| = E[Y] (1 +0 ( 1‘%'%')) . (A.14)

"This is not a black box reduction, but both twisted and mixed tabulation hashing applies simple
tabulation to a some changed keys, so any statement holding for arbitrary sets of input keys is still valid.
Moreover, mixed tabulation with one derived character corresponds to mixed tabulation applied to keys
with an added O-character head, and having more derived characters does not give worse results.
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While the improvement is “only” a factor (loglog|X|)?, the important point here is that
(A.14) is the asymptotic bound we would get with fully-random hashing. Also, while
Dahlgaard et al. only proved (A.13) for the special case of E[Y] € [|X|/8,3|X]|/4], our
(A.14) is just a special case of Corollary A.11 which holds for arbitrary values of E[Y] and
arbitrary value functions.

Dahlgaard et al. presented some very nice applications of mixed tabulation to problems
in counting and machine learning and machine learning. The way they use Theorem A.19
is rather subtle.

Mixed Tabulation Hashing Versus Tabulation-Permutation Hashing

As mentioned earlier, our new concentration bounds are similar to those proved by Aa-
mand et al. [AKKR+20] for their tabulation-permutation hashing scheme. However, now
we also have moment bounds covering the tail, and we have the first understanding of
what happens when c is not constant. It is not clear if this new understanding applies
to tabulation-permutation. As discussed above, the advantage of having the concentra-
tion bounds for mixed tabulation hashing is that we can use them in tandem with the
independence result from Theorem A.19, which does not hold for tabulation-permutation.

Tabulation-permutation is similar to mixed tabulation hashing in its resource con-
sumption. Consider the mapping »¢ — 3. Tabulation-permutation first uses simple

tabulation A : 3¢ — ¥¢ Next it applies a random permutation m; : X =S to each out-
put character h(z);, that is, x — (m1(h(2)1),...,7ec(h(x).). Aamand et al. [AKKR+20]
also suggest tabulation-1permutation hashing, which only permutes the most significant
character. This scheme does not provide concentration for all value functions, but it does
work if we select keys from intervals.

Aamand et al. [AKKR+20] already made a thorough experimental and theoretical
comparison between tabulation-permutation, mixed tabulation, and many other schemes.
In this comparison, mixed tabulation played the role of a similar scheme with not as
strong known concentration bounds. In the experiments, mixed tabulation hashing with ¢
derived characters performed similar to tabulation-permutation in speed. Here we proved
stronger concentration bounds for mixed tabulation even with a single character, where it
should perform similar to tabulation-1permutation (both use ¢+ 1 lookups). Both mixed
tabulation hashing and tabulation-permutation hashing were orders of magnitude faster
than any alternative with similar known concentration bounds. We refer to [AKKR+20;
DKT17] for more details. In particular, [DKT17] compares mixed tabulation with pop-
ular cryptographic hash functions that are both slower and have no guarantees in these
algorithmic contexts.

One interesting advantage of mixed tabulation hashing over tabulation-permutation
hashing is that mixed tabulation hashing, like simple tabulation hashing, only needs ran-
domly filled character tables. In contrast, tabulation-permutation needs tables that repre-
sent permutations. Thus, all we need to run mixed tabulation hashing is a pointer to some
random bits. These could be in read-only memory shared across different applications.
Read-only memory is much less demanding than standard memory since there can be no
write-conflicts, so we could imagine some special large, fast, and cheap read-only memory,
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pre-filled with random bits, e.g., generated by a quantum-device. This would open up for
larger characters, e.g., 16- or 32-bit characters, and it would free up the cache for other
applications.

A.2 Preliminaries

In this section, we will introduce the notation which will be used throughout the paper. We
will start by introducing the notation from probability theory that we need and afterwards
we will introduce notation that will help in the reasoning about tabulation hashing.

We will use the following basic mathematical notation: We define N the set of non-
negative integers, for n € N we shall define [n] = {0,...,n — 1}, in particular [n] = (), and
for an event A we shall define [A] to be the indicator on A, i.e., [A] =1 if A is true and
[A] = 0 otherwise.

If n € N is non-negative integer, (X;);c[, are real variables, and j € [n + 1] we shall
define X<j = > e icj Xi = D jey Xi- Similarly, for sets (4;)ien) and j € [n 4 1] we
shall define A<; = U;¢ep;) Ai-

We will be using the following version of Stirling’s approximation [Mar65] which holds
for all integers n,

F'(n+1)=n!<eyn (%)n . (A.15)

A.2.1 Probability Theory

In the following, we introduce the necessary notions of probability theory. We will assume
that we are given a probability space (92, F, P) throughout the paper but we will often
not state it explicitly. We will be working with martingales and we shall therefore need
notation and concepts from probability theory of a fairly general and abstract character.
For an introduction to measure and probability theory, see, for instance, [Sch05].

Definition A.20. Let (X;);c[;,) be random variables on the probability space (€2, F, P).
We denote by G = o((Xi)ign)) € F the smallest o-algebra where (X;);c|, are all G-
measurable.

Definition A.21 (Conditional expectation). Let X be a random variable on the proba-
bility space (2, F, P), and let G C F be a sub o-algebra. If E[|X|] < oo we can define
the random variable E[X | G] to be the conditional expectation of X given G. It shall be
G-measurable and for all G € G we have that E[1¢ E[X | G]] = E[1¢X].

We define the conditional expectation of X given a random variable Y by E[X |Y] =
E[X [o(Y)].

Definition A.22 (Filtration and adapted sequence). On a probability space (2, F, P) a
sequence of (Fi)ie[n] of sub o-algebras is called a filtration if /o C ... C F,_ 1 C F.

We say that a sequence of random variables (X;);c[,) is adapted to a filtration (F;);en)
if X; is F;-measurable for all i € [n]. We call (X;, F;);c[n an adapted sequence.
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Definition A.23 (Martingale and martingale difference). We call an adapted sequence
(Xi, Fi)ieln) @ martingale sequence if E[X;|F;—1] = X;—1 for all i € [n]. (We define
.F_l = {@,Q} and X_l = O)

We call an adapted sequence (YiJ:z‘)z‘e[n] a martingale difference sequence if
E[Y;| Fi—1] =0 for all i € [n]. (We define F_1 = {0, Q}.)

It should be noted that if (Yi,F;)cn) is a martingale difference sequence then
(Y<it1, Fi)ieln) is a martingale sequence. Similarly, if (X;, F;);c[y) is a martingale sequence
then (X; — X;_1, fi)ie[n] is a martingale difference sequence.

Definition A.24 (p-norm). Let p > 1 and X be a random variable with E[|X "] < oo.
We then define the p-norm of X by [ X||, = E[]X]p]l/p.
Let p > 1, G be a sub o-algebra, and X be a random variable with E[|X || §] < co.
We then define the p-norm of X conditioned on G by || X | G|, = E[| X" | g]l/p.
Similarly to conditional expectation, we will condition on random variables. Let p > 1

and let X and Y be a random variables. We then define the p-norm of X conditioned on
1
Y by | X Y], = E[X[P|o(¥)]"”

Now an important observation is that the p-norm is a seminorm which follows by the
Minkowski inequality.

Lemma A.25 (Triangle inequality(Minkowski inequality)). Let p > 1 and let X and Y
be random variables with E[|X|?] < oo and E[|Y’] < co. Then E[|X +Y|’] < oo and
X+ Y, < [1X1, + Y1l,,-

A.2.2 Tabulation Hashing

We will need to reason about the individual characters of a key, x € X¢, and for that,
we need some notation. Most of the definitions are taken from the paper by Aamand
et al. [AKKR+20].

Definition A.26 (Position characters). Let ¥ be an alphabet and ¢ > 0 a positive integer.
We call an element (i,y) € [¢] x ¥ a position character of €.

We will view a key x = (yo,...,Yc—1) € 3¢ as a set of ¢ position characters,
{(0,0),...(c—1,9.1)} C [¢] x 8. Let h: £¢ — [2!] be a simple tabulation hash func-
tion and let T: [¢] x ¥ — [2'] be the random function used to define h. We will then
overload the notation and for a set of position characters y C [¢] x X, define h(y) =
EBaey T(y). We note that this definition agrees with our correspondence between keys
x = (Y0,---,Ye—1) € X and set of position characters, {(0,yo0),...(c —1,yc—1)} C [¢] X X,
that is, h(z) = h({(0,%0),...(c —1,yc—1)}). We have thus extended the domain of h to
P([c] x X). For sets of position characters z1,z2 € P([c] x £) we will write x; & x4 for the
symmetric difference, i.e., 21 ® xy = (1 Ux2) \ (1 Nz2). We note that with the extended
domain for h then h(xz1 @ x2) = h(x1) ® h(x2).

We will prove several of our statements by induction on the position characters and
for this reason, we need the following definition.
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Definition A.27 (Group of keys). Let {ap,...,a,—1} = [c] X £¢ be an enumeration
of the position characters of ¥¢. For each i € [r] we denote by G; C X the i'th
group of keys with respect to the ordering of position characters, and define it by
Gi={reXlacx,x C{ag,...,q;—1}}.

We will need the following lemmas by Aamand et al. [AKKR~+20].

Lemma A.28 ([AKKR+20]). Let w: ¥ — R>q be a weight function, then there exists
an ordering {ap,...,ar_1} of the position characters of 3¢, such that for all i € [r],

zeG;

Lemma A.29. Let k € N be a positive integer, and wy, ..., wg_1: X¢ — R be weight
functions. Then,

ke
S JTwer <yt I1/3 w2 (A.16)

LOyeey Tl 1 EXNC ]6[1{:] ’LE[k’} reXe
Bicp) zi=0

A.3 Moment Inequalities

The goal of this chapter is to establish a series of technical lemmas concerning moments
which will be crucial in the later part of the paper. An important tool will be the function
V,: Ry x Ry — Ry which gives a qualitative way of measuring how close the centered
moments of sums of weighted Bernoulli variables resembles the central moments of the
Poisson distribution.

Definition A.30. For p > 2 we define the function ¥,,: Ry x Ry — R, as follows,

( o2 )1/pM ifp<logpM2

pM?2 o2
. 2
U, (M, o?) = % Do if p< eQﬁ
. M2 2
elogpp”f M if max{log P ,ezﬁ} <p

Remark A.31. From the definition it is not clear that ¥, is well-defined, but if 2 < p <

2
62% then log 2 g < 2, hence at most one of the first two cases are satisfied at any given

time. This shows that ¥, is indeed well-defined.

We show in Lemma A.4 that, up to constant, ¥,(1,)) is equal to the p-norm of a
variable distributed as a centered Poisson variable with parameter A. This implies that,
up to constant, W, (M, 02) is equal to M times the p-norm of a variable distributed as a
centered Poisson variable with parameter 7.

When we later prove our concentration results for simple tabulation and mixed tab-

ulation, we will need to bound [|¥,(X,Y)||, for random variables X and Y. Now to
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handle this we will develop a general lemma that bounds the moments of a function of
random variables by the moments of the random variables. This will be the focus of
Appendix A.3.3.

A.3.1 Moments of Poisson Distributed Variables

We start this section by proving a number of properties of the ¥,-function which we will
use extensively. Afterward, we will establish the connection between W,-function and the
p-norm of Poisson distributed variables.

Lemma A.32. Let p > 2 then the function ¥, satisfies the following properties:

1. For all positive reals M > 0 and o > 0,

52 \ 1/
\IJP(M,UQ):Msup{I; (pM2> 2§s§p} . (A.17)
2. For all positive reals M > 0 and o > 0,
U, (M, %) < max{%./po, -pM} . (A.18)
3. For all positive reals M > 0 and o > 0,
1Vpo < W, (M, o?) . (A.19)

4. For all positive reals M > 0 and o > 0 with 62% <p,

U, (M, 0% < elogppWM . (A.20)

0-2
5. For all positive reals M > 0 and o0 > 0 and all X > 1,

U, (AM, \o?) < \U,(M,0?) . (A.21)

6. For all positive reals M > 0 and o0 > 0 and all X > 1,

AU, (M, 0?) < U,(A\2M, \20?) . (A.22)

7. If f : Ry — Ry is an increasing function, where p — f(1/p) is log-convexr and where
there exists positive reals K > 0, M > 0, and o > 0 such that f(p) < K¥,(M,d?)
for all even integers p > 2, then

f(p) < 2KV, (M,5?), (A.23)
for all reals p > 2.

Proof.
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Proof of eq. (A.17). Let a = }ﬁzz and define the function f(s) = %al/s. Taking
the derivative we get that f'(s) = S% <—lo%al/s — o/#). From this it is clear that f is

maximized at the point s* = min {max{2,log1/a},p} on the interval [2,p]. This implies
that

2 N\ l/s
p( o
Msup{s <pM2>

2§5§p}:Msup{pf(s)|2§8§p}

= Mpf(s")
2 1/p . M2
119 (p(]TWQ) if p < log 2
=Mp{ i\/-2  iflog P <2
_ . M2
lognge 1 if 2 <log 25 <p
)
2 1/p . 2
(35m) " M ifp<log?
= %\/f)o if p< 62%
. M? 2
logppMQ M if max{log L ,ezﬁ} <p
o2

which proves the claim.

Proof of eq. (A.18). We note that if p < log P2 then

o2

o2 \ /P 1
M< -M< —pM
(pM2> =M =P

and if p > 62&—22 then,

p 1
P ym< —pMm.
elog p%Q 2e

This shows the upper bound.

Proof of eq. (A.19). The lower bound follows from eq. (A.17) since,

p/ o2 1/s
\I’p(M, 0'2) = Msup {3 <pz\4,2>

Proof of eq. (A.20). From eq. (A.17) we know that V,(M,0?) =

1/s
M sup {i’ (p?\;Q)

P o? 1/2 1
2<s< > M= [ —— = .
_S_p} T2 (pM2> o VP

2<s< p}. We then get the upper bound,

2§3}.

2\ s
2 bl o
\I]p(M,O' ) S Msup {8 <p]\42>
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Now using the same method as in the proof of eq. (A.17), we get that the expression is

maximized at s* = p‘ﬁg > 2 and we get that

p
U,(M,0%) < ———
P elogp%2

Proof of eq. (A.21). We first notice that A\U,(M,0?) = W,(AM, \%0?). Since y —
U, (AM,y) is monotonically increasing then,

T, (AM, \o?) < U,(AM, A26?) = AU, (M, 0?) .

Proof of eq. (A.22). We will again use that AW, (M, o?) = ¥, (AM, \?c?). This time
we will use that z +— W,(z, \20%) is monotonically increasing,

AU, (M, 0%) = U,(AM, N20?) < U, (A\°M, \?0?) .

Proof of eq. (A.23). Let p > 2 be a real and define let 2 < ¢ be the largest even
integer with ¢ < p, that is, ¢ is the unique even integer satisfying that ¢ < p < 2¢q. Now
let & > [0,1] be defined by the equation % = 9% + (11— 9)2%1. By the log-convexity of
p — f(1/p) we get that f(p) < f(¢)?f(2¢)'~?. We then have to consider two different
cases.

If log p%z < p then it is easy to check that Wo,(M,0?) < 2V, (M, 0?), hence we get
that

() < F(@)'1(20)° < F(20) < KWay(M,0%) < KW, (M,0%) < 2KW,(M,0?).

1/q
If p <log pgg then we also know that ¢ < log qu and ¥, (M, 0?) = (;%) M <

1/q
V2 (1)"722> M, where we have used that p < 2¢ and 2 < q. Let p < ¢’ be defined by

, ' 9 , 2 2 1/2q 2\ 1/2q
q' =log 3z0°. If 2¢ < ¢’ then we have that Wau(M,0°) = (W) M < (p(])\—42) M

and we get that

2

o2 \%1 /1 52 \(1-0)/2
fp) < f(Q)gf(zqyie < V2K <q]\42> (W) M = \@K\I/q(M7 ‘72) .

If ¢ < ¢’ <2q then

2 2 2 o2\ o2 \ 1/
\Ifgq(M,O')S\IJ2q/(M7G )§2\Pq/(M,a):2<q/M2> M§2<pM2> M

Combining these two facts give us that

2\ 9/4q 2\ (1-0)/2¢
fp) < F(@)'f(29)" 70 < 2K <qM2> <W> M =2K¥,(M,s?).

This finishes the proof of Lemma A.32. O
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We are now ready to establish the connection between the W,-function and the p-norms
of Poisson distributed random variables.

Lemma A.33. There exist universal constants K1 and Ko satisfying that for a Poisson
distributed random variable, X, with A = E[X]

KoWp(LA) < IX = All, < KqWp(L,A)
for allp > 2.

For the proof, we need the following result by Latata [Lat97] that gives a tight bound
for p-norms of sums of independent and identically distributed symmetric variables.

Lemma A.33 (Latala [Lat97]). If (X;)icn) are independent and identically distributed
symmetric variables and p > 2 then,

1€[n]

1/s
> X §K1Sup{p<”> ‘|X0|S|max{2,£}§8§p},
S \P
p

and

1/s
§ X; zKQSup{p <”) \|X0\S|max{2,§}gs§p} :
: s \p

i€[n] »

Here K1 and K9 are universal constants.

Proof of Lemma A.J. We will use the standard fact that the Poisson distribution is the
limit of a binomial distribution, with fixed mean A, as the number of trials go to infinity.

Let (Y;(n))l . be independent Bernoulli variables with Pr {Yi(") = 1] = % forn > 1. We
e
then get that

X — >\Hp = nlggo Z (Yi(n) . %)

i€[n] »

We let (g;);en be independent Rademacher variables. We will argue that

DI I PG| IR DIEACARES)| IRECED

» 1€[n] 1€[n]

p p

We defer the proof of eq. (A.24) to the end. Using eq. (A.24) it is enough to show

that lim,,_ o HZie[n] i (Yi(n) — %) is at most a constant away from W,(1,A). We use

,
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Lemma A.33 to get that

Jam {37 e (v - 2)
i€t )

< hm K sup {

)
i Klsup{g(
(5

= hm K sup {p
S

= K10,(1,\) .

The last equality follows by eq. (A.17). The proof of the lower bound is analogous.
Now we just need to prove eq. (A.24). We first consider the lower bound. Fixing
(¢:)ien and using the triangle inequality we get that

P
=Xl =1 (%" = 2) = Sl =1 (¥ = 2) | ien
i€[n] i€[n] »
<D lei=1] (Yi(n) - %) (d)ien|| + || D lei = 1] (Yi(n) - %) (€i)ien
1€[n] P i€[n] P
Now we use Jensen’s inequality on each of the terms.
Z [51 = 1] (}/Z(n) %) (&)zeN
1€[n] »
= Xl =1 (%" = 2) + Xlei = —0E[¥" 3] | idien
i€ln] i€[n]

IA
/N
=
3
=
3>
N—
—~
Q)
>
~—
Py
m
Z,

p
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Unfixing (&;)ien we get that

(-2 <22 (-2

1€[n] P i€[n]

which establishes the lower bound of eq. (A.24).
For the upper bound of eq. (A.24) we first define (Z -(n)) - to be independent copies
€N

1

of (Yi(n)> il We then use Jensen’s inequality to get that
i€n

> (-2 = (0 - 2) e[z - 3])
i€[n] » i€n] )
| (-0~ -)
i€[n] »
We then note that due to independence Yi(n) - % - ZZ-(") — % is a symmetric variable,

thus it has the same distribution as ¢; ((Y-(n) — A) — (Z ) _ %)) We use this and the

1 n 3

triangle inequality to finish the upper bound,

2 (=)= (=) = |2 (=) - (2 -3)

i€[n] ) i€[n]

<2 Zz-:i (Y;(n) —%)

i€[n]

p

p

This finishes the proof of Lemma A .4. O

A.3.2 Moments of General Random Variables

We start by proving a lemma that bounds the moments of weighted sums of indepen-
dent and identically distributed variables. The lemma is similar to Lemma A.33 by
Latata [Lat97] but it is not tight for all distributions.

Lemma A.34. Let (Xi)ie[n] and X be independent and identically distributed symmetric
random variables, and let (a;);c[n be a sequence of reals. If p > 2 is an even integer then

1/s
o al
> aiXi| < Ksup p(%) IXI,|2<s<py
p

where K < 4e 1s a universal constant.
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In the proof, we will need the following folklore result. We provide a proof of the result
for completeness.

Lemma A.34. Let n > 0 be a positive integer and let ay,...,a, € R be real numbers. If
x € R is a real number satisfying,

n
" < § :aixn—z
i=1

Then,
1/i
r <2 max |a;|/" .
1<i<n

Proof. The proof follows by noticing that

n ‘ n ‘
n < Zaixn—z < Z |al‘ |$|n—z .
=1 i=1

We will now show that 327, |a;| |z["™" < max?_, 27|a;||z|""" by induction on n. The
result is clearly true for n = 1. Now assume that the result holds for integers less than n
then,

n—1
Z lag| 2" < max{2an,22 ;| =" l} < max2 |ag| |z
=1 =1

We then have that 2" < max?, 2 |a;| |z|"~*. This is equivalent with the statement that
there exists an integer 1 < i < n with 2™ < 27|ag| |z|**. This implies that there exists
an integer 1 < i < n with z <2 ]a,-]l/i. This is again equivalent with z < max]" , |ai]1/i
which is what we wanted to prove. O

We now turn to the proof of Lemma A.14.

Prood of Lemma A.1j. Since p is an even integer then,

p—s
Z a; X; Z Z < > (aiX;)® Z a;j X
ic[n] p i€l s=1 jemI\{i}
p—s
=> Z < ) (@aX)VE|[ > aX;
i€[n] s=1 J€ln\{i}

The first step follows by noticing that when we expand (Zie[n} a; X;)? then for each term
the first factor will give an i € [n]. Now if ¢ has multiplicity s > 1 in the term then there
are (’; j) ways to choose the other factors for i.
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We note that since the variables are symmetric then E[(a;X;)®] = 0 for s odd. So in
the following, we assume that s is even, which implies that p — s is even. Now we use
Jensen’s inequality to obtain,

p—s p—s p—s

Ell Y aX; =E|| ) aX;+aE[X|] <E|| D aX

jeln\{i} jel]\{i} Jj€(n]

Another usage of Jensen’s inequality gives us that

p—s p—s p—s
E Z anj = Z (Iij Z CLJ
J€ln] J€ln] p—s Jj€ln] »
Combining these we get that
p p—s
P p—1
Z azXz S ' Z <8 . 1) E[(G’ZXZ) } Z aJXJ
i€[n] » i€[n] s=2 j€[n] »
p 1 p=s
=3 (72)) S mil| X ax,
s=2 i€[n] jE€[n] »
p—s
p -1
— S
_Z<S_1>E[X] Zan] > a
s=2 J€[n] » i€[n]

Now using Lemma A.34 we get that

1/s

1/s
p—1
Zain‘ < sup 2<3_1> Zaf | X],[2<s<p

1€[n] » i€[n]

Now using Stirling’s approximation, we get that (’;:1) = (p)g < (2)°

1 < . Plugging this
estimate into our equation gives us that

1/s
Z%‘Xi < sup 2—— Za 1 X[[,]2<s<p

i€[n] i€[n]

1/s
. a’
<tesupd P [ ZEN) Ty o< i<y
s P s

p
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We will not be using the result directly instead we will use the following corollary
where we further simplify the expression by bounding only in terms of the largest weight
and the Euclidean norm.

Corollary A.35. Let (Xi>i€[n] be independent and identically distributed symmetric ran-
dom wvariables, and let (a;);c|n) be a sequence of reals. If p > 2 is an even integer then,

Z- CLZ 1/s
ZaiX,; < K max |a;| sup %:(M) X[, [2<s<p

iem |, ™ pmaiely) |ai|

where K = 4e is a universal constant.

Proof. This follows from Lemma A.14 and the fact that af < a? Max;ey] la;|*~ % for all
i€n],s>2.
s\ 1/s
ZaiXi < K sup p(i}qm%) | X],12<s<p
i€[n] » 5 p
S a2 maxgepy il T2 /
é Ksup Q ( 1€[n] 1 16[”} 4 > ||X||S 9 S S Sp
S p

1/s
Zi n CL2
<Kmax\al|su P (EHZ2 | X],]2<s<p
s

i€[n] pmaxie(y) |a;l

O]

We will now use Corollary A.35 to bound the sum of different types of random variables
with W,-function. We start by looking at Bernoulli-Rademacher variables.

Lemma A.36. Let (X;);c[n be independent Bernoulli Rademacher variables with param-
eter a, that is, Pr[X; =1] = Pr[X; = —1] = 5 — Pr[X; = 0] = 5, and let (a;)cp) be a
sequence of reals.

If p > 2 is an even integer then,

Z a; X;|| <4e¥, max|a2| o Z a;

i€[n] » i€[n]

And if p > 2 is a real number then,

Z a; Xi|| <8e¥, max|a2| o Z a;

i€[n] » 1€[n]
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Proof. We note that || X||, = a'/* for all s > 2. Let p > 2 be an even integer then using

Corollary A.35 we then get that
2 /s
( 2 icin) % ) afl2<s<p

2
P MaXcfy |ai

o . a2 1/s
( Zze[n] i > 2<s<p

pmaxie(,) |ail’

E a; X;|| < 4emax |a;|sup
: i€n]
i€[n]

S

p

S

= 4e max |a;| sup { =
1€[n] S

Now eq. (A.17) proves the first claim. By Holder’s inequality we have that p —
‘Zie[n] a; X; ’1 i Xi
increasing, thus eq. (A.23) proves the second claim. O

is log-convex and Jensen’s inequality implies that p — HZ

iefn] @i 18

We are now almost ready to prove Theorem A.5 for fully random hash functions. This
will be a principal lemma in the sequel when we prove concentration results for tabulation
hashing. But first, we need to prove a symmetrization lemma for fully random functions.

Lemma A.37. Let h: U — [m] be a uniformly random function, let v: U x [m] — R
be a fized value function, and assume that Zje[m] v(z,j) = 0 for all keys x € U. Let
e: U — {—1,1} be a uniformly random sign function. Define the random variable X, =
> ey vz, h(x)). Then for all p > 2,

2711 e(a)o(x, h(z))

zelU

<

S (e, h(x))

zeU

<2

3 e(@)o(e, hx))

zelU

p p p

Proof. We first consider the lower bound. Fixing ¢ and using the triangle inequality we
get that

> e(@(@ h(@) e =|D @) = vl k(@) = > [e(z) = —1v(z, h(z)) | £
zeU p zeU zelU p
< Z[e(m) = 1jv(z,h(x)) | €|| + Z[E({E) = —1Jv(z,h(x)) | €
zeU p zeU p
Now we use Jensen’s inequality on each of the terms.
> le(@) = o(z, h(z)) | €
zelU p
= 1> [e@) = o(a, h(x)) + Y [e(x) = ~1] Efo(z, h(x))] | €
zeU zeU P
< |3 vl b)) | <
zeU




A.3. MOMENT INEQUALITIES 93

Unfixing € we get that

<2

S e(@)o(e, hx))

zeU

S (e, h(x))

zeU

9

p

p

which establishes the lower bound.
For the upper bound, we first define h’: U — [m] to be an independent copy of h. We
then use Jensen’s inequality to get that

> ol h@)| =D vl hx) = Y Elo(z, M (2)]
zelU p zelU zeU P
< |32 (vla b)) = vl W (@)))
zeU

p

We then note that due to the independence v(z, h(z))—v(z, h'(x)) is a symmetric variable,
thus it has the same distribution as e(x) (v(z, h(x)) — v(z, h'(x))). We use this and the
triangle inequality to finish the upper bound,

S (vl hi@) = vl ' (2))

zelU

> e(@) (v(x, h(x)) — v(z, b (z)))

zelU

S e(@)(a, h(x)

zeU

p p

<2

)

p

which establishes the upper bound. ]

Theorem A.5. Let h: U — [m] be a uniformly random function, let v: U x [m] — R be
a fized value function, and assume that Zje[m] v(z,j) =0 for all keys x € U. Define the
random variable X, = > v(x, h(x)). Then for all p > 2

1Xoll, < LV, (My,07)
where L < 16e 1s a universal constant.
Proof. We start by using Lemma A.37 to get that

S (e, (@)

zeU

<2

3 e(@)o(e, hx))

zelU

p p

Let (Yz(j ))mGU,jG[m] be independent Bernoulli-Rademacher variables with parameter L.
The idea of the proof is to show that for p > 2 then,

S e(@)ola, hx))

zeU

< > )y

p zeU,j€[m)]

p
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This is nontrivial to do for general p. Instead, we will focus on p being an even integer.
Let ¢ > 2 be an even integer. Then for all x € U we have that

; v(x,5)? 14
le(@)ote, b)), = (W) |

But it is easy to check that
' g 1/q
> v, HYP| = <Z]€[’"] v(@4) ) .
j€[m]

We can now show what we want,

(Ze<x>v<x,h<x>>)]= > (o)) T B h@)*

E

€U Y ecu @x=P Jaeu zclU
- Y () T @A)
Sep de=p (q:p)mGU el

VxeU:q, is even
qz

< Y (p )HE > vl )Y

> per @=p
VaxeU:qy is even

SR P) &P

Yrcu =P Jaeu

qz

=E Z v(z, )Y

zeU,j€[m)]

Now using Lemma A.36 we get that

S e(@)o(e, b))

zeU

<\ > vy

p zeU,je[m)]

p

§4e\I’p< max ’q)(x’j)|7Z:EEU,]€[m] (2, 7) > '

z€U,j€[m)] m

for all even integers p > 2. Now we use eq. (A.23) as in the proof of Lemma A.36 which
proves the second claim. O

We also need the standard fact that a sum of independent sub-Gaussian is also sub-
Gaussian. We include a proof for completeness.
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Lemma A.38. Let (X;)ic[n be a sequence of independent symmetric random variables.
Let p > 2 and assume that there exists a sequence of real numbers (ai)ie[n] such that for
all even integers 2 < g < p and all i € [n] it holds that

1Xill, < Vs

Then the sum of the random variables satisfies,

i€[n] » 1€[n]

Proof. The main idea of the proof is to compare the random variables (X;);c[, with a
sequence of independent Gaussian (gi)ie[n}, and then exploit that the sum of Gaussian
variables is a Gaussian variable. We will use the standard fact that for all even integers
2 < g, Gaussian variables satisfies [|g;||, = ((¢ — )N A simple lower bound for this
follows by using Stirling’s approximation,

(la= 00" > (a2 = ()" >/ = /L.

For an upper bound we note that by the AM-GM inequality we have that (¢ —2i —1)(2i+
1) < (%)2 so we get that

ta-omes ())<= L

Now the lower bound gives us the estimate,
1Xilly, < vaai < v2egill,

We start by proving the case where p > 2 is an even integer. We then get that
P

S =2 (a )H

icin] i 4=P Jie/ , eln]

N Z ( Qz i€[n]

Zie[n] q;=

Vi€[n]:q; is even

P> <(Qz )Ije [n]

2ie[n) 4i=P
Vi€[n]:g; is even

> ((qz)ze[n]>y K@Qigi)qq

Zie[n] qi=p

=E Z V2ea;g;

1€[n]

HEWM

B[(X)"]
€]

p
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Now we use that if g, ¢/, and ¢ are independent standard Gaussian variables then ag+ bg’
is distributed as v/a% + b2¢”. This give us that

ZX < Z\/%aigi /Z2eagg <p eZa%.
i€[n] i€[n] » i€[n] » i€[n]

p

If p > 2 is not an even integer then let p’ > p be the smallest even integer larger than p.
We note that p’ < 2p and using Jensen’s inequality we get that

ZX < ZXi <P eZa?S\/f)ﬂeZa?.
1€[n] » 1€[n] o i€[n] i€[n]

This finishes the proof. O
We can use this lemma to prove another useful bound for uniformly random functions.

Lemma A.39. Let h: U — [m] be a uniformly random function, let e: U — {—1,1} be a
uniformly random sign function, and let v : U x [m] — R be a fized value function. Then
for allp > 2,

S e(s)ola, h(x))

zelU

P redec
ZzGEC [lv[z] HQ

<L [v]z
log<€ mzregcnwm ) 2
where L < e is a universal constant.

Before we prove Lemma A.39 we need the following technical lemma.

Lemma A.40. Let (a;)icin) and (b;)icn) be two sequences of positive integers. If ¢ %>
for all i € [n] then,

. . a;
Z a; < Z;E[n} .
“~ 1o (eLa) log (& 2zicln] %
i€[n] 108 b; og Zze[n] b;

Proof. We define the sequence (r;);c[n) by r; = ¢ for all i € [n], define the random variable

R by PrlR=r;] = Zj:[in] 5> and the function f: Ry — Ry by f(r) = @ Now we
note that ‘

(A.25)

——— =) birdog(e?ry) = Y bif(ri) = [ > bi | E[f(R)]
icln) 103:(6 al) i€[n] icln) el
D icin) @i eln) biTi

N W - > bi | F(BIR])
log () log(Sm) i
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Thus we get that eq. (A.25) is equivalent with showing that E[f(R)] < f(E[R]). It easy to
check that f is concave on the interval [1,00) and since R > min,g[,) ri = min;ejy, ‘;—; >1,
Jensen’s inequality implies the result. O

Proof of Lemma A.39. Let x € U be fixed and consider 2 < ¢ < p. We then have that

<Zj€["” ol h<x>>lq> i

le(@)o(z, h(x))ll, =

max |v(z, h(x))|
J€[m]

2 1/q
- < > jepm) V(@ h(z)) )2>

mmax;e () v(z, h(z)

2 \ L/a
- <m”fﬂﬁz ) folell -

Now a simple estimate give us that y/9 < e(y/e?)/7 < e T = 4 for all
Qelog% QIOg%
2
y <1 and all ¢ > 2. Clearly, m‘mg“% < 1, hence we get that
b))l < = [ofz]
le(@)v(z, h(2))ll, < 210g(e2m”v[x]”§o> o]l -
l[of]ll

This shows that e(x)v(z, h(x)) is sub-Gaussian hence we can use Lemma A.38 to get that

coyp |3 Il

2
e?m|lvz]|l5

p st log (“>)

Now an application of Lemma, A.40 finishes the proof. O

> e(s)o(, h(x))

zeU

We end the section by bounding the simple case of weighted sums of Rademacher
variables. We will need the lemma later and it is known as Khintchine’s inequality. For
completeness we include a proof the lemma.

Lemma A.41 (Khintchine’s inequality). Let (£:)ic[n) be a sequence of independent
Rademacher variables, and let (ai)ie[n] be a sequence of real numbers. For all p > 2
we have that

Zais-:i <P eZa?.

i€[n] » i€[n]

Proof. We note that for all i € [n] and all ¢ > 2 we have that [|a;e;l|, = |a;| < % la;|. We
now use Lemma A.38 to get that

Zaia‘i <P 262%2\/{? eZa?.
1€[n]

» i€[n] i€[n]



98 APPENDIX A. MOMENTS OF TABULATION HASHING

This finishes the proof. O

A.3.3 Moments of Functions of Random Variables
The goal of this section is to prove Lemma A.15.

Lemma A.42. Let f: RY; — R>¢ be a non-negative function which is monotonically in-
creasing in every argument, and assume that there exist positive reals (ai)ie[n] and (ti)ie[n)
such that for all A >0

f()\aot(), ceey )\a"_ltn_l) < )\f(to, ce 7tn—1) .

Let (X;)ic[n) be non-negative random variables. Then for all p > 1 we have that

1/a;
1 Xill, /s
1f(Xo, .- X1, < nl/P?é% (t”/ ftos- - ta—1) -

1/a;
Proof. We define A = max;cfy, (%) and note that X; < A\“¢; for all ¢ € [n]. Since f
is an increasing function then f(Xo,..., Xn—1) < f(A%tg,..., A% 1t,_1). We can then

use the condition on f to get that

1 (Xos -+ Xn)ll, < [ FAt0, -, A1) ], < A, f (o, - - tn1) -

t;

1/041' /ai 1/p
max;e [y (%) < (Zie[n] (%’)p ) . Hence we get that

e (e ()]

i€[n]

. p/a; 1/p
< (nmaxE[(XZ) ])
1€[n] t;

1/a;
Xilly /e,
— VP max <W> ’

1/ay
Xilly /e,
Now we just need to prove that [[A[, < n'/p maxe [y < Iy, Z) . We note that A =

1/p

i€[n] t;

which finishes the proof. O

A.3.4 Decoupling of Adapted Sequences

In the paper, we will need to analyse sums of martingale differences which are not inde-
pendent. This poses a problem because the lemmas of the previous section assumes that
random variables are independent. We will handle this issue by using a powerful result of
Hitczenko [Hit94] to reduce the sums of martingale differences to a sum of independent
variables. Before the theorem, we need a bit of notation.
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Definition A.42. Let (X;);c|n) and (Y;);e[n) be two sequences of random variables adapted
to a filtration (F;);cpn- Then (X;)ig, and (Yi)ig),) are tangent with respect to (F;)igjn]
if (X; | Fi—1) and (Y; | F;—1) has the same distribution for all i € [n].

Definition A.43. Let (X;);c[, be a sequence of random variables adapted to a filtration
(Fi)ic[n) and let G C F, 1 be a o-algebra. Then (X;);c[n satisfies the conditional indepen-
dence condition with respect to G if (X; | F;—1) and (X; | G) have the same distribution
for all i € [n], and (X;);¢|, are conditionally independent given G.

Definition A.44. Let (X;);c[, and (Y;);g[,) be two sequences of random variables which
are tangent with respect to the filtration (F;)ic,. Let G C Fn—1 be a o-algebra. If
(Y:)ie[n) satisfies the conditional independence condition with respect to G then we say
that (Y;)iejn) is a decoupled sequence tangent to (Xi)ic[n)-

We can now state the theorem of Hitczenko [Hit94].

Theorem A.45 (Hitczenko [Hit94]). There exists a universal constant 0 < M < oo such
that, for all p > 1 and all sequences of random variables (Xi)icin) and (Y;)ign) where
(Y)ien) s a decoupled sequence tangent to (Xi)c[n), then

doXi| <M|Y Y
1€[n] » i€[n] »

Instead of using the result directly, we will instead use the following consequence of
the theorem.

Lemma A.46. Let (X;, F;)ic|n) be a filtered sequence. Assume there exists a sequence of
random variables (Y;);c[n) satisfying the following:

1. (X; | Fi—1) and (Y; | Fi—1) have the same distribution for every i € [n].
2. The sequence (Y;),-e[n] 1s conditionally independent given Fp_1.
3. (Yi | Fic1) and (Y; | Fn—1) have the same distribution for every i € [n].
4o (Xi | Fie1) and (X; | o(Fi-1, (Y))jefi+1)) have the same distribution for every i € [n].
Then for all p > 1,
doxi|| <m|>d v,
i€[n]

1€[n]

p p

where M 1is a universal constant.
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Proof. We define the filtration (H;)ci,) by Hi = o(Fi, (Y})jelit1) for @ € [n]. We then
clearly have that (X;);cpn) and (Y;)ic)n are adapted to (Hi)icn)- We will also see that
they are tangent. Let A C R then,

PrY; € A[Hi1] = E[[Y; € A][Hi-1]
~ B[E[ € 4] o(Fut, (¥)sepo)] | Hici]
= B[E[Y; € A]| Funt] | i
=E :E[[Yi € A]| Fi_1] ’Hi—l]

=E

E[[X; € A]| Fi-1] ‘/Hiq}
= Pl“[Xi cA | ./—"1;1]
= Pr[Xi €A | 7‘[1;1]

The first equality uses the power property of conditional expectation, the second equality
uses the conditional independence property, the next two equalities follow by the equiv-
alences of distributions, the second last equality follows by F;—1 C H;_1, and the last
equality follows by the equivalences of distributions.

We have that (Y;);c|,) are conditionally independent given F,,_1 € Hp—1, hence (Y;);cp]
is a decoupled sequence tangent to (Xi)ig[n}. Now Theorem A.45 give us the result. [

A.4 Strong Concentration for Tabulation Hashing

The goal of this chapter is to prove strong concentration results for tabulation based
hashing. The chapter is divided into three parts: In the first part we generalize some of
the results by Aamand. et al. [AKKR+20] to the case where we have partial keys, and
we prove some auxiliary results which will be used in the later parts. In the second part
we improve the analysis of simple tabulation and provide a moment bound which holds
for all moments. In order to prove this result we first have to bound a technical quantity
which will show up as a conditional variance in the proof. Finally, in the last part we
prove moment bounds for mixed tabulation. They can be thought versions of Khintchine’s
inequality and Chernoff bound for mixed tabulation.

One of the main insights we use that differs from the previous analyses is that we work
with symmetrized versions of simple tabulation and mixed tabulation. We will in their
respective section argue that this assumption is valid.

We need the following simple lemma that compares the growth rate of powers and
logarithms. This will be used extensively.

Lemma A.47. Let a > 0 and b > 0 be positive reals. It then holds that for all x > 1,
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a a b a
Proof. We write | gf”(x)b = (ifg(;) so we just need to minimize 1§g(/£)' Taking the deriva-
tive we get,
d xa/b %ma/b—l log(m) _ xa/b—l
drlog(z) log(x)
From this it is clear that % is minimized at & = %, We then get that

/b b za/b b e b
<1og<x>> - <log<:fc>> :<b/a> |

A.4.1 Improved Analysis for Simple Tabulation

We start the section by arguing why we can assume that the simple tabulation functions
are symmetrized.

Lemma A.48. Let h: ¢ — [m] be a simple tabulation function, v: ¥ x [m] — R a value
function, and assume that Zje[m] v(x,j) =0 for all keys x € X°¢. Then for every p > 2,

27| Y (@, h(@)|| <[ D vl h@)]| <29 ) e(@)v(a,h(z)|
rexe p reXC p reXC p
where €: ¢ — {—1,1} a simple tabulation sign function.
Proof. We will prove the result by induction on ¢. The case ¢ = 1 corresponds to

Lemma A.37.
Now assume that ¢ > 1 and that the results is true for values less than ¢. We define
the o-algebra G = o((T'(c — 1,))aex). Fix G and define v': 7! x [m] — R by

Vi, j) =) v@uf{(c-1,0)},T(c—1,0) ).

aEX

Clearly, we have that v/(x, j) is G-measurable for x € X!, j € [m] and E[v/(x, h(z) |G] = 0
for all x € X", We fix G and use the induction hypothesis to get that

9—(c—1) Z 5(x)vl(a:,h(37)) g|| < Z v'(a:,h(a?)) g

c—1 c—1
€Y » €Y p

p
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So if we unfix G then we have that

27(071) < gc—1

> el@)'(z h(z)

rede—1

<

Y V(zh()

zede—1

> el@)(z, h(z)

rede—1

p p p

(A.26)

Now we define the o-algebra H = o((h({(j,a)}),e({(J, a)}))je[c—l],a62)7 and define
v X x [m] = R by v"(a,j) = X exere@v(z U {(c—1,a)},h(z) ® j). We then
get that

S e(@)o/(a, b))

reye—1

=|| > e@)) v@u{(c—1,0)},T(c—1,0) @ h(z))

rexe—1 a€ey

p p

= Z v (a, T(c—1,a))

aEX

p

We fix H and use Lemma A.37 to get that

2—1

> e{le— 1L, (o, T(c—1,0)) | H

a€dl

< <2 H

Z v (a, T(c—1,a)) | H

aEeX

S e(f(e— La)' (@ T(c - 1,a))

aEeX

P
We unfix G and get that

271 Z e{(c—1La))v" (e, T(c — 1,a))

aEX

P (A.27)
> elfle— 1)) (@, T(c—1,0))

acy

<

Z v"(a, T(c—1,a))

acY

<2

p p

We now note that

> e({lc—1,a))" (@, T(c - 1,a))

aEX

=) e({lc-1,0)}) > c@v@u{lc—1,a)}, hz)eT(c-1,a0)

€Y rexe—1

=) e(@)v(z, b)) .

SO

Thus combining eq. (A.26) and eq. (A.27) finishes the proof. O
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We can then generalize a result by Aamand et al. [AKKR+20]. The previous bound
was only valid for p = O(1) constant while we expand the applicability to all p > 2. Sur-
prisingly, the main insight is that by symmetrizing, the combinatorial arguments become
much simpler.

Lemma A.49. Let h: ¢ — [m] be a simple tabulation function, e: ¥¢ — {—1,1} be a
simple tabulation sign function, and v;: ¢ x [m] — R be value functions for i € [k|. Then
for every p > 2,

> S ] elwi)vilai, gi @ hia:))

20, Th—1€5C Jo,..,Jk—1€[m] i€E[K]
eaie[k] Ji=0 » (A28)

1/2—-1/k
ck > sese lvila]ll}
< Vo™ T il (E .

wn P\ Saese Il

Proof. We will argue that for every even integer q > 2,

> S T et@wiai, g @ b))

20€X10,... z_y €XTE=1 J0, 1 jk—1E[m] i€[K]
Gaie[k] Ji=0 (A29)

ck 9\ 1/2-1/k
[ak >sexe ||vila] |
<y/% I il <€Zl

am P\ Saese Il

We claim that the result follows from this. Let p > 2 be a real number and let ¢ > 2 be
the unique even number such that ¢ < p < ¢ + 2. Since ¢ > 2 then p < 2¢ and we can
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then use Jensen’s inequality to get that

> So I c@owilei i @ b))

IOGEIO,...,Ik,1€ZIk71 jov“-vjkfle[m} Ze[k]

@ie[k] Ji=0 P

IN

> S ] e@nviai, i @ h(a)

2o€xl0,. .y €8Tk—1 Jo, ik —1€[m] i€[K]
@ie[k] 73i=0 2

ck 1/2—-1/k
P9 T o (z Hw[m]\h)
2112 2
2 1€[k] Z

zexe [vil7]l2

IN

1/2—1/k
ck S pese luila] |1}
<ok T lill, (E -

i€[k] ZxEEC Hvl[x]H2

All we need to do now is to prove eq. (A.29). Let ¢ > 2 be an even integer. The goal
is to apply Lemma A.29 to prove the claim. First we define f: Hz‘e[k] ¥l 5 R by

flxoy...,xp—1) = Z H vi(zi, 4i @ h(z;))

J0s--sJk—1€[m] i€[k]
quwz =0

We then want to bound

> I @) | fao,- . 2p1)

TQ,y. Tl 1 EXC zé[k}

q
If we fix h then we get that
q
> [z | f(zo....,zx-1) | B

LQ,y..., Tl 1 EXC iG[k] q

= 2 [T st i)
m(()o), :fE;@O)1 (q—l) B (q_l)eEC Jj€ldq]
Djciaicm * (J) =0

Now we want to bound f to a form such that we can use Lemma A.29. This will be done
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by use of the Cauchy-Schwartz inequality.

f(zo, ..., x5—1) = Z H vi(z4, Ji © h(w;))
Jos--sJk—1€[m]] i€[K]
Dic Ji=0

— Z ( H vi (x4, Ji @h(ﬂfi)))

Jos-sjr—3€[m] \i€[k—2]

Jrk—2€[m]

< X

J0ye-sJk—3€[M]

= ( 11 vi[ﬂﬁi]l) lve—2[zr—2]lla llvr—1[zr-1]ll

H Vi@, Ji © h(w;))

1€lk—2]

i€lk—2]
() .
i€[k—2] vi 2 ] iclk)

Similarly, for all i; # is € [k] we can prove that

f<m0,...,xk1><( I d”z ];)HWM.

[k]\{é1,12}
This implies that

v 1-2/k
fxo, ..., xp—q) < H i [2:]]|, (H il ]Hl)

i Joile]l

We are now ready to use Lemma A.29.

Z (H 5(332‘)) f(zo,...,x1_1)

T0,eeyTh—1 EXC G[k]

q
h

q

Vil
§ : (7)
< [ O 1
= H vils }Hz (
O 2O 2D | pa-Deye jelqliclk] v

Lo T _15T0

() _
Djcq)icim T =0

o i)
<% HJZI HQ<H“ZEH1>

i€lk] \zeXe

D> vk a(@ho2,dk-2 B h(@k-2))vk1 (Sﬂkl,h(%kﬁ o

105

9

lve—2l@r—2]lls [lve—1[Tr—1]ll,
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Jlvs ] 117 Jlvs =] 115

Now we define the random variables R; by Pr {Ri = 2} = ——-2— and note
llvil=]ll3 >zesellvil=]ll3
that
A
Vi | T 1 2/k
> il H2< ;) =<Zuv2 \2> Lo
5 enlal]2 2

IN

<Z [vif b) [Ri]' 2"

reXC

o\ 1-2/k
(55 i) (Bt
= i2]5 5
rEXe > zese lvilz]|3
1-2/k
= [l (2 uvi[sc]\ﬁ)
— IYill2 .
> sese lvil]ll3
The inequality follows by Jensen’s inequality. This implies that
q

Z H 8(1‘1) f((L'(),...,.CCkfl) h

ZQ,... Tl 1EDC ’LG[k’] q

1/2-1/k
ack > sexe loilallld
<\ & IT lwill, <ZEE;

ic[k] vexe [lvil2]]l3

q

Now taking the ¢’th root, give us that

Z H e(xzi) | f(zo, ..., zk-1)

T0,--Tk—1 €1 \i€[K] q

— > I1 ) | flzo,.. . k1) | B

Z0,---, Tr—1€X5° \iE[K]

q"q
1/2—1/k

7 [ Zeese il
<(vg | II vl S ol

ic[k] zexe 1VilT]ll2 .

1/2—1/k
-V% H Joil ( e "“’[$]"1> ,
zGEC | z[x]HQ
which finishes the proof of the lemma. ]

Bounding the Sum of Squares

The goal of this section is to prove Lemma A.52 from which we then get a bound of sum
of squares of simple tabulation hashing. We start by proving a result for simple tabulation
hashing that will serve as the base for the proof.
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Lemma A.50. Let h: £¢ — [m] be a simple tabulation function, e: ¥¢ — {—1,1} be a
simple tabulation sign function, and v: ¥¢ x [m] — R be value function. Then for every
real number p > 2

2
c— xT c T )
< | Kcp (max{p,log(m)}) 1 2262 [[v[z]]] —
o <e my zeECH”[Imo@)
P g

Yoezellvlll

S e(@)o(e, b))

reXC

where K. = (Lc)¢ for a universal constant L.

Proof. The proof will be by induction on ¢. For ¢ = 1 the result follows by Lemma A.39.

Now we assume that the result is true for ¢ — 1. We define v': 71 x [m] — R by
V(2,5) =P pes e—1(a)v(zU{(c— 1,a)},j®T(c—1,)). The induction hypothesis then
give us that

3 e(@)o(e, b))

rexe

p

=1l Y. e@ (@, h(z)) | T({c—1} x X)

rexe—1
Plp

2 Pseset [V 15 (A.30)

c—1
log <62m S pese—1 v []l13 >

2
> zese—1lv[=ll3

IN

Keo1p (max{p, log(m)})*

p
1/2
= B
<\ Keorp (max{p. log(m)})" SR
10g e2mzzez(;71”v,[z]“oo
S pese—tllv'[2]]5
p/2

We define the function f: RQZO — R>¢ by

0 ify=20
_J)—=— ifOo<y<z
f(l',y) - log(eiz> 1 .
5eoT otherwise

Clearly, >~ cse1 o' [2]||, > L Y st |[o/[]|3, hence we have that

o = m

S peset IV [2]]I5, B T o2
2 N e (DD 251 0 D 22
log(e mY,eset v [mmoo) vene-t pexe—1

2
2zexze—1llv'[2l3
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It is easy to check that f(Az, \y) = Af(z,y) so by Lemma A.15 we get that

(Z Bl % > Il !!3)

1 -1
reXC rexe /2

<2r I SS WRIE] A S ) (A.31)
rexe—1 p/2 zexe! p/2

<var || X WL LA S e
zeye—1 p/2 rexe—1 p/2

We define v, : ¥ x [m] — R for every x € X! by v,(a,7) = v(zU{(c — 1,a)}, 7). We
then have that v'(x,j) = Y e €e—1()vz(a, j & T(c — 1, ).
Let p = max{p,log(m)}.

S IWRIL| = max v'(z, j)*
rexe—1 p/2 reye—1 j€lm] /2
< max v'(z, )2
xegl J€m] p/2
2
= Z max [v'(z, j)|
zexe! s€lml
2
<
2/p
< > X W@l
zexe—1l \je[m)]
/ NV 2/p
< Y (mumavealE)
reye—1 J€bm]
<e mava T j)H
oo ‘| IElm]

Now we will use that v'(z,7) = > cx e({(c = 1, ) })ve (e, j®T (¢c—1, ) and Lemma A.39.

2 2
< 01 Sacs vl

_ e2m 3 gexllvalo] |3
P 1°g< Seeslvalall )

H’U x]

Zz-:cl Juz(a, 7 ®T(c—1,a))

aEX
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So we have that

S

rede—1

<e max |[v/(z j)H
vl | J€lm]

p/2

2
s T Zeenlvalolls

ol e2m 3 e llva[o]|2
re ”Og( > eslvsloll3

Now we use Lemma A.40 to get that

cop S Seeslualalli
- EQWZaeznvx[am;
S aesllvalalll;

erchl Zaez l|lvz]a] Hio

S R

zeXe—1

/2 zexe-1 log

< Ciep

21620*1 Zaeznvm [a] ||§
2
>aese I[]lI5

= Cleﬁ
log e?m Y wexcllvlT] Hio
> pesellof]]?

We again use that v'(z,7) = > x5 €c—1(@)ve(a, j @ T(c — 1,a)) to get that

SoOEIL| =] > Y V@)’

rexe—1 /2 zexe—1 je[m] /2
< DD V@g)?
zexe—l |lj€[m] /2

SOl DORO SERTESERETIAED)

zexe—l |lj€[m]

= >

zexe—1 ||j€[m] o, €T

Now we can use Lemma A.49 to get that

jE[m] a,fEX

IS

log <62m ZzGEC71 Zaez‘,nvw [a] Hio

Z Z ee—1(@)ec1(B)vz(a, BT (c—1,a))v(B8,j & T(c—1,0))

<2p Z lva [

p/2

Z Z ee—1(@)ec—1(B)vz(a, B T(c—1,a))v(B,5 & T(c—1,5))

p/2

2
JIl2

109

(A.32)

p/2
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This implies that

SR <22 > 3 ledalli =20 Y ofall; <25 Y llofalll; -

rexe—1 /2 zeye—1l aex IS TEXC
(A.33)
Combining eq. (A.30), eq. (A.31), eq. (A.32), and eq. (A.33) we get that
> e(@)v(z, h(x)) S\/chp (max{p, log(m)})*"?
rese p
1/2
 Yese lvlllE 1
~f | Ciep = ——2p Y |lvl=][l3
log ?mYseselvlallls, | ™M S
> eesellvl]l3
We will now argue that
2 _
B zese |[v[T]]| 5 1. D
| crep—mee s Lops oy | < e —
log e2m 3 esellvlzlIS m zEXC log e2m 3y exellvlz]lls
>eesellvlalll Ysesellvlll;

which will finish the proof.
We will use Lemma A.47 to get that

m3, sl
S esellofll?

log <62m Zmegc”l}[ﬂio)

Ceesellvllll

>

Ql®

This implies that

Ssesellvlzllz,
ezmzrezcuv[m]n&,) 9\ 1-1/c
Sacxelbl@ll ) o C1 <€2m2x620 \|U[$]Hoo>
_ 2 = 2 .
2P Y pexe 002l 2e \ Xoexe I0l2llly

Ciep
log (
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We then get that

Y ese o] 1,
| Ciep 262 3 ,EQP Z H’U[x]”%
IOg <e mzzezclv[x]“oo> reye

Seesellvlz]l

2
< f | 2ep—2mem MMl Loggmy e
< og <ezmz@cnv[azni> me e

oesellvllllz

p

tog [ (€ Seeseblellz )
Saexelolllz

P
2m Y epelolallZ \ 1\e
1°g< > ese Il ) (1-2)
P
Em, oelofall’ \©
10g< > ene 0 >

This finishes the proof. O

= 2ec

= 2ec

< 8ec

We will now expand the result of Lemma A.17 to chaoses of simple tabulation hashing.

For this we need the following decoupling lemma of de la Pena et al. [PMS94].
Lemma A.50 (Decoupling [PMS94]). Let (fi(oj,)‘..,ik,l)io,...,ikfle[n],je[m} be a multiindexed
=0 if iy = iy for some l # I'. Let

(Xi(j))ie[n] be a sequence of independent and identically distributed random variables for
every j € [m].

array of real numbers, and assume that fi(({:)-~~7ik71

Define (Y;Slj))ie[n],le[k] to be a sequence of independent and identically distributed ran-

dom variables which has the same distribution as X(()j) for every j € [m|. Then for every
p=2

(d) (7) (d) ()
Z Z fio,mikq H Xllj < Li Z Z fiow,ikq H Yiz?l ’
j€Im] io,....ix—1€[n] le[k] P j€[m]io,....,ix—1€[n] le[k] p

where Ly, < k* ifE[X[gj)] =0 for all j € [m], and Lj, < (2k + 1)F otherwise.
If we specialize it to simple tabulation hashing we get the following corollary.

Corollary A.51. Let (Fuy,..an_1)ao,...an_icx be a multiindexed array of real functions
Foo,.oan_1: [m] = R, and assume that Fu, o, , = 0 if 21 = xp for some | # I'. Let

.....



112 APPENDIX A. MOMENTS OF TABULATION HASHING

h: ¥ — [m] be a fully random function and let e: ¥ — {—1,1} be a fully random sign
function. Let h': X¥ — [m] be a simple tabulation hash function and let €' : X% — {—1,1}
be a simple tabulation sign function. Then for every p > 2,

Y Fageeara(Blao) @@ h(agm)) ] elan)|| <KD Foll (@) (2)

QaQ,..., 1 EX lE[k‘] P zeXk p

Proof. We start by noticing that we can write the expression as follows,

Z Foo..an_ (M) @ ... & h(ag—1)) H e(ay)
lelk

Qs —1 €Y »

_ 3 > Fagroors (Go@ . @ je1) [] elaw) ((en) = 4i)

QO O —1 €2 J0, 5Tk —1 le[k]
We can then use Lemma A.50 to get that

Z Z Fog,an1 (Jo @ ... ® Jr—1 Hsoq 1) = Jil

QOO 1€ JO, 3k —1 le[k] »

S kk Z Z Fao,...7ak_1(j() b...0 jk_l) H El({l, Oél}) [T(l, O[l) = ]l]

Qe y O —1 €EX 055k —1 le[k] »
We can then finish the proof by reversing the rewriting,
Z Z Fog, o1 (G0 D .- D Jr—1) H<€ {l ) [T cu) = i
Q0,0 —1E€EX JOs 5 Jk—1 le[k] »

= Y Fapran (T(0,00) @ ... & T(k — 1,a-1)) (g, - - ., 1)
Q0,0 —1 €L »

= | 2 Fe(W(@)e'(x)
zeXk P

O

We can now prove our result for chaoses of simple tabulation hashing.

Lemma A.52. Let h: £¢ — [m] be a simple tabulation function, ¢: ¢ — {—1,1} be a
simple tabulation sign function, and v;: ¢ x [m] — R be value function for i € [k]. For
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every real number p > 2,

Z Z H (wi)vi(ws, ji © h(z;))

20,k —1€2 jo, ... Jk -1 €[m] i€[k]
ick) Ji=0

ck/2
Lck? max{p, log(m)} HH I |Uz||1 Ak
2 2\ Mk fill2 [[vill ’
o T (2l
i€[k] Pzesellvilzlll;

where L 1s a universal constant.

Proof. For every j € [c] we define 7;: 3¢ — {i} x ¥ to be the projection onto the i’th
position character, i.e., for a key x = {(0,),...,(c —1,a.—1)} we have that m;(x) =
(i7(xi)‘
We define p = max{p,log(m)} to ease notation.
We make the observation that > _j; . em] [ Liep €(i)vi(zi, ji © h(x;)) depends only
Dicpr) Ji=0
on ;) h(2;). More precisely, we note that if we define v': ¥ x [m] — R by,

1)’((.%'0, .. .,xk,l),j) = Z H V3 3717Jz

J0se-sJk—1€[m] i€[K]
Dicip Ji=i

then we have that
> T e@viw i @ b(@i) =o' (o, . .. w5 1), P hli)

305 sjk—1€[m] i€[k] i€[k]
@ie[k] Ji=0

This implies that we can the expression into sub-expressions depending on the number of
distinct characters at each position.

Let tog,...,t.—1 be even integers less than k. Now fix pairs ((sl(z),rl(z)))le[ti/g] for i € [k]
and define the set X by,

X = {(%, csapm) € (29 ‘ Vi € [d]: (W € [t Wi(ﬂb‘sl(z')) = m(:nrlu))
A <7Ti(xj))j€[k]\ule[ti]{Sl(i)vrl(i)} are all d1st1nct> }

We define T(": [¢] x ¥ — [m] to be independent copies of T for i € [k], and similarly,
define £ : ¥ — {—1,1} to be independent copies of ¢ for i € [k]. We define the set,

m=focufie U pranl,

1€[ti /2]
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for i € [k]. We now use Corollary A.51 to get that

Z V' (w0, ..y k1), @h% H&‘:L'Z SH(k—
i€][c]

ZQ,...,Tl_1E€EX le[k]

Z v'((xo, ... TE_1), @@T (1, m(x;)) HHE (1, m(x5))

L0y, Tp_1E€EX €[k] lER; i€[k] lER;

p

p

This corresponds to a simple tabulation function with ck — Z K ti characters. We can
then use Lemma A.17 to get that

Z V' ((wo, ..., Tp_1), @@T(l (1, m(x;)) HHe (1, m(x;))

20,...,Tp—1€X i€[k] lER; i€lk] IER;

AR Spex I0lalll%,
< L(ck — E ti)p k—> e ti
: 2 ’ 2 i€[k]
1€[k] log e?m3 ex vzl
Seex V3

Now repeated use of Cauchy-Schwartz as in the proof of Lemma A.49 implies that

S el < TT I Zuz(z ]”3) |

r€X i€[k] zexe [|vi[x
1-1/k
2 > pexe loilelld
> el < T ot ( Zeseelli)
r€EX ic[k] erzc [|vs [1‘]||2

We then get that

Z V' (w0, ..., Tp_1), @@T”lmw, l_Il_Ial)lm:z:Z

L0,y T—1E€EX lERl Ze[k] lER;
(k=Y e 1)/2

L(ck = > iep ti)p
1/k
eQmZzechUi[I]H%
log (Hie[k] < Seesellvil]llf ) )

[T s (z@ uvi[xnﬁ)” .
ill2 .
Ceexe luiall}

1€[k]
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Now we note that given (t;);c[r) we can choose the pairs ((sl(i),rl(i)))le[ti/g] for ¢ € [k] in

[Licp (Z)(tz — D! ways. Summing all the possible values for (t;);c[r) we get that

> S ] elwi)vilai, ji @ b))

L0, T—1E€XC jo,...,Jp—1€[m] i€[K]

EBigw]jfzo »
<Y 11 (f)(t )k — gy
to,otk—1 \i€[k] * '

(ch—=2 sk ti)/2
L(ck =3 e ti)p

m T, e luilallz)
zexcllVilZ]llg
log Hie[k]( Seesellvila]lly >

S ese il 2 V2"
IT lloil, [ Zze2e il

am P\ Saese Il

ck/2

) 1/2-1/k
Lock®p W)

1/k H [|vill ( ' 5
log <Hze[k} <€2m21626”vi[$]“g) > i€lk] erz ||’Uz[$]||2

P sesellvilz] It
This finishes the proof. O
It now becomes easy to prove Lemma A.18.

Lemma A.53. Let h: ¢ — [m] be a simple tabulation function, e: ¢ — {—1,1} be a
simple tabulation sign function, and v;: ¢ x [m] — R be a value function fori € [k]. For
every real number p > 2

) (&
> (3 ctomtanon) | < | Lomeleesol | 5 g

2 2
em] \aexe log [ €M Zeene bl | e
JE[m] \z » og< > oo ol T

where L is a universal constant.

Proof. This follows by Lemma A.52 since,

2
> <Z €($)v(w>h($))> =11 > > e@ey)ola, hl@)oly, h(y))
p

je[m] \zexe T,y€eXc j€[m] p
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Concentration Result for Simple Tabulation Hashing

We are now ready to prove the main result of the section. Note that by using Lemma A .48,
the result can be extended to the case without symmetrization, which proves Theorem A.7.
We warn the reader that the proof is long and technical.

Theorem A.7. Let h: X¢ — [m] be a simple tabulation hash function, v: X x [m] - R a
value function, and assume that Zje[m] v(x,j) =0 for all keys x € X.¢. Define the random

variable VE™Pe = > wese (@, h(x)). Then for all p > 2

simple
%

< Ll‘ljp (KC’VIC;_IMM Kc7;_10-12;) )
p

where K, = (Lgc)cfl, Ly and Lo are universal constants, and

2
max{log(m) + log <Z””e”v[z]”2> /C,p}

max,exellvfz]3

los [ ¢2 lolall ) 7

o8 <e m (maxxez“ Hv[x1||§> )

Proof. We will prove the result by induction on ¢. For ¢ = 1 it corresponds to using a
fully random hash function, and the result follows by Theorem A.5.

Now we assume that ¢ > 1 and that the result is true for values less than c¢. We
note that without loss of generality we can assume that M, = 1. Let w: ¢ — R be a
function defined by w(z) = |Jv[z]||3 and for X C ¢ we overload the notation of w to write
w(X) = cx w(z). Furthermore, we define wu.(X) = max,cx w(z).

Now applying Lemma A.28 we obtain an ordering of position characters
{ag,...,;a0—1} = [¢] x ¥ where r = c¢|¥|, satisfying that the groups G; =
{z e€X|a; €z Az C {ag,...,o;}} has the property that w(G;) < w(X¢) Y ewy, (X¢)V¢
for every i € [r].

We define the random variables

X = 3" e(@\ {ai))v(@,j ® Az \ {a})) .
z€G;
Y, = E(Oéi)X(h(ai)) 7

7

Yp =

for all i € [r],j € [m]. With this notation we have that
ygmele _y = 3y,
1€[r]
We let (Fi)ie[y) be a filtration where F; = o((h(ax),e(ak))refitr)) for @ € [r]. Tt is easy
to see that XZ(j) is F;_1-measurable, Yi(j) is F;-measurable, and E {Yi(j) ’]:1-,1] =0 for all
J € [m],i € [r]. We thus have that (Y;, F;);c[; is a martingale difference sequence. We

furthermore notice that ] )
T (k)
VarlY; | 7] mkez[:] (x)",
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for all j € [m],i € [r].
Let h': ¢ — [m] be a simple tabulation hash function independent of h, and &’: ¥¢ —
[m] be a simple tabulation sign function independent of . We define the random variables

Zi(J) = &/(a;) XU (@) We can now easily check that (Zi)ie|r) satisfies the properties
needed for Lemma A.46:

1. (Y| Fi—1) and (Z; | Fi—1) have the same distribution for every ¢ € [r].
2. The sequence (Zi)ig[r] is conditionally independent given F,_;.
3. (Z; | Fi—1) and (Z; | Fr—1) have the same distribution for every i € [r].
4. (Y; | Fi-1) and (Y; | 0(Fi-1, (Zk)gefi+1)) have the same distribution for every i € [r].
Now Lemma A.46 then implies that
Novill <MDz (A.34)
i€[r] p i€[r] »

We now use that (Z;);c[,] are conditionally independent given h, so fixing h and using
Theorem A.5 we get that

i€lr],j€[m] m

@)?
Z Z; | h|| <16e%, ( max ‘Xz‘(j)‘ 7 Ziclrl,jelm] (Xﬂ ) ) ) (A.35)

i€[r]

Since W, (AM, \202) = AW, (M, 0?), we then use Lemma A.15 to get that

i€lrl.i€lm] )
1/2
1 @l L ()2
R R Wl Y RS
’ p
S0 x0f| L x)?
=V ! ie[ﬂl’?g[m}‘ ' ‘pjm ie[r%é[m]< Z ) /2
’ p

We set p = Inax{p, log(m) + log(%) /c} With this notation we have that

p
2m Y g v(w’)?)
(S epmlv@l)’

Yo =

log <minxezc
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We start by bounding Hmaxie[rwe[m] ’Xi(j )‘H . By the induction hypothesis we get
P
that

ze[gl,}d?[ml ‘H S’ze[fl,??[ml w
(x )
i€lr],j€[m]
<

\ /P
m max Xi(j)Z)

1€[r] 7€lm]

205G \*
<|m Z L]f‘lfp (Kc17;,§_2a Kclw

1€[r]

c—2 (G) p 1p
o— Tp "W Gy
<I (mZ\pr <chp 2 K, 1pm) ) .

1€[r]

An easy observation is that W;(M,0?)P is a convex function in o?. So using that

max;e(y w(Gi) < w(X) e (8€)1/¢ and that Yicf) W(Gi) = w(X°) we get that

ilseim J)‘H
€ r,je
wine) \ 1/¢ 1/p e (20)1 /ey (Ec)l/c
<L (m <w05(222)> > \I/ﬁ <Kc I’Yp -2 s Kot L m

c=2,,(ney1=1/cy, (eyl/e
< L1€\I}ﬁ (KC—I’Y;_2,KC_1’YP ( ) - OO( ) )

(A.37)

The last inequality follows since p > log(m) + log<wlzf;l)) /c.

by using the triangle inequality and

AN 2
We will bound Hzie[mqm] (Xi(j)>
p/2
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Lemma A.18.

I I PO |

i€[r].j€lm] /2 ze[r] J€[m]

_1 max{ p/2 Z w(G5)

M i€lr
1og< pONE ) o

(e}

<K’ P ‘.
7 g 2 | [ 2
TEX Tofa]|?

<K, 17; Lw(%9)

< K, Lw(ze) .
(A.38)
Here K/_; is the constant depending on ¢ — 1 which we get from Lemma A.18.
Now combining eq. (A.36), eq. (A.37), and eq. (A.38) we get that
N (X.(f))Q
U, [ max ‘XZ(J) | el jelml 7
i€[r],j€[m] m
P
B 76_2w e l—l/cw e 1/c w(e
< \/§qu <L1€‘I’p <Kc—17; 2>Kc—1 j4 ( ) OO( ) ,K07; 1 ( )
m m
B ’}/C_QU)(EC)I_I/CU} (Zc)l/c
=20, (Lle% (Kc_w; 2 Ko 1t — Kyl
(A.39)

Now we will consider two cases depending on w(%°).

In this case we will show

Case 1. w(¥) < (pe *Ke_175~ 2)0/(c 1)m< )1/(2(;71)

that,

Woo (22¢)

(A.40)

c=2,,(3¢ 1_1/Cwoo seyl/e
Lyie¥; (Kc_wgz,Kc_ﬂp &) - =9 < Keyp !
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We first notice that

c—2 1-1/c c\1/c
1 w(E€) Woo (3)
K, 2 =

K2 1’71276 !
w(EE) Ve, (5e)1/e
mKe 175
(e 2K o 1752) m2e-2)/ eV (510)~(e=D/el2e=D)yy (s16)1/e
mKe_175 2
ey <woo(2‘f)>1/ (e (A.41)

m

1/(2¢—1)
PR N 15
a:GEC m

1/(2¢-1)
s fofal 2
: p(zeECmnv[ ]||2>

<e%p.

Now by Equation (A.18) we get that
7;2“}(20)11/0,“}00(20)1/0)

m

LieV, (KC_W;Q, Ky

b

K. c—2
1 pmKZ_ v 1
e log (Ec)l 1/cw (Zc)l/c

S L16

p -2
<y TN, D17
| <2( npese M) >
og [ €2 ( mingexe 5

llvl]lly
c—1
< 2LlCI{c—lr}/p
< Koyt

,ylc)—2w(zc)171/cwoo(2c)1/c

oz )1/ (2e-1)

< e 2p c
=¢ p(maxxez miofa]||2

Ke_
Where we have used that —<— o
K2
17p

which follows from eq. (A.41), and that 2L1cK.1 < K..
Now combining eq. (A.34), eq. (A.35), eq. (A.39), and eq. (A.40) we get the result.

1/(2¢—1)
Case 2. w(X) > (pe 2K 175~ 2)6/(0 Yim (ﬁ) In this case we will argue
that
B ,yc—Qw(Zc)l—l/cw (Ec)l/c B
v, (Lle% (Kc_w; 2 Kot = Koy tw(E)
m (A.42)

< SV Keyp lw(E) .
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We use eq. (A.18) to get that
,YEZw(Ec)ll/cwoo(Ec)l/c>

m

Lle\I’;ﬁ (Kc—17;27 K.y

c—2 1—1 1
w(Xe /e~ (De)l/e
< max ng\/pKC_lfyp ( ) m OO( ) 7L1%]5Kc—17;72

We apply eq. (A.18) again to obtain that

c—2 c\1-1/¢ c\1/e
Yy cw(E) T Cweg (X) _
v, (Lle\pp (K 1 Ko -2 = , Keys ()

m
c—2,,(e)1-1/c $eyl/e
Ty w(E) T we ()

w(X _
<maX{2\f Kc - 15_”))26])[/16\1] <Kc—l’y;c) 27KC—1

m

Combining the two estimates give us that
c—2 c\1-1/¢ c\1/e
Yy cw(X ) Woo () _
v, (Lle\llp (K e Kt > Ko (29

Ec)l /ey (Ec)l/c
m

w _ _
< max 2\[ K C ! -, 417\/ K. 1 a%pp[(c—lfyz 2

We will show that the max is equal to 1,/p\/ K5 w(z ) which will show eq. (A.42).

c)1—-1/c c\l/c
First we show that 2\[ Yo lwg Llp\/ﬁKc 1 2 w(E) — woo(E) e note
Koy c—1 w(=°)
that this equivalent with showing that — p T m - > 1,
w(g(‘)l 1/cqy (Ec>1/c
Gp 2pKe— P
by

4ch c-1 )
L2 _ Seyl-1/c (€ 1/c
Tép2ch_1"/p w(X€) — Woo (£9)

_ 4K, puw(E9)'
LiKc1 ppwe(T€)H/e

_ e—o\1/(c—1 ef m V(1)
iKW (pe2K. 17572) le=1), 1/ (W)

> .
L%KC,1 ﬁ2woo(zc)l/c
4K, (e72K, )"V m O\
B LiKc <w00(zc)>

el 2 VD
log(mineexe “piLiiE" )

2/(2¢—1
1K, | em ||vm||§> ey

> min
= 2 7-1-1/(c—1) 2ozl 2\ 2—1/(c=1) (I c 2
LK log (mingenr Stz ) e olallly
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Now by using Lemma A.47 we get that

IK, 1 m vl ) ey

2 prl=1/(e=1) e2m/|v[z]||? 2—1/(c-1) (;ﬂl% 2
CLK tog (ming exe SR ) €2 o]l

AK % 2—1/(c—1)
> C
= apgl e ((2 —1/(c—1)(2e— 1>)

S 4K, ( e )2
T 22K /D \2e

= —Kc C_2
1-1/(c—1
KD

Now K. = (L2c)® and K. < (LQC)C_I so we get that

c 2
Ke c 2> (L2c) 2= (L2> >1.

BT 2 G L
The last inequality follows by choosing Lo > L. Combining it all we get that
4ch c—1 (ri: )

(Ec)lfl/cw (Ec)l/c 2 1

GppK,

c /cw c\1l/c
p\/ch 17” WENH woo (26! as we wanted.

m

This implies that ,/p

Next we show that l\f c%c, 1“’(2 ) > EpﬁKc 1 2. Again we note that this

ch’YL 1 w(E )
equivalent with showing that L‘é Pm __ >1,
2¢—4

1662p p K 1’Yp B

ch c—1w(E)

DYy m
1662]7 p2K2 1726 4
_ 4e’K, (EC)

- LIKZ | mpp?ag S

_ 9 2\¢/(c—1) 1/(2c-1)
| ACK, (Pe™? Ke17577) m (525)
LIKZ mpiyg
4K, 1

v

1/(2¢—1)
e?m |v[z]|3
a2 1/(c—1) | b 2
e?muv[x1||2) zexe  |jv[z]|]]

log (min e Lok
1/(2¢c—1
1K, 1 m ||v[g;]||§) /(e

> min
- 2 7-1-1/(c—1) . e2mlvla]||? 2-1/(e=1) <x€2° 2
eL?K,”, log<mlnx€2c alll %ug) lvf]ll;

eL2K) /Y
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Again we use Lemma A .47 to obtain that

4K, 1
€L2K1 1/(5 1)

1/(2¢—1)
em ||vm||§)

. e2ml|v[z]||? 2-1/(e=1) (3?/6112% 2
log<mlnxggc ||U‘[‘x1[u%”2) lo[z]l{

1K, e 2-1/(c—1)
er2k /e \2e— )2~ 1/(c— 1))

. AK, e \2-1/(c-1)
= en2i e (4?)

4Kc < 1 >21/(cl)
1-1/(c=1) \ 4,
L%Kc—l/( ) 4c

K.
- 1-1/(c—1
ALK}

v

Now K. = (Lac) and K.—1 < (LQC)C_I so we get that

Kc c—2 > <L20>c C—2 _ <L2>2 >1
4K}V T ALY (L) 2Ly) ~

The last inequality follows by choosing Lo > 2L;. Combining it all we get that

1 1w(Ee)
K C
m2 4 1.
1662p p2K2 1’7]70

This implies that 1,/p % 1w(2 ) > LppK,_ 17572
This proves eq. (A.42) and combmmg this with eq. (A.19) we get that

c—2 c\1-1/¢ c\1/¢
Y w(E) T woeo (X€) -
v, (Lle\IJp <K 1 Kot — , Koy w(59)

w(se )) (A.43)

m

<\pr<K LKAt

:\ij(Kc'yp 1 Kc c—1 2) )

’U

Now combining eq. (A.34), eq. (A.35), eq. (A.39), and eq. (A.43) we get the result. [

A.4.2 Concentration Results for Mixed Tabulation Hashing

In this section, we will prove two different concentration results for mixed tabulation
hashing. The first is a version of Khintchine’s inequality for mixed tabulation hashing,
and the proof is the simpler of the two. The other result is a strengthening of Theorem A.7
by using the strength of mixed tabulation hashing.

We will first introduce some notation.
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Definition A.53. Let h: 3¢ — [m] be a mixed tabulation function with d derived charac-
ters, and let hy: X¢ — [m], ho: ¢ — %, and hz: ¢ — [m] be the three simple tabulation
function defining h, i.e., h(x) = h1(x) ® hs(ha(x)).

Let e1: X¢ — {~1,1} and e3: ¥¢ — {—1,1} be independent simple tabulation sign
functions. We define e: 3¢ — {—1,1} by

e(x) = e1(x)es(ha(z)) .
We say that ¢ is a mixed tabulation sign function associated with h.

Theorem A.54. Let ¢: £¢ — {—1,1} be a mized tabulation sign function with d > 1
derived characters, and let w: 3¢ — R be a weight function. For all p > 2 then,

Y wlx)e(@)

xrEe”

< Vel [ w(w)? (A44)

p rede

Here K. is as defined in Lemma A.18 and v, = max{l, m}

Proof. We will prove the result for d = 1. For d > 1 we fix the last d —1 derived characters
and incorporate them into the weight function. This will only change the sign of the weight
function for some keys, thus the result follows from the case with d = 1.

We let e1: ¢ — {—1,1}, h: ¢ = X, and e9: ¥ — {—1,1} be the three simple
tabulation functions used to define ¢, i.e., e(z) = e1(z)ea(h(x)).

We can now write,

Y w@el@)|| = | D w@)ei(@)ea(h(z))
reXe P zeX® D
— [ 3 ex(e) 3 wle) (h(e) = alei(a)
aeX reEXC p
We fix h and ¢; and use Lemma A.41 to get that
Z ea(@) Z w(z) [h(z) = a]er(z) | hyer
acd rexne p
2
ENADS (Z w(a) [h(z) = of al<m>>
aeY¥ \zeXec

We define the value function v: 3¢ x ¥ — R by v(z,a) = w(z) [ = 0]. We can then
write,

Z (Z w(x) [h(z) = o 51(:1:)) = Z (Z e1(z)V(z,a® h(:];)))

5111/2

ey exe €ex exe
a x «a T /2



A.4. STRONG CONCENTRATION FOR TABULATION HASHING 125

Now we use Lemma A.18 to get that

2
Z (Z 81(1‘)‘/(33,04 ® h(ﬂ?))) < KCV;/Q Z w($)2

acey \zexc /2 rexe
< KC’V; Z w(x)2 :
reX®
Putting it all together, we get that
1/2
Z w(x)e(x)|| < \/ep (chy; Z w(a:)2>
reXc reXC

p

= \/EKC\/f)'yg/2 Z w(z)? .

rexe

O]

Before proving the next result, we will first argue that we only need the symmetric
case, similarly, as we did for simple tabulation.

Lemma A.55. Let h: X¢ — [m] be a mized tabulation function with d derived characters
and v: X¢ x [m] = R a value function. Then for every p > 2,

< gctd

3 el@)o(, hiz)

reXC

Y

> (vl h(2) - Elo(a, h(x))])

reXe

p p

where £: X¢ — {—1,1} a mized tabulation sign function associated with h.

Proof. The result follows by two uses Lemma A.48. Fixing ho and h3 and using
Lemma A.48 we get that

3 (v(x,h(:c))—E[v(a:,h(a:))]) ho, hs
reXc p
= | > (0@ b (@) @ hy(ha(@)) = Blo(w, i (2) © hy(ha(@))]) | ha, bs
reXC P
<2°|| 3 e1(@) (vl b (@) @ ha(ha(@)) = Blo(w, b (@) @ ha(ha(@))]) | ha,hs

ree
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Now we fix hi, ho, and €1 and use Lemma A .48,

2| 37 e1(@) (v(w, b (@) @ ha(ha(2))) = Blo(e, b (2) @ ha(ha(@))]) | br, k2,21
rexe P
< 27N " ey (@)es(h)v(w, b (x) @ ha(ha(2))) | ha, ha, 61
reXe p
=2\ N " e(@)o(x, h(x)) | h, byt
rede p

O

We can now prove the concentration result for mixed tabulation. The proof is very
similar to the proof of Theorem A.7 and is again quite long and technical.

Theorem A.10. Let h: ¢ — [m] be a mized tabulation function with d > 1 derived
characters, v: X¢ x [m] — R a value function, and assume that Zje[m] v(z,j) =0 for all

keys x € ¥°. Define the random variable V>4 = 3> . v(z, h(z)). For all p > 2 then

|

where K. = L1 (Lac)®, Ly and Lo are universal constants, and

log(m) — p } .

Yp = maxs 1, ,
: { log(|%]) " log(|X])

mixed
Vs

< U, (KeygMy, Kesor) (A.45)
p

Proof. We will prove the result for d = 1. For d > 1 we fix the last d— 1 derived characters
and incorporate them into the value function. This does not change the variance and the
result then follows from the case with d = 1.

We can assume without loss of generality that M, = 1.

We let hi: ¢ — [m], he: 3¢ — X, and hz: ¥ — [m] be the three simple tabulation
functions used to define h, i.e., h(z) = hi(z) ® hs(ha(z)). Similarly, we let e1: ¥¢ —
{—1,1} and e3: ¥ — {—1,1} be the two simple tabulation sign functions used to define
g, l.e., e(x) = e1(x)es(ha(x)).

We can then write,

vl = S c(a)o(a, j & i)
reXne

— Z e1(x)es(ha(x))v(z, j ® hi(x) ® hg(ha(z)))
e

= Z e3(a) Z e1(x) [ha(z) = a]v(z,j @ hi(x) @ hs(a)) .

aEX TeEXC
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We define the value function wvp: ¥ x [m] — R by wpla,j) =
Y zese €1(x) [ha(z) = a]v(z, j ® hi(z)). This allows us to write,

Vvvmixed — Z 53((1)Uh(a7j ©® hS(OZ)) .
acX

If we fix h; and hs then Theorem A.5 give us that

2
. wesicim] Vn(e, J
v | by, o | < sew, ( max  |vn(e, )|, 2aesjelm) V() > . (A.46)
p a€X,je[m] m
As in the proof of Theorem A.7 we will use Lemma A.15.
Zaez j€[m)] Uh(a7j)2
1% j 2
» (aeg?ém] on(en, )], &
P
(A.A47)
. 1 .
< \/é\ij aergllaé([m] ”Uh(Oé,])| ’ E Z ’Uh(Oé,j)2
7 p a€X,jE[m] /2

Now we want to bound Hmaxaez,je[m] |Uh(a,j)\Hp and Hzaezje[m] vh(a,j)QH . We
’ D

define the value function v’: X¢ x ([m] x ¥) = R by ¢'(z, (j,«)) = [a = 0]v(z,j). We
then get that

(e, j) = D er@) (@, (j © ha(2), @ ® hy(2))) -
TSI

/ 2
Clearly, we have that the support of v' is at most m for all z € X¢, thus ”Z/E”% < m for
2
all x € 3¢,

We define p = max{q, log(m |X|)}. This implies that Yo = %-
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We can now bound the moments of max,ey; je[m) [vr(c, )| by using Theorem A.7.

s esdl| <] s e
1/p

<[ X @il

a€X,jE[m]

o\ 1/

<{ Y D a@@(emn@),as h2(3«")))'

a€eX,je[m] llzede B

N\ /P

<X mpwy (60 (0 () e

1/% c—1 c—1 Zx ye ||,U[x]||§
= (m 2" M1 (L“’ R S

2
< eM ¥y (Lg’ () L () |021> ’

where Lgl) is a constant depending on ¢ as given by Theorem A.7, M; is universal constant,
and

/ 2
log(m|S]) + 10g(zxezellvmnz> e

maxg e sel|v/[z]]3

;- p
Tp A log(e ) log (¢ [=])
We note that v, < 2v, since,
ILL‘ 2
log(m |%]) + log (mza)g:eZECB"vE[i”zF) /c
! — Imax < 2 p
e log(e =) "log(e =)
< max{log(mlﬁ\)+10g(m|2\c)/c’ P }
log (e |%]) log (e |X])
log(m |X]) p }
< 2max ,
{log(elEl) log (e |X])
=2, .
So we have that
2
M < enyw, (2001 opMae-12 Y A48
e ()| < by (22057, 20005 1 (A.18)

p
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We bound the moments of ) s icml vp(, 7)? by using Lemma A.18. We get that
for all ¢ > 2,

Z Uh(aaj)Z = Z (Z ’U/(l', (]@hl(x>7a®h2(x))))

a€X,je[m] a€eX je[m] \zeXe

p p
< ol () | 5 Il
= e D oge D)) xchU il (A.49)
=LY lvfa]ll3
e
<Ko Y vl]ll3 -

rexe

Where LEQ) is constant depending on ¢ as given by Lemma A.18.
Now combining eq. (A.47), eq. (A.48), and eq. (A.49), and we get that

ey, jelm] m

. v a, -\ 2
\I/p< max ‘Uh(a’j)”ZaGE,]e[m] h( J) )

P (A.50)
2
<el, <6M1\I/]3 (2L<> =1 2L (Dot |§;) ,KCW;UZ) :

We will now consider three different cases.

Case 1. 02 < (2 2¢-3L ! )) (e \2]) 2‘3+1) . In this case we will show that

2

We first see that

2L 2
(2205)° 2 e
_ e L) (e R (A.52)
- 2L( 1|y
< ¢ 2p|s| TED
< 672]5 .



130 APPENDIX A. MOMENTS OF TABULATION HASHING

By eq. (A.20) we get that

1) -1 D 1) -1
eM; <2L£ Iygt, 2L {Nng IE!> <eM T 2L{V7;
log( QL(I) c 1£ )
Bl
]5 c—1

< QeMngl) T Yp
log <€2 |E|4(20+1))
< 8eMiL{M(2¢ + 1)75
< 24ecM1L(l) ¢
S KC’Yp .
P22’ 1
Here we have used that YA 02 > e2 |42+ which follows from eq. (A.52) and

that K, > 24ecM, LY.
Now combining eq. (A.46), eq. (A.50), and eq. (A.51) we get the result.

1
Case 2. 02 > (2L )pye! (e [2)) T2 and p< |9 2@, We will show that

2
v, <eM1\1/ﬁ< 2L{Myet 2L My~ 1’2|> ,chy;(ﬂ) < Vp\/ K02 . (A.53)

We use eq. (A.18) to get that

2 2
U, <2L(1)'yc ! 2L( )% \Z|> <max{ pQL(l) o 1|UE‘ L e 1} .

We again apply eq. (A.18) to obtain that
2
v, (eMl\IJﬁ (QL(l)’yc Lop{(Mqe 1\2|) ,Kc»y;a2)

2
§max{%\/@/Kc'y}§UQ,Agl\Ilp <2L£1 el or~e Yy |E])}

Combining the two estimates give us that

2
-1 c—1 c 2
v, (eMlxpp <2L( Iyt 2L(MAe |Z|> Koo )

N _ .02 )
émax{éx/ﬁ Kergo?, MYEDp o Sy 1}

We will show that the max is equal to 3,/p Ky50? which will show eq. (A.53).
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/ (1
First we show that 3 5P nyp o2 > M 1 L DYy b 2| . We note that this equivalent

K.
. . PYpo
with showing that M2L(f) : — >1,
] PYp =1
K 1
et 2Ke wlBl 0 2K. |5 o 2K, [5[%CeAD
27 (1) 1 = 1 = 1 :
MELEY ot 2t CoaznY) e Y plogl(elS)) T a2ph  log(e X))

Now by using Lemma A.47 we get that

2K, |E\m S 2K. (e|E\)m 2K, ( e ) K
M12L,(;1) log(e|X]) — e]\412L£1) log(e|X]) — eMlngl) 2(2¢+1) 3M12L£1)c ’
Now K. = (Lac) and LV = (T1c)“ where T} is universal constant determined by Theo-
rem A.7. Now choosing Lo large enough we get that so we get that

K. B LS
sv2LMe  BMET{T' T

Combining it all we get that

Keppeg?
Tp%?"
(1)

>1.
a2
2]

/D
This implies that 1,/p Ky50? > M12 \fL p1 [pys U as we wanted.

Next we show that 2[ cfyp02 > MIL ppvp -1 Agam we note that this equivalent

Kcm
g Pln? >1

() s

v R U T

P2y

with showing that

Lo K, o2
Mz (L0)’ B _< (1)>2m§2%§_2
lg@ ) p2]52%§c 2 ML

K. (2¢3LM)pre! (e |zr> T2
(M1L9>)2 PP

1
2Kc ( |E|) 4(2c+1)

~eM2LV  plog(e[X)
1
2Kc ( |E|) 2c+1

~enzrt  log(e X))

A\
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Again we use Lemma A.47 to obtain that

1
2K, (e|x])4e+D) > 2K, ( e > S K,
eM2rt) log(elZ) 7 a2V \ 42+ 1)) 7 gen2rMe
Now K, = (L2c)® and LM = = (T1c)® where Ty is universal constant determined by Theo-
rem A.7. Now choosing Lo large enough we get that so we get that

K. LS
.~ gear2Te 1 =
66M12Lc c 66M1T1

Combining it all we get that

Ke pnCr2
SEpyso
( (ﬁ)lzwp >1.
M2(LE o
—g PP
2 M1L c—1
This implies that 2[, [ Keyjo? > pp’yp .
This proves eq. (A.53) and combmmg this with eq. (A.19) we get that

5102

v, <eM1x1/p <2L(> 1 2L(Me IE\> ,Kﬂ;a?> <, (KAS Keyio?) . (A4

Now combining eq. (A.46), eq. (A.50), and eq. (A.54) we get the result.

1 1
Case 3. o2 > (26_3L((;1))]§’y§_1 (e \2])1_4(20“) and p > (e \E|)1_2(2C+1) . In this case we
will exploit that |V*¢d| < |53, This implies that H‘/,Umixede < I3[% so if we can prove
that

L1V, (Ko, Keyso®) > |3)° (A.55)

then the result follows.
We use eq. (A.19) to get that

v, (Kc’)/pa c'Yp ) \/> 0710;02

1
\/2K (26_3L(1)) 2c— 1 ‘Z’) 4(2¢+1)

20—}—1.(1_ 1 )

B o (e|) 2(2c+1)
>1\/2e 3K, Irs ST
log(e|X[) 2
1
(e |2|)CJr4

> \/2e3K, L -

log(e =) "7
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Now we use Lemma A.47 to get that
(e >< e >2>(e>262_1
2c—1 = _ = \ 4, :
log(e |E\)CT 2(2¢—1) 4c
Combining this we get that

2c—1
e e e 2C_1
W, (Keg Kogo?) =V 2e 3K L (e[3)° (1) 2 zv2e-3lzlc\/KcL£1) (=) -

We have that KCLEI) = czc_leTQC_1 where 77 is a universal constant and 75 is a universal

determined by Theorem A.7. Choosing T} large enough we get that \/ KCLS) (4%)26_1 >

L%. Thus eq. (A.55) follows and the result is proven. O

A.5 Lower Bounds

Similarly, as in the proof of Lemma A.4, we will use the following result by Latata [Lat97]
that gives a tight bound for p-norms of sums of independent and identically distributed
symmetric variables.

Lemma A.56 (Latata [Lat97]). If X, (Xi)iec[n) are independent and identically distributed
symmetric variables and p > 2 then,

p/n 1/s
S| < w2 (%),
S \P

p

max{2,2} <s Sp} ,

and

p(n 1/s
> Xi|| > Kasup <> X1,
s \p

p

max{2,2} <'s §p} .

Here K1 and K9 are universal constants.

We start by proving the lower bound for uniformly random hash functions which will
serve as a base for the other lower bounds. We show the following lemma.

Lemma A.57. Let h: U — [m] be a uniformly random function and let v: U x [m] — R
be a value function defined by,

1-L jfj=0
’U(:Ea]):{ 1m ij

. )
- otherwise
m

for all x € U. Then for all 2 < p < L |U|log(m),

S (e, h(@))

zelU

> Ly¥, (M,,02) ,

P
where L1 and Lo is a universal constant.
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It is easy to check that this implies Theorem A.9.
Proof. We will consider the value function, v: U x [m] — R, defined by,

, — L ifj=0
v@J)Z{_lm

. M
= otherwise
m

We then have that o2 = |U| L (1 — L) and M, = 1. The goal is then to prove that

> wv(z, h(x))|| = La¥y(l,00) . (A.56)

zeU

p

We then use Lemma A.37 to get that

3 e(@)o(e, b))

zeU

1
2 )

S (e, h(@))

zelU

>

p p

where e: U — {—1, 1} is uniformly random sign function. We can now use Lemma A.56,
> fysupd 2 (1Y 1/s||v(x h(z))| max{2 L} <s<
Z Ko 8up s p ) s O [ = ° = b .

P

We will argue that [|v(z, h(z))||, > 1 (£ (1 - %))1/5 for all s > 2,

S e(@)o(e, b))

zeU

lo(a, b)), = (& (1 - 5)°+ 1 - 1) (2"

— GO (a0 ()
S S— S— /s
> (5 (=AY (max{ (0 D) ()7
>L(La-Ln”
This implies that
1 1 1/s
§€($)U($,h(l‘)) > %sup g U5 (; m)> maX{Q, fﬁ} <s<p

p

2\ 1/s
It is easy to see that the function s — g (%) is maximized at s* = 10g(%). It is

easy to check that log(g%) > |%| when p < Ly |U|log(m) for a sufficiently large universal
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constant L;. We then get that

The last equality follows by eq. (A.17). This proves eq. (A.56) and finishes the proof. [J
Now we are ready to prove the lower bound for simple tabulation hashing.

Theorem A.9. Let h: ¥¢ — [m] be a simple tabulation hash function, and 2 < p <
Ly [X|log(m), then there exists a value function, v: Ux[m] — R, where ;1 v(x,j) =0
for all keys x € 3¢, and for which

v

> (e, h(x))

xEe”

Z K(/:‘I/p (’Yg_le’Y;_loj) )

p

where K/ = L§ and Ly is a universal constant, and

p
> lolez !
1°g<e m (maxsese ) )

Proof. We will define a value function, v: 3¢ x [m] — R, for which mingexe

L <. We then have that

Yp = maxy{ 1,

lvlzllly _

llvl] It

Yp = maxq 1,

If v, = 1 then the result follow by Theorem A.G, so we assume that v, > 1. We let
S=[1+ [1])]¢! x & and formally define the value function, v: ¢ x [m] — R, by,

0 ifegs
v(z,j) = 1—% ifreSandj=0 .

- otherwise
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For every i € [c—1], we define A; to be the event that T'(, o) = T'(4,0) for all o € [1+[v,]].
We note that

We then get that Pr {/\ie[cfl} Ai] > eple-1),
If /\z’e[c—u A; happens then we can set j* = ®i6[c—l] T(i,0). Now we define the value
function v’: ¥ x [m] — R, by
1 e %
- iftg=y
U/ a, A m 1 .
(.9) {7}1 otherwise

We then get that

Y ol@ (@) =Y (@ h@) =Y (1+ )" (@ T(c-1,a).

rexne z€S acy
This implies that

S v(a, b))
e p
- | S v(a, h(@))
zeSs

1/p

+E (/\ Ai)c (Zv(az,h(az)))p

i€[c—1] zeS

2
i€[c—1] z€es

[ /\ Ai] Zv(x,h(:c))

p

1/p 1/p

A 4

i€[c—1]

D (Z (1 1)) (0 Te — 1, a>>)

aEeX

Pr|: /\ A;

i€lc—1]

1/p

A A

1€[c—1]

>e“(1+ ) 'E (Z v(a, T(e—1, a)))

aEX
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Now we use Theorem A.6 to get that

e Tle-1,0)) | N Al =LE,1,070),
a€X i€[c—1] »

where 02 = L (1 — 1) |¥|. Combining it all we have that

thmmszu+mw*ma(;(n)m)

TeXC

—en, (1 ) 0 L L (1= ) 1)
> o1ty (45 (1= L) B+ b))

The equality follows since W,(AM,\?0?) = AU, (M,o?). We have that
La-L)sa+ 17))¢™! = o2 so this finishes the proof. O

A.6 Adding a Query Element

The goal of the section is to prove that the result holds even when you condition on a
query element. We start by proving the result for simple tabulation.

Theorem A.12. Let h: ¢ — [m] be a simple tabulation hash function and let ¢ € X°
be a designated query element. Let v: 3¢ x [m] x [m] — R a value function, and assume
that 3 ;i v(@,j, k) = 0 for all keys € U and all k € [m]. Define the random variable

Vimple _ > rese\(q) V(@ h(2),h(q)) and the random variables

M, , = max v(x, 5, h ,
; %WH%KWH( Jj (@)

w2 D v k@)

xGEC\{q}JG[ ]
which only depend on the randomness of h(q). Then for all p > 2

1/p
:| S\Ilp (ch)/p M7Q7KC el Q,q) )

: p
B[ (Vi) | n(a)
where K, = L4 (Lgc)c_l, Ly and Lo are universal constants, and

max{log(m) +log<zz€””1}[x IF > /e, p}

maXgexc||v H [$ ”2

o\ —1
oo )

o =
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Proof. We start by defining a partition of X¢\ {q}. Write ¢ = (ag,...,a.—1) and for
I C [c], we define G; C ¢ by

Gr={zeX\{¢}|Viel: (i,aq;) ExAVi&I: (i,q;) & x}

This clearly gives a partition of 3¢\ {¢}. Using this we obtain,

simple
&

mol| = X vl ni@),nie) | alo)

P fleemevie) )

= > @ h(@), h(q)) | (h((; 00)))ierg|| | P(a)

zeXe\{q} P »

<D D2 ol k@), (@) | (A((, ) )iera]| | 7(a)
IQ[C] ZEG] P
Now using Theorem A.7 we get that,
Do || D2 vlah(@).h(@)) | (G ai)iega| | Bla)
1€[d ||z€Gy ,
Z\pr( s My g Ko IE S TS w(, g,k ) h(q)
I z€GT j€[m] P
= U [ Koy My g, Koy R ST S o, g, b
I¢[q] zeGy je[m]
S\I’ (22CKC,YC leq722CKc c—1 12;(1) )
The last bound follows by using eq. (A.22) from Lemma A.32. O

We now prove the result for mixed tabulation when conditioning on a query element.

Theorem A.13. Let h: X¢ — [m] be a mized tabulation hash function and let ¢ € X°
be a designated query element. Let v: ¢ x [m] x [m] — R a value function, and assume
that 3 ;i v(@,j, k) = 0 for all keys x € U and all k € [m]. Define the random variable

Voimple _ > rese\(q) V(@ h(2),h(q)) and the random variables

M, , = max v(z,j,h ,
a xeza\{q}’je[m]l( J:h(q))]

w2 D v@ah@)

ﬂceEc\{q}JE[m}
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which only depend on the randomness of h(q). For all p > 2 then

B[(vam)! | ni)]"" < w, (Ko, g Korfo?,) (A57)

where K. = L1 (Loc)®, L1 and Ly are universal constants, and

log(m) — p } .

vp = maxy 1, ,
3 { log(|%]) " log(|%])

Proof. We start by defining H = o((h1((i, a:)), h2((7, @i)))ie|q). Now we get that,

= > vz h@),h(qg) | hig)

zex\{q}

mixed
V 7q

(a)|

p

p

= > wl(@ h(z),h(q) | H|| | hlq)

€2\{q} ) )

IN

Yo el Y al@ole, i) ® hs(a), k() [ha(x) = a] | H|| | hlg)

aeX\{h2(q)} reXC

P D

+ > ealha(g))er(@)v(x, hi(x) ® ha(ha(q)), h(q)) [ha(x) = ha(q)] | H|| | h(q)
ze€X\{q}

P

For the second term we use Theorem A.12 to get that,

Y. ehe(@)e (@)l hi(z) © hy(ha(q)), h(q)) [ha(z) = ha(a)] | H|| | h(q)

zex\{q) » )

T, (220K07;—1Mv,q, 220K07;—103,q)
\Ilp

<
2c c 2¢c C 52
< (2 Kc’Yvag; 2 KCVva,q)

For the first term we use the same proof technique as in the proof of Theorem A.12. Write
q=(ag,...,ac.1) and for I C [c], we define G; C X¢ by

Gr={zeX\{¢}|Viel: (i,;) exAYigI: (i,0;) & x}
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This clearly gives a partition of ¢\ {¢}. Using this we obtain,

Yo ) Y al@uz () © ha(a), h(g)) [ha(x) = o] | H

€=\ {h2(9)} zene )

< Y. ea) Y ai(@)(e ha(@) © ha(@), h(g) [ha(z) = o] | H
1

Cle] [|aeX\{h2(q)} z€Gy

=

Y el Y al@l@ () ® hy(a), b (g)) [ha(z) = o] | H

aeX\{h2(q)} reGy

~
iN
o

IN

D eala) Y er(@)o(a, hi(z) ® ha(e), K (q)) [ha(z) = o] | H

IS z€Gy

~
in
o

We then use Theorem A.10 to get that,

YD ea@) Y ei@)o(e, ha(w) ® hy(a), W (q)) [ha(z) = o] | H

Icld [Jaex ved
<290, (Kc'Y;zcszﬂqv K07150121:Q)
< Uy (2 KerpMog, 2 Kergon ) -

p

Now combining everything we get that,

|

which finishes the proof. O

Vit | ()| < 2w, (KoM 20 Kol

< W, (22K My g, 22T K02,
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A.1 Statistics over k-partitions using mixed tabulation

We will now describe how mixed tabulation hashing is used for statistics over k-partitions.
The description of the application is largely copied from [DKRT15] but now we can use our
new strong concentration bounds for mixed tabulation hashing to obtain stronger results.

We consider the generic approach where a hash function is used to k-partition a set into
k bins. Statistics are computed on each bin, and then all these statistics are combined so as
to get good concentration bounds. This approach was introduced by Flajolet and Martin
[FM85] under the name stochastic averaging to estimate the number of distinct elements
in a data stream. Today, a more popular estimator of this quantity is the HyperLogLog
counter, which is also based on k-partitioning [FFGa07; HNH13]. These types of counters
have found many applications, e.g., to estimate the neighborhood function of a graph
with all-distance sketches [BRV11; Cohl14]. Later k-partitions were used for set similarity
in large-scale machine learning by Li et al. [LOZ12; SL14a; SL14b]. Under the name
one-permutation hashing, Li et al. used k-partitions to gain a factor k in speed within the
classic MinHash framework of Broder et al. [Bro97; BCFMO00].

We will use MinHash for frequency estimation as an example to illustrate how mixed
tabulation yields good statistics over k-partitions: suppose we have a fully random hash
function applied to a set X of red and blue balls. We want to estimate the fraction f
of red balls. The idea of the MinHash algorithm is to sample the ball with the smallest
hash value. With a fully-random hash function, this is a uniformly random sample from
X, and it is red with probability f. For better concentration, we may use k independent
repetitions: we repeat the experiment k times with k independent hash functions. This
yields a multiset S of k& samples with replacement from X. The fraction of red balls in S
concentrates around f and the error probability falls exponentially in k.

Consider now the alternative experiment based on k-partitioning, assuming that k is
a power of two. We use a single hash function, where the first log k bits of the hash value
partitions X into k bins, and then the remaining bits are used as a local hash value within
the bin. We pick the ball with the smallest (local) hash value in each bin. This is a sample
S from X without replacement, and again, the fraction of red balls in the non-empty bins
is concentrated around f with exponential concentration bounds. We note that there are
some differences. We do get the advantage that the samples are without replacement,
which means better concentration. On the other hand, we may end up with fewer samples
if some bins are empty.

The big difference between the two schemes is that the second one runs (k) times
faster. In the first experiment, each ball participated in k£ independent experiments, but
in the second one with k-partitioning, each ball picks its bin, and then only participates
in the local experiment for that bin. Thus, time-wise, we get k experiments for the price
of one. Handling each ball, or key, in constant time is important in applications of high
volume streams.

The above approach, however, requires a very powerful hash function. The main issue
is the overall k-partitioning distribution between bins. It could be that if we get a lot of
red balls in one bin, then this would be part of a general clustering of the red balls on a
few bins (examples showing how such systematic clustering can happen with simple hash
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functions are given in [PT10]). This clustering would disfavor the red balls in the overall
average even if the sampling in each bin was uniform and independent. This is an issue
of non-linearity, e.g., if there are already more red than blue balls in a bin, then doubling
their number only increases their frequency by at most 3/2. We note that k-independence
does not by itself suffices to give any guarantees in this situation.

Using mixed tabulation hashing We will now show mixed tabulation can be applied
in the above application using selective full randomness from Theorem A.19 in tandem
with the concentration from (A.14). Combined they give:

Let h : 3¢ — {0,1}* be a mixed tabulation hash function using d derived
characters. Let M be an ¢-bit mask with don’t cares. For a given key set
X C X€ let Y be the set of keys from X with hash values matching M. If
Q(|Z]) = E[Y] = |Z](1-9(1)), then with probability 1—O(|X|'~1%/2]), the free
bits of the hash values in Y are fully random. Moreover, with this probability,
Y] = EY](1 £ O(y/(og ) /[S]).

s
Recall here our hash tables need space O(|X|) which then has to be a logarithmic factor
bigger than k. This may motivate 16-bit characters rather than 8-bit characters, but on
modern computers this still fits in fast cache.

We a set X of n red and blue balls, and for simplicity in our analysis, we assume
that the ratio between them is at most a factor 2. If n < |¥|/2, Theorem A.19 with
all bits free states that the balls hash fully-randomly with high probability. This means
that any analysis based on fully-random hashing applies directly. Otherwise let ¢ =
[log(n/(2|X|/3)]. We study the set of balls Y that has ¢ leading zeros in their local hash
value. These ¢ bits are the fixed bits in the mask Theorem A.19. The expected size of Y
is between |X|/3 and 2|X]|/3, so by Theorem A.19, w.h.p., all other bits in the hash values
of Y are fully random, including both the global index of log k bits and the tail of bits in
the local hash value after the ¢ leading zeros. Moreover, (A.14), imply that the size of YV
is at most a factor

For the k-partitioning, we need k to be bounded relative to the alphabet size as k <

1+ 0(/(log [Z])/[Z]) = 1 £ O(v/1/k)

from its mean, and the same holds for the ratio between red and blue balls in our simple
case where there are more than n/4 of each.

We claim that, w.h.p, all bins get a ball from Y. We know that E[|Y|] > |¥|/3 >
2kdIn |X|/3, so w.h.p., |Y| > kdIn|X]|/2. Consider now any bin ¢. Since the bin indices are
fully random, the probability that i gets no ball from Y is at most (1 — 1/k)kd(nI=1/2) <
1/|%|%2. A union bound now implies that all bins get a ball from Y with probability
1—k/|8|92 > 1 — |2 —4/2

Since every bin contains a ball from Y and these are the balls with ¢ leading zeros in
their local hash, the MinHash ball from X in each bin is from Y. Since all keys from Y
have at least ¢ leading zeros in their hash values and all other bits are fully random, this
means that, w.h.p., the result of the experiment is exactly the same as if we applied it to
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Y using a fully random hash function, and our concentration bounds imply that the ratio
between red and blue balls is well-preserved from X to Y.

The important point in the above analysis is that it is only the analysis that needs to
know anything about n. This is important in more complicated contexts, e.g., streaming
where n is not known in advance, or in set similarity where red balls represent the inter-
section of sets while the blue balls represent their symmetric difference, and where we use
the k-partitions to compare sets of many different sizes. We know that mixed tabulation
hashing is almost as good fully random hashing as long as k < zu‘l%lm'

The above description is very similar to the one of Dahlgaard et al. [DKRT15]. The
difference is that we now have the right concentration bounds for twisted tabulation,
e.g., Dahlgaard et al., had the additional constraint that k < ] which is

log [3[(loglog [X])2*
completely unnecessary.
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Dansk resumé

The Sparse Johnson-Lindenstrauss Transform of Kane and Nelson (SODA 2012)
provides a linear dimensionality-reducing map A € R™** in /5 that preserves distances
up to distortion of 1 + ¢ with probability 1 — &, where m = O(¢~%log1/§) and each
column of A has O(em) non-zero entries. The previous analyses of the Sparse Johnson-
Lindenstrauss Transform all assumed access to a Q(log1/d)-wise independent hash
function. The main contribution of this paper is a more general analysis of the Sparse
Johnson-Lindenstrauss Transform with less assumptions on the hash function. We also
show that the Mized Tabulation hash function of Dahlgaard, Knudsen, Rotenberg, and
Thorup (FOCS 2015) satisfies the conditions of our analysis, thus giving us the first
analysis of a Sparse Johnson-Lindenstrauss Transform that works with a practical
hash function.
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B.1 Introduction

Dimensionality reduction is an often applied technique to obtain a speedup when working
with high dimensional data. The basic idea is to map a set of points X C R" to a lower
dimension while approximately preserving the geometry. The Johnson-Lindenstrauss
lemma [JL84] is a foundational result in that regard.

Lemma B.1 ([JL84]). For any 0 < £ < 1, integers n,u, and X C R" with |X| = n, there
exists a map f: X — R™ with m = O(¢~2logn) such that

Yw,w' € X,

1 (w) = F ()], = lw = wlly] < & lw—w']l,.

It has been shown in [AK17; LN17] that the target dimension m is optimal for nearly
the entire range of n, u, . More precisely, for any n, u, € there exists a set of points X C R
with | X| = n such that for any map f: X — R™ where the Euclidean norm is distorted
by at most (1 =+ &) must have m = Q(min {u, n,e ?log(?n) }).

All known proofs of the Johnson-Lindenstrauss lemma constructs a linear map f. The
original proof of Johnson and Lindenstrauss [JL84] chose f(z) = Ilx where IT € R™*
is an appropriately scaled orthogonal projection into a random m-dimensional subspace.
Another simple construction is to set f(z) = ﬁAx where A € R™** and each entry is
an independent Rademacher variable.! In both cases, it can be shown that as long as
m = Q(¢ 2log 1/8) then

vw e RY, Pr[[[f @)l — lwl3] > e w]] <. (B.1)

The Johnson-Lindenstrauss lemma follows by setting 6 < 1/(}) and taking w = z — 2’ for
all pairs z, 2 € X together with a union bound. (B.1) is also known as the distributional
Johnson-Lindenstrauss lemma and it has been shown that the target dimension m is tight,
more precisely, m must be at least Q(min {u, e ?log1/d}) [JW13; KMN11].

Sparse Johnson-Lindenstrauss Transform. One way to speed up the embedding
time is replacing the dense A of the above construction by a sparse matrix. The first
progress in that regard came by Achlioptas in [Ach03] who showed that A can be chosen
with i.i.d. entries where A;; = 0 with probability 2/3 and otherwise A;; is chosen uniformly

in :l:\/% . He showed that this construction can achieve the same m as the best analyses
of the Johnson-Lindenstrauss lemma. Hence this achieves essentially a 3x speedup, but
the asymptotic embedding time is still O(m ||z||,) where ||z||, is number of non-zeros of
T.

Motivated by improving the asymptotic embedding time, Kane and Nelson in [KN14],
following the work in [DKS10; KN10; BORI10], introduced the Sparse Johnson-
Lindenstrauss Transform which maps down to essentially optimal dimension m =
O(e72logn) and only has s = O(s~!logn) non-zeros entries per column. This speeds

! A Rademacher variables, X, is a random variable that is chosen uniformly in +1, i.e., PriX =1] =
Pr[X =-1] = %
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up the embedding time to O(s~!logn|z||,) = O(em|z||,) thus improving the em-
bedding time by a factor of e~!. It nearly matches a sparsity lower bound by Nel-
son and Nguyen [NN13] who showed that any sparse matrix needs at least s =

Q(e711og(n)/log(1/¢)) non-zeros per column.

Using Hashing. When the input dimension, u, is large it is not feasible to store the
matrix A explicitly. Instead, we use a hash function to calculate the non-zero entries
of A. Unfortunately, the previous analyses of the Sparse Johnson-Lindenstrauss Trans-
form [KN14; CJN18] assume access to a Q(log 1/6)-wise independent hash function which
is inefficient. This motivates the natural question:

What are the sufficient properties we need of the hash function for a Sparse
Johnson-Lindenstrauss Transform to work?

The goal of this work is to make progress on this question. In particular, we provide a
new analysis of a Sparse Johnson-Lindenstrauss Transform with fewer assumptions on the
hash function. This improved analysis allows us to conclude that there exists a Sparse
Johnson-Lindenstrauss Transform that uses Mixed Tabulation hashing which is efficient.

Mixed Tabulation Hashing. Before introducing Mixed Tabulation hashing, we will
first discuss Simple Tabulation hashing which was introduced by Zobrist [Zob70]. Simple
Tabulation hashing takes an integer parameter ¢ > 1, and we view a key x € [u] =
{0,...,u—1} as a vector of ¢ characters, zo,...,zc_1 € X = [u'/¢]. For each character,
we initialize a fully random table T;: ¥ — [2"] and the hash value of x is then calculated
as

h(z) = Tolzo] ® ... & To1[we—1],

where @ is the bitwise XOR-operation. We say that h is a Simple Tabulation hash function
with ¢ characters.

We can now define Mized Tabulation hashing which is a variant of Simple Tabulation
hashing that was introduced in [DKRT15]. As with Simple Tabulation hashing, Mixed
Tabulation hashing takes ¢ > 1 as a parameter, and it takes a further integer parameter
d > 1. Again, we view a key = € [u] as vector of ¢ characters, zg,..., 2.1 € ¥ = [u/].
We then let hi: ¢ — [27], ho: 2¢ — ¢ and hs: ©¢ — [2"] be independent Simple
Tabulation hashing. Mixed Tabulation hashing is then defined as follows

h(z) = hi(x) ® hs(ha(x)).

We say that h a mixed tabulation hash function with ¢ characters and d derived characters.
We call hy(z) € X¢ the derived characters. Mixed Tabulation hashing can be efficiently
implemented by storing hi and hs as a single table with entries in [27] x ¢, so the whole
hash function can be computed with just ¢ + d lookups.
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Our Contributions. Our main contribution is a new analysis of a Sparse Johnson-
Lindenstrauss Transform that does not rely on the high independence of the hash func-
tion. Instead we show that it suffices that the hash function supports a decoupling-
decomposition combined with strong concentration bounds.

We show that Mixed Tabulation hashing satisfies these conditions. This gives the first
instance of a practical hash function that can support a Sparse Johnson-Lindenstrauss
Transform.

B.1.1 Sparse Johnson-Lindenstrauss Transform

As mentioned earlier, the Sparse Johnson-Lindenstrauss Transform was introduced by
Kane and Nelson [KN14] and they provided two different constructions with the same
sparsity. Later a simpler analysis was given in [CJN18] which also generalized the result
to a more general class of constructions. In this paper, we will only focus on one of the
constructions which is described below.

Before we discuss the construction of the Sparse Johnson-Lindenstrauss Transform,
we will first consider the related CountSketch which was introduced in [CCF04] and was
analyzed for dimensionality reduction in [TZ12]. In CountSketch, we construct the matrix
A as follows: We pick a pairwise independent hash function, h: [u] — [m], and a 4-wise
independent sign function o: [u] — {—1,1}. For each x € [u], we set Ay, = o(z)
and the rest of the z’th column to 0. Clearly, this construction has exactly 1 non-zero
entry per column. It was shown in [TZ12] that if m = Q(¢72571) then it satisfies the
distributional Johnson-Lindenstrauss lemma, eq. (B.1). The result follows by bounding
the second moment of || Az||3— ||z||3 for any = € R? and then apply Chebyshev’s inequality.

The bad dependence in the target dimension, m, on the failure probability, ¢, is be-
cause we only use the second moment. So one might hope that you can improve the
dependence by looking at higher moments instead. Unfortunately, it is not possible to
improve the dependence for general z € R, and it is only possible to improve the de-
pendence if ||x||c2>o / ||z||3 is small. Precisely, how small ||xHio / |z||3 has to be, has been
shown in [FKLI18]. So to improve the dependence on d, we need to increase the number
of non-zero entries per column.

We are now ready to describe the construction of the Sparse Johnson-Lindenstrauss
Transform. The construction is to concatenate s CountSketch matrices and scale the
resulting matrix by ﬁ This clearly gives a construction that has s non-zero entries per

column and as it has been shown in [KN14; CIN18] if s = Q(e!log(1/§)) then we can
obtain the optimal target dimension m = O(e~2log(1/d)). More formally, we construct
the matrix A as follows:

1. We pick a hash function, h: [s] x [u] — [m/s] and a sign function o: [s] X [u] —
{-1,1}.

2. For each z € [u], we set A;.p,/sih(in)e = %\/g) for every i € [s] and the rest of the
2’th column to 0.
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In the previous analyses [KN14; CJN18], it was shown that if & and o are (log1/d)-
wise independent then the construction works. Unfortunately, it is not practical to use
a Q(log1/d)-wise independent hash function so the goal of this work is to obtain an
analysis of a Sparse Johnson-Lindenstrauss Transform with fewer assumptions about the
hash function. In particular, we relax the assumptions of the hash function, h, and the
sign function, o, to just satisfying a decoupling-decomposition and a strong concentration
property. The formal theorem is stated in Appendix B.3.

We also show that Mixed Tabulation satisfies these properties and thus that the Sparse
Johnson-Lindenstrauss Transform can be implemented using Mixed Tabulation. Let us
describe more formally, what we mean by saying that Mixed Tabulation can implement
the Sparse Johnson-Lindenstrauss Transform. We let hy: %€ = [u] — [m/s], hg: ¢ — X%
and hz: X% — [m/s] be the independent Simple Tabulation hash functions that implement
the Mixed Tabulation hash function, hy(z) ® hg(ho(x)). We then extend it to the domain
[s] x [u] as follows:

1. Let h%: [s] x ¢ — X4 be defined by h4(i,z) = ha(x) @ (4,...,i), i.e., each derived
———

d times
character gets xor’ed by 1.

2. We then define h: [s] x [u] — [m/s] and o: [s] x [u] — {-1,1} by h(i,z) =
hi(z) ® hs(hh(i,x)) and o(i,z) = o1(x) - o3(h4(i,x)), where h; and hg are the
Simple Tabulation hash functions described above, and o1: ¥¢ — {—1,1} and
03: ¥% — {—1,1} are independent Simple Tabulation functions.

B.1.2 Hashing Speed

When we use tabulation schemes, it is often as a fast alternative to £2(logn)-independent
hashing. Typically, we implement a ¢-independent hash function using a degree ¢ — 1
polynomial in O(q) time, and Siegel [Sie04] has proved that this is best possible unless
we use large space. More precisely, for some key domain [u], if we want to do ¢t <
¢ memory accesses, then we need space at least u!/t. Thus, if we want higher than
constant independence but still constant evaluation times, then we do need space u$().
In our application, we have to compute many hash values simultaneously, so an alternative
strategy would be to evaluate the polynomial using multi-point evaluation. This would
reduce the time per hash value to O(log? ¢) but this is still super constant time.

With tabulation hashing, we use tables of size O(|%|) where |X| = u'/¢ and ¢ = O(1).
The table lookups are fast if the tables fit in cache, which is easily the case for 8-bit
characters. In connection with each lookup, we do a small number of very fast AC°
operations: a cast, a bit-wise xor, and a shift. This is incomparable to polynomial in the
sense of fast cache versus multiplications, but the experiments from [AKKR+20, Table
1] found Simple Tabulation hashing to be faster than evaluation a 2-wise independent
polynomial hashing.

Tabulation schemes are most easily compared by the number of lookups. Storing h;
and ho in the same table, Mixed Tabulation hashing uses ¢ + d lookups. With d = ¢, the
experiments from [AKKR+20] found Mixed Tabulation hashing to be slightly more than
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twice as slow as Simple Tabulation hashing, and the experiments from [DKT17] found
Mixed Tabulation hashing to be about as fast as 3-wise independent polynomial hashing.
This motivates our claim that Mixed Tabulation hashing is practical.

In theory, we could also use a highly independent hash function that uses large space,
but we don’t know of any efficient construction. Siegel states about his construction,
it is “far too slow for any practical application” [Sie04], and while Thorup [Thol3] has
presented a simpler construction than Siegel’s, it is still not efficient. The experiments
in [AKKR+-20] found it to be more than an order magnitude slower than Mixed Tabulation
hashing.

B.2 Related Work

Even Sparser Johnson-Lindenstrauss Transforms. As touched upon earlier, there
is a lower bound by Nelson and Nguyen [NN13] that rules out significant improvements,
but never the less there has been research into sparser embedding. In the extreme, Feature
Hashing of [WDLS+09] considers the case of s = 1. The lower bound excludes Feature
Hashing from working for all vectors, but in [FKL18| they gave tight bounds for which
vectors it works in terms of the measure |[w||%, / ||w|3. This was later generalized in [Jag19]
to a complete understanding between the tradeoff between s and the measure Hw”io / |wli3.
In this paper, we will only focus on the case s = O(¢~!log1/d) and m = O(c2log1/J)

Fast Johnson-Lindenstrauss Transform. Another direction to speed-up the eval-
uation of Johnson-Lindenstrauss transforms is to exploit dense matrices with fast
matrix-vector multiplication. — This was first done by Ailon and Chazelle [ACO09]
who introduced the Fast Johnson-Lindenstrauss Transform. Their original construc-
tion was recently [FHL22] shown to give an embedding time O(ulogu + m(log1/6 +
£ log?(1/6)/10g(1/¢))).

This has generated a lot follow-up work that has tried to improve the running
to a clean O(ulogu). Some of the work sacrifice the optimal target dimension,
m = O(¢ 2log1/d), in order to speed-up the construction, and are satisfied with
sub-optimal m = O(e 2lognlogu) [KW11], m = O(e %log®n) [DGCN+09], m =
O(e 1 log*? nlog®? u+e2lognlog u) [KW11], m = O(e~2log? n) [HV11; Vyb11; FL20],
and m = O(s2lognlog?(logn) log® u) [JPSS+22]. Another line of progress is to assume
that the target dimension, m, is substantially smaller then the starting dimension, u. Un-
der the assumption that m = o(u'/?) the work in [ALO0S; BK21] achieves embedding time
O(ulogm). The only construction that for some regimes improves on the original Fast
Johnson-Lindenstrauss Transform is the recent analysis [JPSS+22] of the Kac Johnson-
Lindenstrauss Transform, which uses the Kac random walk [Kac56]. They show that it
can achieve an embedding time of O(ulogu + min{ulog n, mlognlog?(logn)log? u})

Previous Work on Tabulation Hashing. The work by Patrascu and Thorup [PT12]
initiated the study of tabulation based hashing that goes further than what 3-wise indepen-
dence of constructions would suggest. A long line of papers have shown tabulation based
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hashing to work for min-wise hashing [PT13; DT14], hashing for k-statistics [DKRT15],
and the number of non-empty-bins [AT19]. Furthermore, multiple papers have been con-
cerned with showing strong concentration results for tabulation based hashing [PT12;
PT13; AKKR+20; HT22]. Tabulation based hashing has also been studied experimen-
tally where they have been shown to exhibit great performance [DKT17; AKKR+20].

B.2.1 Preliminaries

In this section, we will introduce the notation which will be used throughout the paper.
First we introduce p-norms.

Definition B.2 (p-norm). Let p > 1 and X be a random variable with E[|X|?] < co. We
then define the p-norm of X by || X|, = B[|X]"]"/”.

Throughout the paper, we will repeatedly work with value functions v: U x [m] — R.
We will allow ourself to sometime view them as vectors, and in particular, we will write

lwlly= /> > ()2

zeU je[m/s]

v = max v(x, 7).
oo = _gmax  [o(z. )

We will also use the ¥,-function introduced in [HT22].

Definition B.3. For p > 2 we define the function ¥,: R; x Ry — R as follows,

( o )1/pM ifp<logpM2

pM?2 o2
. 2
U, (M,0%) =4 5+/P0 if p< e
. M2 2
Ton M if max{log e, 62%} <p
o2

It was shown in [HT22] that W,(1,\) is within a constant factor of the p-norm of a
Poisson distributed random variable with parameter A. They also showed that ¥, (M, o?)
can be used to upper bound expressions involving a fully random hash function h: U —
[m]. Let v: U x [m] — R be a value function then they showed that

> vl h@)| CT([vll, 0l /m) |

zeU

<

where C' is a universal constant.

B.3 Overview of the New Analysis

Our main technical contribution is a new analysis of the Sparse Johnson-Lindenstrauss
Transform that relaxes the assumptions on the hash function, h. We show that if h
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satisfies a decoupling decomposition property and a strong concentration property then
we obtain the same bounds for the Sparse Johnson-Lindenstrauss Transform. Both of
these properties are satisfied by h if h is Q(log 1/6)-wise independent so our assumptions
are weaker than those of the previous analyses.

In this section, we will give an informal overview of new approach. The technical
details and the formal statement of the result will be in Appendix B.4.

In order to describe our approach, we look at the random variable

Z=lAwlE-1="3" 3 olia)oliy) (hG.2) = i) wew,. (B2)

1€[s] z#yE€u]

Here w € R" is a unit vector. With this notation the goal becomes to bound Pr[|Z] > ¢].

The first step in our analysis is that we want to decouple eq. (B.2). Decoupling was
also used in one of the proofs in [CJN18], but since we want to prove the result for more
general hash functions, we cannot directly use the standard decoupling inequalities. We
will instead assume that our hash function allows a decoupling-decomposition. This will
formally be defined in Appendix B.4 and we will for now assume that our hash function
allows for the standard decoupling inequality. If we apply Markov’s inequality and a
standard decoupling inequality for fully random hashing we obtain the expression.

Pr[|Z| > ] < PE[|Z]"]

p

< <6_1;L>pE Z Z o(i, )0’ (i,y) [h(i, z) = W (i,y)] wewy

i€[s] z,y€u]

(B.3)

where (h',c’) are independent copies of (h,c) and p > 2. The power of decoupling stems
from the fact that it breaks up some of the dependencies and allows for a simpler analysis.

The goal is now to analyse HZie[s} > yelu o0, )0’ (i, y) [h(i, x) = h'(i,y)]wxwy‘ )
This is done by first fixing (W, o) and bounding
HZ@'G[S],je[m/s] >z 0 (6 ) [h(i, ) = j] wzaz’j‘ )
aij = Yy @ (6,y) [ (i,y) = jlwy. In order to do this, we will assume that the pair
(h,o) is strongly concentrated. Again the formal definition of this is postponed to

Appendix B.4, but informally, we say that the pair is strongly concentrated if it has
concentration results similar to those of fully random hashing.

We now take the view that |a;;| is the load of the bin (4, j) € [s] x [m/s]. The idea is
then to split [s] x [m/s] into heavy and light bins and handle each separately. We choose
a parameter k and let I be the heaviest k bins. Using the triangle inequality, we then get

using the randomness of (h,o) where
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that

Z Z = j] Waij|| < Z Z =7J] Wy

i€[s],j€[m/s] x€[u] P (i,5)€l z€[u]

+ Z Z = .7] We g

(i,4)€ls]x[m/s]\I z€u]

p

p

We show that the contribution from the light bins is as if the collisions are independent.
This should be somewhat intuitive since if we only have few collisions in each bin then the
collisions behave as if they were independent. In contrast, we show that the contribution
from the heavy bins is dominated by the heaviest bin. This turns out to be exactly what
we need to finish the analysis.

B.4 Technical Results

In this section, we will expand on the description from Appendix B.3 and formalize the
ideas.

Decoupling. Ideally, we would like to use the standard decoupling inequality, eq. (B.3).
Unfortunately, we cannot expect more general hash functions to support such a clean
decoupling. We therefore introduce the notion of a decoupling-decomposition.

Definition B.4 (Decoupling-decomposition). Let p > 2, L > 1, and 0 < v < 1. We say
that a collection of possibly randomized sets, (U, ), is a (p, L, v)-decoupling-decomposition
for a property P of a pair (h, o), if there exist hash functions h,: [s] x U, — [m/s] and
sign functions s: [s] x Uy — {—1,1} for all @ such that

Pr(|Z] >

p

YL T 0alia)ohiy) [halin) = W) wawy|| | 44

1€ [3] yeUa

(B.4)

p

where (hq,04) and (h,,ol) has the same distribution, and (hq,04) satisfies the property

(e %) OZ
P when conditioned on (h,, o) and U,.

The reader should compare eq. (B.3) for fully random hashing with eq. (B.4). There
are 3 main differences between the expressions.

1. The first thing to notice is that, in the decoupling-decomposition we sum over dif-
ferent sets (U,), where this is not needed for fully random hashing. We allow the
decoupling-decomposition to use a different decoupling on each of the sets U,. This
is very powerful since general hash functions are not necessarily uniform over the
input domain.
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2. For the decoupling-decomposition, we allow an additive error probability ~. This is
useful if the hash function allows for decoupling most of the time except when some
unprobable event is happening.

3. The last difference is that a much larger loss-factor is allowed by the decoupling-
decomposition than eq. (B.3). In the case of fully random hashing, we only lose a
factor of 4 but for more general hash functions this loss might be bigger.

Finally, we note that eq. (B.3) implies if (h,o) is 2p-wise independent for an integer
p > 2 then [u] is a decoupling-decomposition of (h, ) for any property P that is satisfied
by (h, o).

Strong Concentration. The second property we need is that the hash function is
strongly concentrated.

Definition B.5 (Strong concentration). Let h: [s] x U — [m/s] be a hash function and
o:[s] x U — {—1,1} be a sign function. We say that the pair (h,o) is (p, L)-strongly-
concentrated if

1. For all value functions, v: [s] x [m/s] — R, and all vectors, w € RY,

S S olisw)olis bl w)wa|| < Oy (Lol ol L ol w]3)  (B.5)

i€[s] zeU »

. . . p
33 ol ki | < [y i ol (B.6)

i€[s] zeU

p

2. For all vectors, w € RY,

2
> (Za(ivw)[h(w):j]wx) SLmaX{Slelgabgil/sllwllg}-

i€[s] je[m/s] \z€U /2
(B.7)

logm
< L——— . B.8
<oy ey lwle (B
p

We need essentially 3 different properties of our hash function to say that it is strongly
concentrated.

3. If p <logm,

max
1€[s],7€[m/s]

Z O-(i’ l’) [h(Z, :E) = ]] Wy

zeU
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1. The first property is a concentration result on the random variable

ZZ o(i,x)v(i, h(i, z))wy

s|xzeU

Here we need two different concentration results: The first concentration result,
eq. (B.5), roughly corresponds to a p-norm version of what you would obtain by
applying Bennett’s inequality to a fully random hash function, while the second
concentration result, eq. (B.5), corresponds to the best hypercontractive result you
can obtain for weighted sums of independent Bernoulli-Rademacher variables with
parameter s/m.”

The second property bounds the sum of squares

w=> ) (Za(i,x) [h(z’,x):jm) .

i€[s] je[m/s] \xzeU

The condition, eq. (B.7), bounds [[W|[,, by the maximum of two cases. The first
case corresponds to E[W], and the second case is motivated by applying eq. (B.6)
to

2

ZZZ Zmzzhzx)wx

Ze]ﬁ Sl]lx[m/ L i€[s] je[m] zeU »

While this at first glance might seem odd, it is roughly the best you can do, since
one can show that

max{ E[W],  sup Z Z Za iy )2 h(i ) W < ||W||p/2.

g

The final property is a bound on the largest coordinate,
maX;e[s] jem/s) | Yower 0 (4, 2) [A(i, ) = jlwy|.  The bound is a natural conse-
quence of eq. (B.6) for fully random hashing. Namely, for fully random hashing we

2A Bernoulli-Rademacher variable with parameter o is random variable, X € {-1,0,1}, with

Pr(X

=1]=Pr[X=-1]=a/2and Pr[X =0]=1-a.
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get that

Z U(i, .CC) [h(Z, 37) = J] Wy

zeU

max
i€[s],j€[m/s]

P

< max Za(i,x) [h(i,2) = jlwe
1€[s],j€[m/s] zelU logm

<e max o(i,z) [h(i, ) = jlwe

T igls],i€lm/s] ng:] )it ) =]

logm

logm
< L .
< ey Liggmnry Il

This derivation is not true for general hash function, but the hash function can still
satisfy eq. (B.8).

The results of [HT22] show that if the hash function h: [s] x U — [m/s] and the sign
function o: [s] x U — [m/s] is p-wise independent for an integer p > 2 then the pair (h, o)
is (p, K)-strongly-concentrated where K is a universal constant.

The Main Result. We are now ready to state our main result which is a new analysis
of a Sparse Johnson-Lindenstrauss Transform that only assumes that the hash function
has a decoupling-decomposition for the strong concentration property.

Theorem B.6. Let h: [s] x [u] = [m/s] be a hash function and o: [s] x [u] = {—1,1} be a
sign function. Furthermore, let 0 < e <1 and 0 < § < 1 be given, and define p =log1/J.

Assume that there exists constants Ly, Ly, L3, and 0 < v < 1, that only depends on
(h,o) and p, such that

1. There exists a (p,L1,7)-decoupling-decomposition, (Uy), for the (p,Lsa)-strong-
concentration property of (h,o)

2. For all vectors w € R", Y > oy wi < L3 [w]]3.
3. m > (16e"LIL3L3) - e ?log(1/6).
b5 > (64e3L1L§/ 2L3) -e~log(1/6).

Then the following is true

Pr(|Z] > e] <6 +1.

As discussed earlier, a fully random hash function satisfies all the property needed of
the theorem and thus gives a new analysis of the Sparse Johnson-Lindenstrauss Transform
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for fully random hashing. We will also later show that Mixed Tabulation satisfies the as-
sumption of the theorem hence giving the first analysis of a Sparse Johnson-Lindenstrauss
Transform with a practical hash function that works.

The main difficulty in the analysis of Theorem B.6 is contained in the following techni-
cal lemma. The idea in the proof of Theorem B.6 is to use the decoupling-decomposition
and apply the following lemma to each part.

Lemma B.7. Let h,h: [s] x U — [m/s] be hash functions and 0,7 [s] x U — {—1,1}
be sign functions. Let p > 2 and assume that there exists a constant L such that (h,o)
is (p, L)-strongly concentrated when conditioning on (h,), and similarly, (h,o) is (p, L)-
strongly concentrated when conditioning on (h,o). Then for all vectors w € RY,

SN ol 2)a(iy) (b ) = hli,y)] wew,

; U
i€[s] z,y€ p

2
<, (323032 |w||?, 32¢ L3 ||w|% ) + 36e3L—L
p 2 m 2

logm/s

2
lwllz -

The lemma shows that the expression has two different regimes. The first regime,
v, (32€3L3/2 HwH%,?)QeGLB’%Hng), is essentially what we would expect if each of

the collisions, [h(i,x) :E(i,y)], are independent of each other. The other regime,

3663Llogfn 75 ||w|]§, is essentially what you expect the largest coordinate to contribute.
Our analysis is inspired by these two regimes and tries to exploit them explicitly.

We start by fixing (h, o) and divide the coordinates into heavy and light coordinates. We
then show that contribution of the light coordinates is ¥, (32€3L3/2 ||w|]§ , 32€6L3% ||w]|;1)
which matches the intuition that if we only have few collisions on each coordinate then the
collisions behave as if they were independent. Similarly, we show that the contribution of
the heavy coordinates is dominated by the heaviest coordinate, namely, the contribution

. 2
is 3663L10g7;n/s |wl|3-

B.4.1 Mixed Tabulation Hashing

Our main result for Mixed Tabulation hashing is the following.

Theorem B.8. Let h: [s] x [u] — [m/s| and o: [s] X [u] — {—1,1} be Mized Tabulation
functions as described in Appendix B.1.1. Furthermore, let 0 < e <1 and 0 < § <1 be
given, and define p =log1/§.

If m > ~v3°e?log(1/6) and s > 7;’/265*1 log(1/6) where v, = Kcmax{l, ﬁ} for a
universal constant K.

Then the following is true

Pr[|Z] > ] <6 +e3° |57,
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The result follows by proving that Mixed Tabulation hashing has a
(p,4c+2,45*230% \Z|_d)—decoupling—decomposition and that Mixed Tabulation has
the strong concentration property. The main new part is in showing the decoupling-
decomposition while the analysis of the strong concentration property is modification of
the analysis in [HT22].

B.5 Analysis of the Sparse Johnson-Lindenstrauss
Transform

Lets us start by showing how Lemma B.7 implies our main result, Theorem B.6.

Proof of Theorem B.6. We start by using eq. (B.4) of the decoupling decomposition to
get that

Pr[|Z] > €]
P
_ L . .
! Z ! Z Z oa(i, 2)on(1,y) [hali, x) = hiy(i,y)] vavy +7
S S] 7’y€Ua P
Now we fix a and apply Lemma B.7 while fixing U,
Z Z 0ali, 2)on(i,y) [hali, z) = hiy(i,y)] vavy
i€ls] z,y€Uq P
373/2 6733 3
<, (326 Ly'%,32¢5L > > w?+ 36e Lglogm/s Z w?
€Uy
Using this we get that
Ly v
S LIS S oulim)oln) [rali.) = i) oo,
« i€[s] z,y€Uq p
L
<32 ( (3263L3/2 328132 ) D wi + 366" Lor / 3 w;ﬁ)
s gm/s
« £E€U GUQ

We now use that Y, >y w2 < L w3 to get that
L 373/2 6735 2 3 b 2
Z? Wy | 32¢7Ly"7, 32e°L° D w? + 36e Lzlogm/sng: w?

« z€Uq
3
>+366L1 /)|| 12

LsL 2
< 234 <\1z <3263L3/2 3266135
S m
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It can now be checked that if m and s satisfies the stated assumptions then

LsL 2
321 (g, (3263032, 3265035 ) + 36630y — L w2 < e e
p 2 1 2

s m ogm/s

Combining all the facts, we get that
Pr]|Z] > ] < (e (ete) ) +v=0+1.

This finishes the proof. O

The rest of the section is concerned with proving our main technical lemma,
Lemma B.7. First we need the following two lemmas from [HT22].

Lemma B.9. Let f: RY;, — Rx>¢ be a non-negative function which is monotonically
increasing in every argument, and assume that there exists positive reals (c)ic, and
(ti)iem) such that for all X > 0,

FOAtg, . A, q) < Af(toy -+ -y tn—1) -

Let (Xi)ie[n] be non-negative random variables. Then for all p > 1 we have that

1/a;
1/p 1l /
1f(Xos s Xp-1)ll, <n e | — = Flto, ... tno1) -

Lemma B.10. Let p > 2, M > 0, and o> > 0 then

1 1 1
5\/50 < V¥,(M, 02) < maX{Q\/ﬁa, 26pM} .

We are now ready to prove Lemma B.7.

Proof of Lemma B.7. We start by defining vy, vy, : [s] X [m/s] — R by,

Uh(ivj) = Z a(i,x)wm [h(’L,SE) = ]] )
zelU
v (i, 5) =Y ai, y)wy [Ri,y) = j] .

yeU

We then want to prove that

Z Uh(i7j)vﬁ(i7j)

i€[s],j€[m/s] »

<, (3263L3/2 lw]2, 326513 ||w||§) tae3p— 2

logm/s

2
lwllz -
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First we consider the case where ﬁ w5 > s|jwl|3. By Cauchy-Schwartz and
eq. (B.7) we get that

o | <l YD )| < Lt fwl}

1
icls].jem/s] icls].jelm/s] ogm/s

p p

We now focus on the case where ﬁ w3 < s|lwl3. We define 7: [m] — [s] x [m/s]
to be a bijection which satisfies that

[on(w(0)] = [on(w(1)] = ... = |on(m(m —1))] .

We note that 7 is a random function but we can define 7 such that it only depends on
the randomness of h and 0. We define k = [p/log(m/p)|, I = {n(i)|i € [k]}, and the
random functions v}, v} : [s] x [m/s] — R by

,U;L(Zhj) = Uh(iaj) [(Zvj) € I]7

Again we note that v;, and v} only depends on the randomness of h and o. We can then
write our expression as

> o)) =10 YT y)eni ki y))w,

i€[s],j€[m/s] » i€[s]yeU »
ZZ (i, y)vp, (i, h(i,y))w ZZ (i, y)vp (3, h(i, y))wy
i€[s]yelU » i€[s]yelU P
We will bound each of the term separately. We start by bounding

Hzie[s] ZyeUﬁ(i,y)vk(i,ﬁ(i,y))wa . We fix h and o and use eq. (B.6) to get
p
that

S S ol )i HV@W Wl [l

1€[s]yeU

Liogas Il [ 32 vh0.9)

(i,9)el

p
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We note that Z(i,j)EI vy (i, )% = MAX 7C (5] x [m/s],|.]|=k Z(i,j)GJ vp(i,§)%. We then get that

v (4,7)%]] = max vp(i,7)?
2, i) s e 2 )
(i,9)el (3,9)€J »
P\ /P
< Z Z Uh(ivj)Q
Jg[s]x[m/s},|J|:k (i,j)EJ p
1/p
ms
< . o
- ( k > s e ] 2 )
(i,9)eJ »
ing’ ms\1/p ems\k/p emslog(ms/p) 1/log(ms/p) 3
We use Sterling’s bound and get that ( fa ) < (T) < <#> <e’.

So we get that

h g7 < max PACY)

(i,9)el (i,7)€J

p

A standard volumetric argument gives that there exists a 1/4-net, Z C R’ with |Z| < 9%,
such that

> wali, ) sup > zijon(i,g)
(i.d)eT e e p

IN

sup Z 2i,jVn (i, J)
7 (ig)e

p

+ sup Z (2ij — 2ij)vn(i, )
2€R 2l =1 (5 jye s

IN

sup Z 2i,jVn (4, J)

z€Z , .7
(4.9)eJ P

+ sup |[z—7, Z vp (i, §)2

z€RY ||z]|,=1 (i,)€]
p

where 2/ € Z is the closest element to z, and as such |z—2l|, < 1/4.

Since there are at most 9% elements in Z then HSUpzeZ Z(ij)ejzi,jvh(i,j)H <
’ p
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9sup,ez HZ(i,j)eJ 2,50 (i, j)‘

, where we used that & < p. Collecting the fact we get
P
that

> (i, 32| <36sup || Y zijva(i, )
i,5)EJ

( o P laaes »
Using this we get that
3 2
PR v, YR I BRLICE)
(ij)ed
p
= xSl =k 22 2 zigon(ind)
(i.g)ed v
= 36¢3 JC[S]X%L%] Tt ﬁgﬁ/s Z Z o (i, 2) 2 h(im) (3, h(3, 7)) € JJwy
- ' Z€Hz||2:1 " ||igls] z€U »

We can then use eq. (B.6) to get that

36e3 max max o (i,2) 2 i [, b, 7)) € J]ws
Jg[s]X[m/s],‘J|:kZeRsXm/s Z Z ( ) 7h( s ) [( ( )) ]

l12ll,=1 " ||i€ls] €U

p
< 36¢° max max - lwlls 125
JC[s]x[m/s],|J|=k zeRsxm/s logm/s
HZ”z:l
p
=363, /L
oz 12

Combining the facts, we get that Hzie[s}ZyeUﬁ(i,y)vﬁl(i,ﬁ(i,y))wa <
p

2
3663L$ lwll-

We will now bound sz'e[s} ZyeUﬁ(i,y)vZ(i,E(i,y))wa . We fix h and ¢ and use
P
eq. (B.5) to get that

>3 56w )y | < || (Ellwllg [[ohlla s L ll [h]3)

: Hp
i€[s]yeU »

S
< || (Ll et + D) 22l )| -
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Now we use Lemma B.9 to get that,

S
[ (2 il [ el )] L ol )|

< v, (Lol o -+ D)1, 22 Tl 1] )

Since we assume that

Jw|3 < s|wl|3 then eq. (B.7) give us that HthH H

logm
2
Ls [[w][3-
We will now bound |jvy, (7 (k + 1))]l,- For this, we will distinguish between two cases:
Either p > logm or p < logm. Let us first case where p > logm. We will use that

vy, (m(k +1))] < W We then get that

< Zie[kJrl] ’vh m(i))]
- E+1
P
1/p
HZ(Z eJ Ui,jvh(iaj)H
< ( m >2k+1 max max ’ P
kE+1 Jﬁﬁ]xﬂ/s] (0i.1) (i yes€{-1,1}7 k+1
< m >1/p Hz(i?j)ej Ui,jvh(i’j)Hp
< max max 2
TElIlm ) su5) s peset-10Y k+1 k+1
We note that HZ (i) Tig V(i ] H = HZaceUZ (i.y)es (i, @)sij [h(i, ) = jlwg|| . Since
we have that p > logm then k > 1 Wh1ch implies that k+1 < 210g(m ok We then get that
ml om 2/ log(m/p)

(k+1) /P < (W) < 2¢3. We now use eq. (B.6) to get that,

Z Z o(i,x)s;j [h(i, ) = jlw|| = Z Z o(i,z)[(i, h(i,z)) € J] Si,h(i,x) We

z€U (i,5)e] i€[s] zeU

p p

Liog7s VT el
L VRl
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Combining this we get that [[vj (m(k +1))]|, < 4¢3 Llogﬁl/s \”/% We then obtain that,

3wyl Rl y)w,

] U
i€[s] y€ »

2
<2, (4’0, JL—L L

logm/p 52 4
gmp( %W ol 22 ol

If logm/p < 4logm/s then we get that,

2
> S ati e, | < V2w, (160092 fulf, 225 Jul)
ie[s]yeU »

<y, (3263L3/2 ||w\|2, L2* Hw||2>

If logm/p > 4logm/s then m/p > (m/s)* which implies that 23 < /pm. Using this
p16eSL3 logm/p

4
we get that — - Jﬁjmﬂiuw”? < 16¢°L,/pmlogm/p < 16eSL. Where we have used that
m Wil

Vslog1/x < 1. Now we use Lemma B.10 to get that

2
S S wli )l i Rl )| < V3V, (32e3L3/2HwH2,L2uwug)

eU
i€[s]y p

2
< ﬁ\/pmweffs lwll3
m
2
< 0, (812 fuly 3260}
m
Now let us consider the case where p < logm. By eq. (B.8), we get that

logm
max
i€[s],j€[m/s]

[l

lepmk+ D), S oli,2) (i, x) = 5] w,

= logm/s

P
We then obtain that,

. . logm 52
> 3 il B )| < m( e Mol 2% ||w\|%>
i€[s]yeU

p

/ 10gm
< \[\I/p <€L ||2a Hg>
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If s < m®* then we get that logm < 4logm/s and

[ logm 9 52 4 9 52 4
‘/5\1’:0 (eL Ll gm/s HszvL% Hsz S\/ill’p 46L3/2Hw||2,L% Hsz

as wanted. If s > m3/* then we get that peLLZ %‘;gm < ELmlog m < ELlolg/Qm < 16/eL, where

we have used that /zlog®1/xz < 16/e?. Again we use Lemma B.10 to get that

2 2
S S
v, (462 ful, L2 Jul) <\ fpsserr ful?

82
< v (8292 Jul, 32052 Jul).

Combining everything we get that

S S wli )l R w)wy|| < @, (32e3L3/2 lully 326913 ||wu2>

i€[s]yeU

P
2
3 SR <4 s ol
s|yeU » &

Now we conclude that

> i d)valis j)

i€[s],j€[m/s] »
Z >l y)oh (A y)wy|| + 1YY T, y)vh (i i y)w,
s)yeU » ic€ls|yeU P
<, (32e3L3/2 ol 32¢° L2 ;) + 4Lyt ol

Thus finishing the proof. O

B.6 Analysis of Mixed Tabulation Hashing

The goal of this section is to prove our main result for Mixed Tabulation hashing. The main
new results is in Appendix B.6.2 where we show that Mixed Tabulation has a decoupling-
decomposition. In Appendix B.6.3, we show that Mixed Tabulation also has the strong
concentration property. The proofs in Appendix B.6.3 are modifications of those found
in [HT22] for Mixed Tabulation hashing.
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B.6.1 Notation and Previous Results for Tabulation Hashing

We will need to reason about the individual characters of a key, x € 3¢, and for that, we
need some notation.

Definition B.11 (Position characters). Let ¥ be an alphabet and ¢ > 0 a positive integer.
We call an element (i,y) € [¢] x ¥ a position character of X°.

We will view a key z = (yo,...,%c—1) € X° as a set of ¢ position characters,
{(0,90),...(c=1,ye—1)} C [c] x ¥. We define the sets Ppgrtiar and Ppefip which con-
tains partial keys.

[c,Viel:a; €X}

partzal {{ Z 041 zEI ‘ @ 7£ -
0 #1C e, Iisan interval containing 0, and Vi € I : o; € Z}

prefm {{ i, az ZEI‘
For a partial key, m = {(i0, @), ..., (ik—1, @k—1)} € Ppartiat, we define I = {ig,...,ip_1}
to be the set of used positions. We will also write |7| = |I|.

For a simple tabulation hashing function, h: 3¢ — R, we will let h; for I C [c] to be the
hash function that only looks at the positions in I, i.e., h(z) = @, Ti[z;]. Similarly, for

hy: 2¢ — £ we will define h! for I C [d] to be the partial key restricted to the positions
1.

For m € Pyartiat and 7 € Pyrefiz, we define the random set Uy ; as follows
Uer={x€XmCa,1Chy(x)}
We also need the following lemmas from [HT22].

Lemma B.12. Let h: U — [m] be a uniformly random function, let v: U x [m] — R be
a fized value function, and assume that Zje[m] v(z,j) =0 for all keys x € U. Define the
random variable X, =3 v(x,h(x)). Then for all p > 2,

||XU”p S L\IIP (Mvﬂalz)) )
where L < 16e is a universal constant.

Lemma B.13. Let h: U — [m] be a uniformly random function, let e: U — {—1,1} be a
uniformly random sign function, and let v : U x [m] — R be a fized value function. Then
for all p > 2,

p
xEZUa-(s)v(x,h(x))Hp <L 1oaty 1Vl

where L < e is a universal constant.

Lemma B.14. Let h: ¢ — [m] be a simple tabulation hash function, v: ¥¢x [m|] - R a
value function, and assume that Zje[m] v(x,j) =0 for all keys x € U. Then for all p > 2,

> ol h(@))

reXC

2
v
<Ly, (Kwp ol Ko ‘J) ,
p
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where K, = (Lgc)cfl, Ly and Lo are universal constants, and

max{log(m) —i—log(zg”ezcv[x]”2 ) /¢, p}

maxgexe v 33]“2
oe [ 2 iz )
Og e“m maXzezc Hv[a;]”g

Lemma B.15. Let h: ¥¢ — [m] be a simple tabulation function, : 3¢ — {—1,1} be a
simple tabulation sign function, and v;: £¢ x [m] — R be value function for i € [k]. For
every real number p > 2,

Tp =

2
) Lemax{p,log(m
Z <Z E(:L‘)U(:L‘,h(I) @])) < e2mZze£C Zje[gn] 11)(1,]’)2 ||UH§ ’
]G[m] zeXe p 10g< ZzeEC(Zje[m]lv(mJ)l)Q )

where L 1s a universal constant.

B.6.2 Decoupling

Before proving the decoupling-decomposition for Mixed Tabulation hashing, we a general
decoupling lemma. We start by stating a standard decoupling result as found in [Ver18].

Lemma B.16. Let f;j: T xT — R be functions fori,j € [n]. Let (Xi)ic[n) be independent
random variables with values in T' such that E[f;;(X;, X;) | X;] = E[fi; (X, X;) | Xi] =0
for alli # j € [n]. Then, for every convez function F': R — R, one has

(> fX X)) | <EB|F@A Y fi (X X))

i#j€[n] i,j€[n]

where (X{)icn) is an independent copy of (Xi)ic[n)-
We slightly generalize the decoupling result as follows.

Lemma B.17. Let fiy, o 1joyjer: 1€ x T€ — R be functions for

00 sle—1,J0s---1Je—1 € [n]. Let (X@'(k))ie[n],ke[c] be independent random wvariables
with values in T such that

0 c—1 0 c—1) k
E |:fio,...,1'c,1,jg,..‘,jcfl((Xz'(o)a “n e aXi(C_l ))7 (X]('O)a cee XJ(c 1 ’ 'Lk [e\{1}> ( ](k))ke[c]:| =0,

(0) (e—1) (0) (c 1 x (k) _
B [figemiemrdories (X0 XD D XD [ (X et (K hcinin ] =0
(B.9)
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for allig...,ic—1,70y--Je—1 € [n] and all | € [c] with iy, # ji for all k € [¢|]. Then, for
every conver function F: R — R, one has

0 c—1 0 c—1
E|F Z fi07.--7ic—17j07---7jc—1 ((Xi(o)’ s 7Xi(c71 ))’ (XJ(O)’ T ’XJ(C*1 )))
00+ yie—1,J05--Je—1€[N]
VkeE|c|:ig#jk
. 0 c—1 (0 o-(c—1
<E|F |4 Z fZ‘O,.,_7ic—17j07---:jC71((XZ'(O)7...7X7:(cfl ))’(XJ('O)""’XJ('Cfl)))

10 eic—1,J05+-Jc—1€[N]

(B.10)

where (Xi(k))ie[n},ke[c] is an independent copy of (Xi(k)),-e[n]yke[c].

Proof. The will by induction on ¢, and the induction start, ¢ = 1, is exactly Lemma B.16.
Now assume that ¢ > 1 and that eq. (B.10) holds for ¢ — 1.

Throughout the proof, we use i and j as shortcuts for ig,...,i.—2 and jg,...,Jc_2
respectively. We also use Xj, Xj, and Xj to denote (Xi((?), X( )) (X(O) X(C_Q)),

lc—2 Jo 7T T )e—2

and ()A(Z((?), e ,)A(A(CJ)) respectively.

lc—2

We start by defining the functions, g;._, j._,: T x T — R for all i._1, jo—1 € [n], by

gic—hjc—l(x’y) = Z fi,icflijjcfl((th)’ (Xj’y))'

iOn-yicf?7j07-"7jcf2€[n}
Vk€[c—1]:ix#Jk

We note that eq. (B.9) implies that

c— c— k
Bgi s (000 | X <Xf Dictacte-n] =0,

1 1
E[gic—lajcfl(Xz( XJ(C ) ‘XJ(C s (X )ze[n],ke[c—u] =0,

for all ic—1 # je—1 € [n]. This implies that we can use Lemma B.16 while conditioning on
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(X™) el kele_1] to get that

c—1 c—1
E|F > fi,icfl,j,jcfl((XiaXz'(c,l ), (XjaXJ(C,1 )
0. ie—1,J052Jc—1€[N]
Vk€[c]sip #jik

c— c—1 k
=E|E|F ( Z gic,l,jc,l(Xi(cill)aXc(_1 ))) (Xi( ))ie[n],ke[cl]]]

te—1 75]'0— 1€ [’I’L}

c— >(c—1 k
<E|E|F (4 Z gic—lajc—l(Xi(c,ll)vXc(—l ))) (Xz( ))ie[n],ke[cl}]]

icfl »jcfle[n]

SBIF(4 Y fiesien (6 XD, (06,5570

1 Je—1
10 sle—1,J05--,Je—1€[N]
L Vke[c—l}zwé]k

We then define the functions, hyj: T¢I xT! — Rfor allig. .., ic—2, jo, .- -, je2 € [0],
by

hi,j((fﬂ(), v 71.(:—2)7 (y07 s 71'0—2))
-1 A le—1
= Z fi,icfl,j,jc,l((xo,-. 'a'IC*QvXZ'(:_l ))7(y0" "7?/672’X](‘CC_1))) .

te—1 7‘7671 € [n}

Now let ig...,%—2,J0,--.,Jc—2 € [n] and [ € [c — 1] with i} # j for all & € [c — 1] and let
H = hiy....i,_s.jo,....jen- Then again by eq. (B.9) we get that for

k k c— >(c—
E[hi,j(Xi,Xj) (Xi(k)>k€[c—1}\{l}’(Xj(‘k))ke[c—l]a(Xi( b X! 1))i€[n}]:07

k k c— c—1
E[hi,j(Xian) ‘ (ngk))ke[cfl}y (X]('k))ke[cfl]\{l}v (Xi( 1)7Xi( ))ie[n}] =0.
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7 7

We can then use the induction hypothesis conditioned on (X (e=1) X (C_l))ie[n} to get that?

-1 o (c—1
EIF[4 Y fuean (G X0 (X5, X))
10-sbe—1,J05--sJc—1€[N]
Vke[c—l]:ik;ﬁjk
-1) ¢ (c—1
—E|E|F |4 3 hag(Xi, X5) | (XY X e
10+ sTe—2,505++Je—2€[N]
L L Vke[c—l]zk;é]k
<E|B|F |4 3 hig (X, X5) | | (XY X )i
L L 10+ lc—2,J050-Je—2€[N]
0 -1 5 (0 o (e—1
—E|F |4 3 Fisor o (X X0 (O, XDy
L 10-sie—1,§05--sJc—1€[N]
This finishes the induction step and thus the proof. O

We are now ready to prove a decoupling lemma for Mixed Tabulation.

Lemma B.18.

Yo D (@) # hay)olis2)o(i,y) [h(i, 2) = h(i,y)] waw,

1€[s] z,yE€[u] P

< > 4T N o (6 2)a (0 y) [y gy (@) = B (6, y)] wewy

TrePpartial iG[S] x»yEUﬂ',T p
TePprefia:

(B.11)
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where
hi(i) = (@) @ by oy (7 (@) @ i @ T (2)))
& (h,e(2) @ hg,{T}cm“}C(x) @ i®-D))

o1,(6,0) = (01.1(2) © 03,y (W]} (@) @1 @ W) (2))
® (Ul,[c (x) ® o3 {T}C(hgr} (z) @ Z~®(d—1))>

) = (h“( )& Ty (hy) () @i @ by >)>
@ (h“”(y) ® hy grye (b (1) ® i®(d‘1))>
(hF ) @iohd(y )))

® <J1,1c(y) ® o3 {r}c( { }C( )@ Z-®(d—1))>

o1, (isy) = (m(y) © T3 ()

Futhermore, we have that

SN wk < a2t |wlf3 (B.12)

T x€Ux

for all w € R".

Proof. We will start by proving eq. (B.12). Let x € [u], now it is easy to see that there
exists 2°, m € Ppgrtiar such that m C x and similarly there exists d, 7 € Ppcpi, such that
7 C ha(x). We there have that there d2¢ pairs (7, T) € Ppartial X Pprefiz such that « € Ur -
and thus eq. (B.12) follows.

We will now focus on proving eq. (B.11). We start by defin-
ing the events A,,. for z,y € [u and T € Pyepiz by [Asys] =
[hz[m](l‘) = h27[\7|](y> = T] [h27{‘7|}($) 7é h27{‘7|}(y)}. We can then write

ST S (hala) # ha(y)] ol 2)o(iy) (b, ) = b, y)] wew,

1€[s] z,y€[u]

p

= X 3 Y Aeydolin)oy) b x) = b, y)] wew,

Tepprefzz ZG[ } 7y€[u]

< Z Z Z T,Y,T )J(iv y) [h’(Z? .%') = h’(i7 y)] Wa Wy

TePpr'efia: ZG[} 7y€[u]
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We then define the functions A, h,: [s] x [u] = [m/s] and o,,5,: [s] x [u] by

) = h1(2) © hs 1y (b (2) @) @ hy gye (b () @ i®07D)
) = 01(2)05, 4 (W (@) @10) - 05 (rye (W (2) @ @D
) = hi(y) @W{r}(h{ Yy) @) @ hy {r}c(hé () @ D)
) = o1 (@)as g (W (@) @) - 05 frye (B (2) @ D)

For a fixed 7 € P, cfir, We see that the expression

Y. Y [Avysloliz)o(i,y) [hi,z) = hii,y)] wew,

i€[s] z,y€u]

satisfies the requirement of Lemma B.16 for the random  variables
(P g3 (@), 03 (73 (@) )aes. So applying Lemma B.16 we get that

oY Y eysloti@)olioy) (bl a) = h(iy)] wew,

TEPprefin ||1€[s] z,y€[u] p
< DL 41D D A uloga)opiy) (b w) = B y)] wew,
TEPprefix ’L'G[S} x7y€[u] p

We can now rewrite this expression as follows,

Z Z Z [x 7& y] U|T|(i> 'r)m(lv y) [h\Tl(lv .%') = m(la y)] Wz Wy

TEPyrefiz ||1€[s] z,y€Elu] »

= Z Z Z Z Ny = 7| o, 2)0 (i, y) [hm(z x) = hy(i, y)] wawy
Tepprefiz ﬂ-EPpartzal 7/6[5] T ye[u]

< Z Z Z [SE Ny = 77] U|T|(i7 Q’J)W(’L, y) [h|7'\(zv l‘) = m(lv y)] Wq Wy
7€ Ppartial ||1€][s] z,y€u] »
TePprefiz

For fixed ™ € Ppyrtiar and 7 € Ppepir, We see that the expression

Z Z [:L‘ Ny = 77] U\T|(ia .T)m(l, y) [h|7'|(l’ I‘) = m(l, y)] Wy Wy

1€[s] z,y€[u]
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satisfies  the requirement of Lemma B.17 for the random variables
(hy,1e (), ho1e (), 01,16 (), 02,16 (l’))xe[u}. So applying Lemma B.16 we get that

Z Z Z [xNy =] U|T\(iv ."L‘)W(Z, y) [h\Tl(i’ ) = m(% y)] Wz Wy

TE Ppartial ||1€[s] z,y€(u] »
Tepprcfiz

< Z 4¢ Z Z [.%' Ny = 7r] JIW7|T‘(’L',.1‘)W(L y) [h[mm(i,l‘) = h1m|7‘(i,y)} Wa Wy

7Tefppa'r‘tial ie[s] %ye[u]
TEPprefi;v
This finishes the proof of eq. (B.11) and thus the lemma. O

Finally, we can prove that Mixed Tabulation has an (p, 4C+2,4€_23c%|2|_d)-
decoupling-decomposition.

Lemma B.19.

Pr[|Z] = €]
1 get4 L
< I Z S Z Z O'I,r,|7—‘(’t'7$)0'[m|7-|(i,y) [hlm|"'|(i7$) = hlﬂ7|7‘(i’y)] Wy Wy
7-‘—Eppcwtia,l ie[s} I,yEUﬁ,T
TEPprefiz

racg 2 5,
m
where

hr (i, 7) = (hLI z) @ h37{r}(h§:,} (z) @i h;}}c (x))>

® (hl,lc () ® h37{r}c (hér} (z) @ z—®(d71)))
. _ h{r} . ]’L{T}

® (auc (x) ® agﬁ{r}c(hgr} () @ i@(dq)))

E(Z’, y) = <hl,1(y) 2] m(hgl} (y) ®id hgl}c (y))>
D (hl,Ic (y) ® h3’{r}c (hér} (y) & ,L-®(d71))>

o1 (1,y) = (‘Tl,l(y) @ T{T}(hgj‘[} (y) ®id hg[}c (y))>

@ (1,1:(4) @ 75 e (W () @ 297D))

Futhermore, we have that

DD > wi<dX|uwl;

™ T x€Ur -
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for all w € R".

Proof. We use a union bound to obtain that,

Pr|Z| 2] <Pr||> > ou(@)or(y) [(ha(w), ha(2)) = (ha(y), ha(y)] wow,| > /2

i€[s] #y€E[u]
t |30 3 [ha(e) # ha(w)] 0, 2)or (i) (16, 2) = Bl y)] wew,| > /2
i€[s] z,y€[u]

For the first term, we use that

E|(Y. Y a1@oi(y) [(n(2), ha(z)) = (hi(y), ha(y))waw,])? | < 3 [|w Hg =7

i€[s] zFy€(u]

So applying Markov’s inequality, we get that,

Y. Y a@oiy) [(h(), ha(z)) = (h1(y), ha(y))] wawy| > /2

icls] vl
< 4e723° 2 p .
m

For the second term we apply Markov’s inequality for p and then the result follows by
Lemma B.18. O

B.6.3 Concentration

The goal of this section is to show that Mixed Tabulation is (p, v,)-strongly-concentrated

where 7, = Kc maX{L ﬁim} for a universal constant K. This is done in next 3 lemmas

that prove the individual parts of the strong concentration. They all follow the same
blueprint as the results in [HT22].

Lemma B.20. For any value function, v: [s]x[m/s], and any vector w € RY the following
concentration results for Mized Tabulation hashing holds

>3 ol hli o) < @y (35 ol Nl 5 003 wll3) , (B.13)
ic€ls] x€U »

. . . p
> > oliaolis iz || <y Jogie ool ol (B.14)
ic€ls] xz€U » &

Here v, = Kc max{l, ﬁiz‘} for a universal constant K.
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Proof. We start by rewriting the expression

> ol )i, bl x))w,

i€[s] zeU

p

= 13" 02() 37N i (@)uli, ha(z) @ hs(@)) [ha() = o & i] w,

aEX i€ls] zeU

p

We define the value function v': U x (X x [m/s]) = R by v'(x, (4,7)) = v(i,7) [i € [s]] w,.
We can then write our expression as

S oa() YN o1(@)u(i hi () & ha(x)) [ha(x) = a & i w,

a€X i€[s] zeU

P
= 1> o) Y V(= (0 @ ho(x), hs(@) @ b (x)))
a€cy zeU P
Now we start by proving eq. (B.14). We use Lemma B.13 to get that
> oa(a) v (@, (0 ® ha(x), ha(e) @ ha(x)))
aeX zeU p
5 |[1/2
<ofogs |5 T (S eom.sonm)
a€e¥ je[m/s] \zeU /2

Now we use Lemma B.15 to obtain that

2
Y Y (z (@ hate u@mm)

a€X jelm/s] \xzeU

p/2

<> > V@) (B.15)

zeU i€ je[m/s]

=Y > > vl swg

zeU i€X je[m/s]
2 2
=% l0ll3 llwll

This then give us that

Z oo(a) Z V' (x, (@ ha(x), hg(a) ® hi(z)))

acy xzelU

< ey Jrs—L— ol lwll,
Plogm/s

p

This finishes the proof of eq. (B.14).
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Now we focus on eq. (B.13). We use Lemma B.12 to get that

Z oo () Z V' (x, (o @ ha(z), hs(a) © hi(x)))

aEeXr zelU

p

where

A = max max

Z V' (z, (a ® ho(z), hs(a) @ h1($)))|

a€dl je[m/s] U

2

=y Y (z a@@()j@hlm)))
a€X jelm/s] \zeU

We apply Lemma A.15 to get that we just need to bound the two expressions

max max |3 v/(z, (o ® ha(a), ha(@) ® h()))
zeU p

2

> 5 (Seeemisn)
a€X jelm/s] \xzeU /2

From eq. (B.15) we have that

20 12
< oz lwlly

p/2

> > (Z (0 ® ha(x), j@hl@cm)

a€X jelm/s] \xzeU

Let p = max{p,log(m/s-|X|} and use Lemma B.14 to get that

max max
a€Y je[m/s]

Z V' (z, (a® ha(z),j D hi(x)))

zeU

p

< ||max max Z V(z, (@ ® ho(z),j @ hl(f’?)))‘

a€Y je[m/s]
zelU P

SP3D3

a€Y je[m/s]

zeU P

1/p\ v/
ZU'(:B, (a® ha(z),j & hi(x))) )

< eU;
- ,,(7 mapems w0 vl Yy 3050 3 vl

zeU i€[s] je[m/s]

1 2 2
< ev, (v; ol ol 75 o ||wug)

< L|[¥, (4, B,

g

179
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We then get that

Y o2(a) YV (x,(a® ha(x), ha(a) ® hi(x)))

aEeX zelU

P
1 2 2 § 2 2

<elp | eV (Y [vlloo lvll s Yoy 0l 1wz ) s vp— o]l lwllz
2] m

Since s < /|X|, the same case analysis as in the proof of [HT22, Theorem 7] give us that
since

Z oo () Z V' (x, (a @ ha(z), h3(a) ® hi(x)))

a€cy zelU

p
S 2 2
< 0y (75 Nolloe ol 95 1ol I3
This finishes the proof. O

Lemma B.21. For any vector w € RY, the following concentration result holds for Mized

Tabulation hashing,
| logm
< C
= ’Yplogm/s ||w||2
p

Here v, = Kc max{l, lo;ﬁ} for a universal constant K.

Z U(i7 1‘) [h(Z7 SL‘) = ]] Wy

zelU

max
1€[s],j€[m/s]

Proof. We start by rewriting the expression,

S oi.a) [h(i2) = j]w,

zeU

max
1€[s],j€[m/s]

p

S 03(a) 3 01(a) [l () @ hs(a) = j] [ha(e) = a @i w,

aeX zelU

max
i€[s],j€[m/s]

p
Now we fix the randomness of hi, 01, ho and use Lemma B.13 to get that,
~max > o3(a) Y o1(x) [ha(z) @ ha(a) = j] [ha(z) = a ® ] w,
i€lsl.g€lm/s] aEY zeU
p
~max > o3(a) Y o1() [hu(x) @ hg(a) = j] [ha(x) = a @ ] w,
i€[s],j€[m/s] = U
« T logm
<e max > o3(a) Y oi(z) [ha(x) @ ha(a) = j] [ha(z) = a ® i] w,
i€[s],i€[m/s] Q€Y zelU log m

2
a€X zeU

J€lm/s) ke[m/s]
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We now note that the expression

2
> (Zgl z) = j k] [ho(x) = a@i]w:;;)

aEX zelU
ke[m/s]

does not depend on ¢ and j, so might as well look at ¢ = 7 = 0. We thus get that

Z U(iv l‘) [h(za x) = ]] Wy

max
1€[s],j€[m/s]

zelU P
911/2
logm
o |5 T (S @) =Ko ol
g a€Y kelm/s] \xzeU /2
We can then apply Lemma B.15 and obtain
. . . logm
max o(i,x) |h(i,z) = jlw||| < ¢ w
g [ 2 160 16 = =gy
This finishes the proof. O

Lemma B.22. For any vector w € RY, the following concentration result holds for Mized
Tabulation hashing,

. . c 2 p 2
Z > (Z [h(w)—y]wm) mpmax{s\|wrb,10gm/skug}

U
s| j€[m/s] \z€ »

Here v, = Kc max{l, ﬁiz‘} for a universal constant K.
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Proof. We start by rewriting the expression

¥ 5 (S [h(i,w)=j]wm>2

i€[s] j€[m/s] \x€U

- Z Z y) [h(i,z) = h(i,y)] wywy

] z,yeU

p

p

< Z > ol y) [(hi(z), ha(x)) = (hi(y), ha(y))] wew,
i€ls) el )
Y. Y oli,a)olisy) [h(isx) = h(i,y)] [ha(z) # ha(y)] wew,
i€[s] z,yelU »
2
=512 2 <Z ) [(h(2), ha(x)) = (j, 2)] wa,->
zeXd je[m/s] \z€U »
> Y olix)o(i,y) (i, x) = h(i,y)] [h2(x) # ha(y)] wew,
i€ls] z,yelU P

We will bound each of the two expressions separately. We use Lemma B.15 to get that

2
s> D (Z (hl()hz(sv))Z(jyz)]wx> < yps llwll;

z€xd je[m/s] \w€lU P

To bound the other expression, we use Lemma B.18 to get that,

Y D oliw)ali,y) [hi @) = h(i,y)] [ha(z) # ha(y)] waw,

i U
i€[s] z,y€ »

< Z 4ot Z Z O—Iﬁ,\ﬂ(ia I’)W(’L,y) [h‘fm|‘r\(i7x) = hIﬁ,\T|(ia y)] Wz Wy

7Te-Ppartial iG[S] z,y€Uxr + ,
TEPprefi:c

For each m € Pygrtiar and each 7 € Py.cfi; this corresponds to a Mixed Tabulation hash
function with ¢ < 2c¢ and d’ < 2. We can then use eq. (B.14) to get that

Z 4C+1 Z Z UIW,|T\(i7x)UIW,|T|(i7y) [hlﬂ,|7|(i7$) = hIW,|T\(iay)] Wy Wy

7reppartial ’L'E[S} z,y€Ux + ,

Tepprefix
<Y e Y

Weppa'rtial Z‘EUW T
TePprefi.z
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We then use eq. (B.12) to get that,

ST a4t 3w < edst w2

71—Eppaﬂ‘tzal meUﬂ' s T
Tepprefiz

Combing the bounds we get that

3PS (z [hw)—jlwm) A

s]jelm/s]

zeU
p

2 p 2
< sgmax{s ol L i3}

as wanted, which finishes the proof. O
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Dansk resumé

We formulate and optimally solve a new generalized Set Similarity Search prob-
lem, which assumes the size of the database and query sets are known in advance.
By creating polylog copies of our data-structure, we optimally solve any symmetric
Approximate Set Similarity Search problem, including approximate versions of Sub-
set Search, Maximum Inner Product Search (MIPS), Jaccard Similarity Search and
Partial Match.

Our algorithm can be seen as a natural generalization of previous work on Set
as well as Euclidean Similarity Search, but conceptually it differs by optimally ex-
ploiting the information present in the sets as well as their complements, and doing
so asymmetrically between queries and stored sets. Doing so we improve upon the
best previous work: MinHash [J. Discrete Algorithms 1998], SimHash [STOC 2002],
Spherical LSF [SODA 2016, 2017] and Chosen Path [STOC 2017] by as much as a
factor n%1* in both time and space; or in the near-constant time regime, in space, by
an arbitrarily large polynomial factor.

Turning the geometric concept, based on Boolean supermajority functions, into a
practical algorithm requires ideas from branching random walks on Z2, for which we
give the first non-asymptotic near tight analysis.

Our lower bounds follow from new hypercontractive arguments, which can be seen
as characterizing the exact family of similarity search problems for which supermajori-
ties are optimal. The optimality holds for among all hashing based data structures in
the random setting, and by reductions, for 1 cell and 2 cell probe data structures. As

a side effect, we obtain new hypercontractive bounds on the directed noise operator
TFZ’)I —P2
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C.1 Introduction

Set Similarity Search (SSS) is the problem of indexing sets (or sparse boolean data) to
allow fast retrieval of sets, similar under a given similarity measure. The sets may repre-
sent one-hot encodings of categorical data, “bag of words” representations of documents,
or ‘“visual/neural bag of words” models, such as the Scale-invariant feature transform
(SIFT), that have been discretized. The applications are ubiquitous across Computer Sci-
ence, touching everything from recommendation systems to gene sequences comparison.
See [CCT10; JZYY+18] for recent surveys of methods and applications.

Set similarity measures are any function, s that takes two sets and return a value
in [0,1]. Unfortunately, most variants of Set Similarity Search, such as Partial Match,
are hard to solve assuming popular conjectures around the Orthogonal Vectors Prob-
lem [Wil05; APRS16; ARW17; CW19], which roughly implies that the best possible al-
gorithm is to not build an index, and “just brute force” scan through all the data, on
every query. A way to get around this is to study Approximate SSS: Given a query, g, for
which the most similar set y has similarity(q,y) > s1, we are allowed to return any set y’
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with similarity(q,y’) > s1, where sy < s1. In practice, even the best eract algorithms for
similarity search use such an (si, s2)-approximate’ solution as a subroutine [CPT18].

Euclidean Similarity Search, where the data is vectors € R? and the measure of
similarity is “Cosine”, has recently been solved optimally — at least in the model of
hashing based data structures [AR15; ALRW17a]. Meanwhile, the problem on sets has
proven much less tractable. This is despite that the first solutions date back to the seminal
MinHash algorithm (a.k.a. min-wise hashing), introduced by Broder et al. [BGMZ97;
Bro97] in 1997 and by now boasting thousands of citations. In 2014 MinHash was shown
to be near-optimal for set intersection estimation [PSW14], but in a surprising, recent
development, it was shown not to be optimal for similarity search [CP17]. The question
thus remained: What 4s the optimal algorithm for Set Similarity Search?

The question is made harder by the fact that previous algorithms study the problem
under different similarity measures, such as Jaccard, Cosine, or Braun-Blanquet similar-
ity. The only thing those measures have in common is that they can be defined as a
function f of the sets sizes, the universe size, and the intersection size. In other words,
similarity (¢, v) = f(lql, |yl |[gNyl|, |U|) where |U| is the size of the universe from which the
sets are taken. In fact, any symmetric measure of similarity for sets must be defined by
those four quantities.

Hence, to fully solve Set Similarity Search, we avoid specifying a particular similar-
ity measure, and instead define the problem solely from those four parameters. This
generalized problem is what we solve optimally in this paper, for all values of the four
parameters:

Definition C.1 (The (wq,w,, w1, ws)-GapSS problem). Given some universe U and a

collection Y C (wﬁU|) of |Y| = n sets of size w,|U|, build a data structure that for any

query set g € (wq[‘Jw): either returns ' € Y with |y’ Ngq| > we|U|; or determines that there
isno y € Y with |y Ng| > w1 |U|.

For the problem to make sense, we assume that w,|U| and w,|U| are integers, that
wg, Wy, € [0,1], and that 0 < wy < wy < min{wg, w,}. Note that |[U| may be very large,
and as a consequence the values wg, w,, w1, w2 may all be very small.

At first sight, the problem may seem easier than the version where the sizes of sets may
vary. However, the point is that making polylog(n) data-structures for sets and queries
of progressively bigger sizes,” immediately yields data structures for the original problem.
Similarly, any algorithm assuming a specific set similarity measure also yields an algorithm
for (wq, wy, w1, w2)-GapSS, so our lower bounds also hold for all previously studied SSS
problems.

Example 1 As an example, assume we want to solve the Subset Search Problem, in
which we, given a query ¢, want to find a set y in the database, such that y C q. If we

1By classical reductions [HIM12] we can assume s; is known in advance.

2For details, see [CP17] Section 5. A similar reduction, called “norm ranging”, was recently shown at
NeurIPS to give state of the art results for Maximum Inner Product Search in R? [YLDC+H-18], suggesting
it is very practical.
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allow a two-approximate solution, GapSS includes this problem by setting w; = w, and
we = w1 /2: The overlap between the sets must equal the size of the stored sets; and we
are guaranteed to return a y’ such that at least |¢ Ny'| > |y|/2.

Example 2 1In the (j1, j2)-Jaccard Similarity Search Problem, given a query, ¢, we must

find y such that the Jaccard Similarity |¢ Ny|/|¢ U y| > jo given that a y' exists with

similarity at least j;. After partitioning the sets by size, we can solve the problem using
_ Ji(wgtwu) _ Je(wgtwy)

GapSS by setting wy = 5 and wo = =5 The same reduction works for any

other similarity measure with polylog(n) overhead.

The version of this problem where wy = wyw, is similar to what is in the literature
called “the random instance” [Pan06; Laal5; ALRW17b]. To see why, consider generating
n — 1 sets independently at random with size w,|U|, and a “planted” pair, (g, y), with size
respectively wq|U| and w, |U| and with intersection |¢ Ny| = w1|U|. Insert the size w,|U|
sets into the database and query with ¢. Since ¢ is independent from the n — 1 original
sets, its intersection with those is strongly concentrated around the expectation wqw,|U]|.
Thus, if we parametrize GapSS with wy = wyw, + o(1), the query for ¢ is guaranteed to
return the planted set y.

There is a tradition in the Similarity Search literature for studying such this indepen-
dent case, in part because it is expected that one can always reduce to the random instance,
for example using the techniques of “data-dependent hashing” [AINR14; AR15]. However,
for such a reduction to make sense, we would first need an optimal “data-independent”
algorithm for the wo = wyw, case, which is what we provide in this paper. We discuss
this further in the Related Work section.

For generality we still define the problem for all wy € (0,w;), our upper bound holds
in this general setting and so does the lower bound Theorem C.4.

We give our new results in Appendix C.1.2 and our new lower bounds in Ap-
pendix C.1.3, but first we would like to sketch the algorithm and some probabilistic tools
used in the theorem statement.

C.1.1 Supermajorities

In Social Choice Theory a supermajority is when a fraction strictly greater than 1/2 of
people agree about something.® In the analysis of Boolean functions a t-supermajority
function f: {0,1}"™ — {0,1} can be defined as 1, if a fraction > ¢ of its arguments are 1,
and 0 otherwise. We will sometimes use the same word for the requirement that a fraction
< t of the arguments are 1.4

The main conceptual point of our algorithm is the realization that an optimal algorithm
for Set Similarity Search must take advantage of the information present in the given sets,

3«America was founded on majority rule, not supermajority rule. Somehow, over the years, this has
morphed into supermajority rule, and that changes things.” — Kent Conrad.

Tt turns out that defining everything in terms of having a fraction ¢ & o(1) of 1’s is also sufficient.
This is similar to Dubiner [Dub10].
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v 1
L—
(a) Two cohorts, y and ¢ with a large (b) Branching random walk run on two cohorts ¢ and y.
intersection (blue). The first repre- The bold lines illustrate paths considered by sets, while
sentative set, s, favours y, while the the dashed lines adorn paths only considered by only one
second, s, favours both y and q. of z or y. Here ¢ has a higher threshold (t, = 2/3) than

y (t, = 1/2), so q only considers paths starting with two
favourable representatives.

Figure C.1: The representative sets, coloured in red, are scattered in the universe to
provide an efficient space partition for the data.

as well as that present in their complement. A similar idea was leveraged by Cohen et
al. [CKO09] for Set Similarity Estimation, and we show in Appendix C.4.2 that the classical
MinHash algorithm can be seen as an average of functions that pull varying amounts of
information from the sets and their complements. In this paper, we show that there is a
better way of combining this information and that doing so results in an optimal hashing
based data structure for the entire parameter space of random instance GapSS.

This way of combining this information is by supermajority functions. While on the
surface they will seem similar to the threshold methods applied for time/space trade-
offs in Spherical LSF [ALRW17a], our use of them is very different. Where [ALRW17a]
corresponds to using small ¢ = 1/2 4 o(1) thresholds (essentially simple majorities) our
t may be as large as 1 (corresponding to the AND function) or as small as 0 (the NOT
AND function). This way they are a sense as much a requirement on the complement as
it is on the sets themselves.

The algorithm (idealized): While our data structure is technically a tree with a care-
fully designed pruning rule, the basic concept is very simple.

We start by sampling a large number of “representative sets” R C (g) Here roughly
|R| =~ n'°¢™ and k =~ logn. Given family Y C (qu‘U|) of sets to store, which we call
“cohorts”, we say that r € R “t-favours” the cohort y if |y N r|/|r] > t. Representing
sets as vectors in {0,1}%, this is equivalent to saying f;(r Ny) = 1, where f; is the -
supermajority function. (If ¢ is less than w,, the expected size of the overlap, we instead
require [y Nr|/|r| < t.)

Given the parameters tg4,t, € [0, 1], the data-structure is a map from elements of R to
the cohorts they ¢,-favour. When given a query ¢ € (w(ﬁ]U\)’ (a wgq|U| sized cohort), we
compare it against all cohorts y favoured by representatives r € R which ¢,-favour ¢ (that
is [g N r|/|r| > t4). This set Ry, (q) is much smaller than |R| (we will have |R, (q)| ~ n®
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and E[|Ry, (y) N Ry, (q)|] = n°1), so the filtering procedure greatly reduces the number of
cohorts we need to compare to the query from n to n® (where e = p, < 1 is defined later.)

The intuition is that while it is quite unlikely for a representative to favour a given
cohort, and it is very unlikely for it to favour two given cohorts (¢ and y). So if it does,
the two cohorts probably have a substantial overlap. Figure C.1a has a simple illustration
of this principle.

In order to fully understand supermajorities, we want to understand the probability
that a representative set is simultaneously in favour of two distinct cohorts given their
overlap and representative sizes. This paragraph is a bit technical and may be skipped at
first read. Chernoff bounds in R are a common tool in the community, and for iid. X; ~
Bernoulli(p) € {0, 1} the sharpest form (with a matching lower bound) is Pr[}_ X; > tn] <
exp(—nd(t || p)),” which uses the binary KL-Divergence d(t || p) = tlog ]% +(1—1)log ﬁ.
The Chernoff bound for R? is less common, but likewise has a tight description in terms of
the KL-Divergence between two discrete distributions: D(P || Q) = }_,,cq P(w)log %
(summing over the possible events). In our case, we represent the four events that can
happen as we sample an element of U as a vector X; € {0,1}2. Here X; = [1] means the ith

element hit both cohorts, X; = [}] means it hit only the first and so on. We represent the

distribution of each X; as a matrix P = [wuw_lwl 1_wu;q__wu:_i_wl , and say X; ~ Bernoulli(P)

iid. such that Pr[X; = [%:i]] = Pj 1. Then Pr[}  X; > [fz]n] ~ exp(—nD(T || P)) where

T = tut_ltl 1_t2q__til+t1 and ¢, € [0, min{t,,t,}] minimizes D(T || P). (Here the notation

[y]> [ig] means & > t, Ay > t,.)

The optimality of Supermajorities for Set Similarity Search is shown using a certain
correspondence we show between the Information Theoretical quantities described above,
and the hypercontractive inequalities that have been central in all previous lower bounds
for similarity search.

These bounds above would immediately allow a cell probe version of our upper
D(T1||Py)—d(tqllwg)

bound Theorem C.2, e.g. a query would require nP(T2l2)-dltqllwe) probes, where P; =
w; Wq—w1
Wy —wW; 1—wg—wy+w;

and T; defined accordingly. The algorithmic challenge is that for
optimal performance, |R| must be in the order of Q(n'°¢"), and so checking which repre-
sentatives favour a given cohort takes super polynomial time!

The classical approach to designing an oracle to efficiently yield all such representatives,
, is a product-code or “tensoring trick”. The idea, (used by [Chr17; BDGL16]), is to choose
a smaller k' ~ /k, make k/k" different R} sets of size nV1°g™ and take R as the product
Ry x -+ x R;ﬁ/k,. As each R’ can now be decoded in n°(!) time, so can R. This approach,
however, in the case of Supermajorities, has a big drawback: Since t,k’ and ¢, k" must be
integers, t, and t,, have to be rounded and thus distorted by a factor 1+ 1/k’. Eventually,

this ends up costing us a factor w; #/K" which can be much larger than n. For this reason,

we need a decoding algorithm that allows us to use supermajorities with as large a k as
possible!

5 A special case of Hoeffding’s inequality is obtained by d(p + ¢ || p) > 2%, Pinsker’s inequality.
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We instead augment the above representative sampling procedure as follows: Instead
of independent sampling sets, we (implicitly) sample a large, random height k tree, with
nodes being elements from the universe. The representative sets are taken to be each
path from the root to a leaf. Hence, some sets in R share a common prefix, but mostly
they are still independent. We then add the extra constraint that each of the prefizes of
a representative has to be in favour of a cohort, rather than only having this requirement
on the final set. This is the key to making the tree useful: Now given a cohort, we walk
down the tree, pruning any branches that do not consistently favour a supermajority of
the cohort. Figure C.1b has a simple illustration of this algorithm and Algorithm 1 has
a pseudo-code implementation. This pruning procedure can be shown to imply that we
only spend time on representative sets that end up being in favour of our cohort, while
only weakening the geometric properties of the idealized algorithm negligibly.

While conceptually simple and easy to implement (modulo a few tricks to prevent
dependency on the size of the universe, |U]), the pruning rule introduces dependencies
that are quite tricky to analyze sufficiently tight. The way to handle this will be to
consider the tree as a “branching random walk” over Z%r where the value represents the
size of the representative’s intersection with the query and a given set respectively. The
paths in the random walk at step ¢ must be in the quadrant [t4i,4] % [t,i,4] while only
increasing with a bias of [,,? ] per step. The branching factor is carefully tuned to just the
right number of paths survive to the end.

The “history” aspect of the pruning is a very important property of our algorithm, and is
where it conceptually differs from all previous work.

Previous Locality Sensitive Filtering, LSF, algorithms [CP17; ALRW17b] can be seen as
trees with pruning, but their pruning is on the individual node level, rather than on the
entire path. This makes a big difference in which space partitions can be represented,
since pruning on node level ends up representing the intersection of simple partitions,
which can never represent Supermajorities in an efficient way. In [BDGL16] a similar idea
was discussed heuristically for Gaussian filters, but ultimately tensoring was sufficient for
their needs, and the idea was never analyzed.

C.1.2 Upper Bounds

As discussed, the performance of our algorithm is described in terms of KL-divergences. To
ease understanding, we give a number of special cases, in which the general bound simpli-
fies. The bounds in this section assume wg, wy, w1, w2 are constants. See Appendix C.2.1
for a version without this assumption.

Theorem C.2 (Simple Upper Bound). For any choice of constants wg, w, > wy > wy > 0
and 1 > tq,t, > 0 we can solve the (Wq, Wy, w1, w2)-GapSS problem over universe U with
query time O(nf1 + wy|U|) +n°Y and auziliary space usage O(n'*+rv), where

Dy = DT || Pr) — d(tq || wg) Dy = D(Ty || 71) — d(tu || wa)
TOD(Te || P) = d(tg | wg)” T D(T2 || P2) — d(tg || wg)
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and Th, Ty are distributions with expectation [;Z] minimizing respectively D(Ty || P1) and
D(Ty || P2), as described in Appendix C.1.1.

The two bounds differ only in the d(¢, || w,) and d(¢, || w,) terms in the numerator.
The thresholds ¢, and ¢, can be chosen freely in [0, 1]2. Varying them compared to each
other allows a full space/time trade-off with p, = 0 in one end and p, = 0 (and p; < 1)
in the other. Note that for a given GapSS instance, there are many (t4,t,) which are not
optimal anywhere on the space/time trade-off. Using Lagrange’s condition Vp, = AVp,
one gets a simple equation that all optimal (t4,t,) trade-offs must satisfy. As we will
discuss later, it seems difficult to prove that a solution to this equation is unique, but
in practice, it is easy to solve and provides an efficient way to optimize p, given a space
budget n'*P. Figure C.2 and Figure C.3 provides some additional intuition for how the
p values behave for different settings of GapSS.

Regarding the other terms in the theorem, we note that the O hides only log n factors,
and the additive n°!) term grows as ¢C(vlognloglogn) " which i negligible unless pqg = 0.
We also note that there is no dependence on |U|, other than the need to store the original
dataset and the additive wgy|U|, which is just the time it takes to receive the query. The
main difference between this theorem and the full version is that the full theorem does not
assume the parameters (wg, w,, wi, w2) are constants but consider them potentially very
small. In this more realistic scenario, it becomes very important to limit the dependency
on factors like w; ! which is what guides a lot of our algorithmic decisions.

Example 1: Near balanced p values. As noted, many pairs (t,,t,) are not optimal
on the trade-off, in that one can reduce one or both of p,, p, by changing them. The
pairs that are optimal are not always simple to express, so it is interesting to study those
that are. One such particularly simple choice on the Lagrangian is t{;, = 1 — w, and
ty =1— wq.6 This point is special because the values of ¢, and ¢, depend only on w,
and wg, while in general they will also depend on w; and ws. In this setting we have

T — 1—wg—wy+w; Wy—w;
t Wy —Wj wy

}, which can be plugged into Theorem C.2.

In the case wy, = w, = w we get the balanced p values p, = p, =
log(%%) / 10g(%17§;7$wz) in which case it is simple to compare with Chosen Path’s
p value of log(“})/log(*%2). Chosen Path on balanced sets was shown in [CP17] to be
optimal for w,w;,wy small enough, and we see that Supermajorities do indeed recover
this value for that range.

We give a separate lower bound in Appendix C.3.4 showing that this value is in fact

optimal when wy = wyw,,.

Example 2: Subset/superset queries. If w; = min{w,,w,} and wy = w,w,; we
—« wq(1—wy) Wy (1—wy)wg(1—wq) =1 _ Wy (1—wg)

Wq— Wy Wq— Wy Wq— Wy @ Wq— Wy

and t, = for any o €

can take t, =

5To make matters complicated, this is a simple choice and on the Lagrangian, but that doesn’t prove
another point on the Lagrangian won’t reduce both p, and p, and thus be better. That we have a matching
lower bound for the algorithm doesn’t help, since it only matches the upper bound for (¢4, t,) minimal in
Theorem C.2. In the case wqy = w, we can, however, prove that this ¢4, ¢, pair is optimal.
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(w1 — wqw,,, max{w,, ws} — wqw,]. Theorem C.2 then gives data structures with

tglog {50 — tulog 1= (1—t)log & — (1 —1,)log

P d(tu || wu) Pu= d(ty || wa) if wy = wy,
(l—tq)logﬁ)—’;—(l—tu)log% tulogllj—fuf’q—tqlog% ‘

Pq = A(te | we) Pu = d(te [ wn) if w1 = wy.

This represents one of the cases where we can solve the Lagrangian equation to get a
complete characterization of the ¢, t,, values that give the optimal trade-offs. Note that
when wy = w, or wi = wy, the P matrix as used in the theorem has 0’s in it. The
only way the KL-divergence D(T || P) can then be finite is by having the corresponding
elements of T' be 0 and use the fact that Ologg is defined to be 0 in this context.

. . . . ¢ tq—t
Example 3: Linear space/constant time. Setting t; in T} = tujtl 17tq‘17tu1+t1 such

that either £ = fo=l op L — tu=hi e get respectively D(T) || P1) = d(tq || wg) or

w1 Wq—wW1 w1 Wa, — W1

q
D(Ty || 1) = d(ty || wy). Theorem C.2 then yields algorithms with either p, = 0 or

pu = 0 corresponding to either a data structure with ~ eO(Vlogn) query time, or with
O(n) auxiliary space. Like [ALRW17a] we have p, < 1 for any parameter choice, even
when p,, = 0. For very small w, and w, < exp(—+/logn) there are some extra concerns
which are discussed after the main theorem.

C.1.3 Lower Bounds

Results on approximate similarity search are usually phrased in terms of two quantities:
(1) The “query exponent” p, € [0,1] which determines the query time by bounding it
by O(nfe); (2) The “update exponent” p, € [0,1] which determines the time required
to update the data structure when a point is inserted or deleted in Y and is given by
O(nf*). The update exponent also bounds the space usage as O(n'*?+). Given parameters
(wq, Wy, w1, ws), the important question is for which pairs of (pq, p,) there exists data
structures. E.g. given a space budget imposed by p,, we ask how small can one make p,?

Since the first lower bounds on Locality Sensitive Hashing [MNPO06], lower bounds
for approximate near neighbours have split into two kinds: (1) Cell probe lower
bounds [PTWO08; PTW10; ALRW17a] and (2) Lower bounds in restricted models [ODo14;
AR16; ALRW17a; CP17]. The most general such model for data-independent algorithms
was formulated by [ALRW17a] and defines a type of data structure called “list of points”:

Definition C.3 (List-of-points). Given some universes, @), U, a similarity measure S :
Q@ x U — [0,1] and two thresholds 1 > s; > s9 > 0,

1. We fix (possibly random) sets A; C {—1, 1}d, for 1 <i < m; and with each possible
query point ¢ € {—1,1}%, we associate a (random) set of indices I(q) C [m);

2. For a given dataset P, we maintain m lists of points L, Lo,..., L,,, where L; =
PnNA,;.
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3. On query ¢, we scan through each list L; for i € I(q) and check whether there exists
some p € L; with S(q,p) > s9. If it exists, return p.

The data structure succeeds, for a given ¢ € Q,p € P with S(q,p) > s1, if there exists
i € I(g) such that p € L;. The total space is defined by S = m + 3,1, [Li| and the
query time by T' = |I(q)[ + > ;cs(q 1Lil-

The List-of-points model contains all known Similarity Search data structures, except
for the so-called “data-dependent algorithms”. It is however conjectured [ALRW17b] that
data-dependency does not help on random instances (recall this corresponds to we =
wqwy, ), which is the setting of Theorem C.5

We show two main lower bounds: (1) That requires w, = w, and p; = p, and (2)
That requires we = wqw,. The second type is tight everywhere, but quite technical. The
first type meanwhile is quite simple to state, informally:

Theorem C.4. If wy, = wy, = w and p, = pg = p, any data—z’ndependent LSF data

wy —w?

2
(1—w) /log w(l w))

structure must use space n' 1P and have query time n” where p > log (4

The LSF Model defined in [BDGL16; CP17] generalizes [MNP06; OWZ14], but is
slightly stronger than list-of-points. It is most likely that they are equivalent, so we defer its
definition till Definition C.28. We will just note that previous bounds of this type [OWZ14;
CP17] were only asymptotic, whereas our lower bound holds over the entire range of
0 <wy <w <w < 1. By comparison with p = log(ﬂﬁ)ﬂog(%) from
Example 1 in the Upper Bounds section, we see that the lower bound is sharp when
w,wi,wz — 07 and also for w; — w, since w(l — 2w + wy) = w(l — w) — w(w — w).
However, for wo = w? (the random instance), Theorem C.4 just says p > 0, which means
it tells us nothing.

For the random instances, we give an even stronger lower bound, which gets rid of the
restrictions wy = w, and pg = py. This lower bound is tight for any 0 < wow, < wi <
min{wg, w,} in the list-of-points model.

Theorem C.5. Consider any list-of-point data structure for the (wq,wy, w1, wewy)-
GapSS problem over a universe of size d of n points with wqw,d = w(logn), which uses
expected space n* 1P, has expected query time nPe=°"() | and succeeds with probability at
least 0.99. Then for every a € [0, 1] we have that

D(T || P) — d(tq || wg)

| D(T || P) — d(t, || w)
1—a)p, > inf 1— :
apgt(l=a)puz, i <O‘ Wallwe) Y e Tw)
tuF Wy
where P = | , " 17&{7&1%} and T = arg inf D(T || P).

T<P, B [X]= [tz}

"As w, w1, wa — 0 we recover the lower bound p > log( %L /log( 2) obtained for Chosen Path
in [CP17).
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Note that for wy = wqw,, the term D(T5 || P), in Theorem C.2, splits into d(t, ||
wy) + d(ty || wy), and so the upper and lower bounds perfectly match. This shows that
for any linear combination of p, and p, our algorithm obtains the minimal value. By
continuity of the terms, this equivalently states as saying that no list-of-points algorithm

can get a better query time than our Theorem C.2, given a space budget imposed by py,.
8

Example 1: Choices for ¢, and t,. As in the upper bounds, it is not easy to prove
that a particular choice of ¢, and ¢, minimizes the lower bound. One might hope that
having corresponding lower and upper bounds would help in this endeavour, but alas both
results have a minimization. E.g. setting ¢, = 1 — w, and t, = 1 — w, the expression in
Theorem C.5 we obtain the same value as in Theorem C.2, however it could be (though
we strongly conjecture not) that another set of values would reduce both the upper and
lower bound.

The good news is that the hypercontractive inequality by Oleszkiewicz [Ole03], can be
used to prove certain optimal choices on the space/time trade-off.” In particular we will
show that for wy, = w, = w the choice t; = t, = 1 — w is optimal in the lower bound, and

matches exactly the value p = log <%) / log(%) from Example 1 in the

Upper Bounds section.

Example 2: Cell probe bounds Panigrahy et al. [PTWO08; PTW10; KP12] created
a framework for showing cell probe lower bounds for problems like approximate near-
neighbour search and partial match based on a notion of “robust metric expansion”.
Using the hypercontractive inequalities shown in this paper with this framework, as well
(as the extension by [ALRW17a]), we can show, unconditionally, that no data structure,
which probes only 1 or 2 memory locations'’, can improve upon the space usage of n'*ru
obtained by Theorem C.2 as we let p; = 0. In particular, this shows that the near-constant
query time regime from Example 3 in the Upper Bounds is optimal up to n°®) factors in
time and space.

C.1.4 Technical Overview

The contributions of the paper are conceptual as well as technical. To a large part, what
enables tight upper and lower parts is defining the right problem to study. The second
part is realizing which geometry is going to work and proving it in a strong enough model.

8Tt is easy to see that p, = 0 minimizes apq+ (1 —a)p, when oo = 0, and similarly py = pmar minimizes
apg + (1 — a)p, when @ = 1, where pmas is the minimal space usage when p, = 0. Furthermore, we note
that when we change « from 0 to 1, then p,, will continuously and monotonically go from 0 to pmaz. This
shows that for every p, € [0, pmaz] there exists an a such that apg + (1 — a)py is minimized, where pq is
best query time given the space budget imposed by p.,.

9The generalizations by Wolff [Wol07] could in principle expand this range, but they are only tight up
to a constant in the exponent.

0For 1 probe, the word size can be n°(1>, whereas for the 2 probe argument, the word size can only be
o(logn) for the lower bound to hold.
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Lastly, a number of tricky algorithmic problems arise, requiring a novel algorithm and a
new analysis of 2-dimensional branching random walks of exponentially tilted variables.

Supermajorities — why do they work? Representing sets x C U as a vector x €
{0,1}91 and scaling by 1/+/|z], we get |lz||, = 1, and it is natural to assume the optimal
Similarity Search data structure for data on the unit-sphere — Spherical LSF — should
be a good choice. Unfortunately this throws away two key properties of the data: that
the vectors are sparse, and that they are non-negative. Algorithms like MinHash, which
are specifically designed for this type of data, take advantage of the sparsity by entirely
disregarding the remaining universe, U. This is seen by the fact that adding new elements
to U never changes the MinHash of a set. Meanwhile Spherical LSF takes the inner
product between x and a Gaussian vector scaled down by 1/ \/m , so each new element
added to U, in a sense, lowers the “sensitivity” to x.

In an alternative situation we might imagine || being nearly as big as |U|. In this case
we would clearly prefer to work with U \ z, since information about an element that is
left out, is much more valuable than information about an element contained in . What
Supermajorities does can be seen as balancing how much information to include from x
with how much to include from U \ z. A very good example of this is in Appendix C.4.2,
which shows how to view MinHash as an average of simple algorithms that sample a
specific amount from each of z and U \ x. Supermajorities, however, does this in a more
clever way, that turns out to be optimal. A crucial advantage is the knowledge of the size
of x, as well as the future queries, which allow us to use different thresholds on the storage
and query side, each which is perfectly balanced to the problem instance.

As an interesting side effect, the extra flexibility afforded by our approach allows bal-
ancing the time required to perform queries with the size of the database. It is perhaps
surprising that this simple balancing act is enough to be optimal across all hashing algo-
rithms as well as 1 cell and 2 cell probe data structures.

The results turn out to be best described in terms of the KL-divergences D(T || P) —
d(ty || wg) and D(T' || P) — d(ty || wu), which are equivalent to D(Txy || Py|xTx) and
D(Txy || PxjyTy). Here Pyy is the distribution of a coordinated sample from both a
query and a dataset, Px and Py are the marginals, and Txy is roughly the distribution
of samples conditioned on having a shared representative set. Intuitively these describe
the amount of information gained when observing a sample from T'xy given a belief that
X (resp. Y) is distributed as T and Y (resp. X) is distributed as P. In this framework,
Supermajorities can be seen as a continuation of the Entropy LSH approach by [Pan06].

Branching Random Walks Making Supermajorities a real algorithm (rather than
just cell probe), requires, as discussed in the introduction, an efficient decoding algorithm
of which representative sets overlap with a given cohort. Previous LSF methods can be
seen as trees, with independent pruning in each leaf, going back to the LSH forest in
2005 [BCGO5; ARN17]. Our method is the first to significantly depart from this idea:
While still a tree, our pruning is highly dependent across the levels of the tree, carrying
a state from the root to the leaf which needs be considered by the pruning as well as the
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analysis. In “branching random walk”, the state is represented in the “random walk”,
while the tree is what makes it branching. While considered heuristically in [BDGL16],
such a stateful oracle has not before been analysed, partly because it wasn’t necessary.
For Supermajorities, meanwhile, it is crucially important. The reason is that failure of the
“tensoring trick” employed previously in the literature, when working with thresholds.

The approach from [AI06; BDGL16; ALRW17a] when applied to our scheme would
correspond to making our representatives have size just vk (so there are only |R/| ~
O(VIogn) of them,) and then make R®Vk our new R. Since R can be decoded in n°() time,
and the second step can be made to take only time proportional to the output, this works
well for some cases. This approach has two main issues: (1) There is a certain overhead
that comes from not using the optimal filters, but only an approximation. However, this
gives only a factor eOWlogn) which is usually tolerated. Worse is (2): Since the thresholds
tgk and t,k have to be integral, using representative sets of size vk means we have to
“repair” them by a multiplicative distortion of approximately 1 + 1/ Vk, compared to

1+ 1/k for the “real” filters. This turns out to cost as much as w; VE which can easily
be much larger than the polynomial cost in n. In a sense, this shows that supermajority
functions must be applied to measure the entire representative part of a cohort at once!
This makes tensoring not well fit for our purposes.

A pruned branching random walk on the real line can be described in the following
way. An initial ancestor is created with value 0 and form the zeroth generation. The
people in the ith generation give birth A times each and independently of one another to
form the (i + 1)th generation. The people in the (i + 1)th generation inherit the value,
v, of their parent plus an independent random variable X. If ever v + X < 0, the child
doesn’t survive. After k generations, we expect by linearity A* Pr[V;< Zje[z‘] X; > 0]
people to be alive, where X; are iid. random variables as used in the branching. A pruned
2d-branching random walk is simply one using values € R?.

Branching random walks have been analysed before in the Brownian motion litera-
ture [Shil5]. They are commonly analysed using the second-moment method, however, as
noted by Bramson [Big77]: “an immediate frontal assault using moment estimates, but
ignoring the branching structure of the process, will fail.” The issue is that the probabil-
ity that a given pair of paths in the branching process survives is too large for standard
estimates to succeed. If the lowest common ancestor of two nodes manages to accumulate
much more wealth than expected, its children will have a much too high chance of sur-
viving. For this reason we have to counterintuitively add extra pruning when proving the
lower bound that a representative set survives. More precisely, we prune all the paths that
accumulate much more than the expected value. We show that this does not lower the
probability that a representative set is favour by much, while simultaneously decreasing
the variance of the branching random walk a lot. Unfortunately, this adds further compli-
cations, since ideally, we would like to prune every path that gets below the expectation.
Combined with the upper bound this would trap the random walks in a band to narrow to
guarantee the survival of a sufficient number of paths. Hence instead, we allow the paths
to deviate by roughly a standard deviation below the expectation.
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Exponential Tilting and Non-asymptotic Central Limit Lemmas for Random
Walks To analyse our algorithm, we need probability bounds for events such as “survival
of k generations” that are tight up to polynomial factors. This contrast with many typical
analysis approaches in Computer Science, such as Chernoff bounds, which only need to be
tight up to a constant in the exponent. We also can’t use Central Limit type estimates,
since they either are asymptotic (which correspond to assuming w, and w, are constants)
or too weak (such as Berry Esseen) or just don’t apply to random walks.

The technical tool we employ is “Exponential Tilting”, which allows coupling the real
pruned branching random walk to one that is much more well behaved. This can be seen as
a nicer way of conditioning the random walk on succeeding. This nicer random walk then
needs to be analysed for properties such as “probability that the path is always above the
mean.” This is shown using a rearrangement lemma, known as the Truck Driver’s Lemma:
Assume a truck driver must drive between locations [y,ls,...,l,,l1. At stop ¢ they pick
up g; gas, and between stop ¢ and i + 1 they expand e; gas. The lemma say, that if the
sum of g; — e; is non-negative, then there is a starting position j € {1,...,n} so that the
driver’s gas level never goes below 0.

This lemma gives an easy proof that a random walk on R, of n identically distributed
steps, must be always non-negative with probability at least 1/n times the probability that
it is eventually non-negative. That’s because, if the location is eventually non-negative,
and all arrangements of steps happen with the same probability, then we must hit the
“always non-negative” rotation with probability > 1/n.

Extending this argument to two dimensions turns out to require a few extra conditions,
such as a positive correlation between the coordinates, but as a surprisingly key result, we
manage to show Lemma C.11, which says that for k € Z, and p, p1,p2 € [0, 1], such that,
pk,p1k, and pok are integers and p > pips. Let X (0) ¢ {0, 1}2 be independent identically
distributed variables. We then get that

Privi<k:Y XO>[E1| 3 xO=21ka > XX =pk| > 572
i€[k] i€[k] i€[k]

Output-sensitive set decoding In our algorithm we are careful to not have factors of
|U| and | X| (the size of the sets) on our query time and space bounds. When sampling
our tree, at each level we must pick a certain number, A, of elements from the universe
and check which of them are contained in the set being decoded. This is an issue, since
A may be much bigger than X N A, and so we need an “output-sensitive” sampling
procedure. We do this by substituting random sampling with a two-independent hash
function h : UF — [q], where ¢ is a prime number close to |U|. The sampling criterion is
then h(rox) < A, where o is string concatenation. The function h(r) can be taken to be
Zle a;x; +b (mod g) for random values aq,...,ax, b € [g], so we can expand h(r o x) as
h(r) + apz (mod q).
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Now

{r € X | (h(roxz) modq)< A}
={z € X | (h(r)+arx mod q) < A}
=U Mz € X |agz = A — h(r) mod g}
={z € X | (agz mod q) € [—h(r),A —h(r)] mod g},

where the last equation is adjusted in case (—h(r) mod q) > (A — h(r) mod gq). By
pre-computing {apz mod ¢ | z € X} (just has to be done one for each of roughly logn
levels in the tree), and storing the result in a predecessor data-structure (or just sorting
it), the sampling can be done it time proportional to the size of its output.

Lower Bounds and Hypercontractivity The structure of our lower bounds is by
now standard: We first reduce our lower bound to random instances by showing that with
high probability the random instances are in fact an instance of our problem. For this to
work, we need wy, |[U| = w(logn) and in particular |[U| = w(logn), so we get concentration
around the mean. This requirement is indeed known to be necessary, since the results
of [BDGL16; Chal7] break the known lower bounds in the “medium dimension regime”
when |U| = O(logn).

The main difference compared to previous bounds is that we study Boolean functions
on so-called p-biased spaces, where the previous lower bounds used Boolean functions
on unbiased spaces. This is necessary for us to lower bound every parameter choice for
GapSS. In particular we are interested in tight hypercontractive inequalities on p-biased
spaces. We say that a distribution Pxy on a space Qx x Qy is (7, s)-hypercontractive if

rl/r s11/s
sy Ep M€ B (PO B o]
for all functions f : x — R and g : Qy — R, where Px and Py are the marginal
distributions on the spaces Q2x and y respectively. On unbiased spaces, the classic
Bonami-Beckner inequality [Bon70; Bec75] gives a complete understanding of the hyper-
contractivity. Unfortunately, this is not the case for p-biased spaces where the hyper-
contractivity is much less understood, with [Ole03] and [Wol07] being state of the art.
We sidestep the issue of finding tight hypercontractive inequalities by instead showing
an equivalence between hypercontractivity and KL-divergence, which is captured in the
following lemmas: '

Lemma C.6. Let Pxy be a probability distribution on a space Qx X Qy and let Px and
Py be the marginal distributions on the spaces Qx and Qy respectively. Let s,r € [1,00),
then the following is equivalent

1. For all functions f : Qx - R and g : Qy — R,

oy Bp OIS B ST E [g(0) T

Tt appears that one might prove a similar result using [Nail4] and [Fri15].
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2. For all probability distributions Qxy < Pxvy,

(Qx || Px) n D(Qy || Py)

r S

D
D(Qxy || Pxy) >

)

where Qx and Qy be the marginal distributions on the spaces Qx and Qy respectively

The main technical argument needed for proving Lemma C.6 is that, for all probability
distributions P, Q, where Q is absolutely continuous with respect to P, and all functions

o

D(Q | P) +log _lexp(6(X))] > B_[4(X)].
This can be seen as a version of Fenchel’s inequality, which says that f(z) + f*(p) > xp
for all convex functions f, f*, where f* is convex conjugate of f, and all z,p € R.

We use Lemma C.6 together with the “Two-Function Hypercontractivity Induc-
tion Theorem” [ODol4], which shows that if PYy is (r,s)-hypercontractive if and
only if Pxy is (r,s)-hypercontractive. This implies that E(ny)NPg?;[f(X)g(Y)] <

Ex pgn [F(X)]Y" Ey pgn [g(Y)*]"/* for all functions f, g if and only D(Qxy || Pxy) >
DQx[IPx) | D(QYS”PY) for all probability distributions Qxy. In the proof of Theorem C.5

T

we have Pxy = [wuw_lwl l—wu;q—_wzil—i-wl} and consider all the probability distributions of the
form Oxy = arg inf D(Qxy || Pxy) for tq,t, € [0,1].
Oxvy<LPxy, FE [X}Z[fq}
XNQXY u

The obtained inequalities can be used directly with the framework by Panigrahy et
al. [PTWO08] to obtain bounds on “Robust Expansion”, which has been shown to give
lower bounds for 1-cell and 2-cell probe data structures, with word size n°) and o(logn)
respectively.

The Directed Noise Operator We extend the range of our lower bounds further,
by studying a recently defined generalization of the p-biased noise operator [ABGM14;
AV15; Lif18; KLLM19]. This “Directed Noise Operator”, T5'~7* : LQ({O,l}d,ng) —
Ly ({0, 1}d,7r]§id) has the property T@f(m)(b”) = p‘s\f(Pl)(S) for any S C [d], where
f (p)(S) denotes the p-biased Fourier coefficient of f. Just like the Ornstein Uhlenbeck
operator, we show that 752 "P*T5' P2 = Th1™P3 and that T5? """ is the adjoint of Tj' 72
By connecting this operator to our hypercontractive theorem, we can integrate the results
by Oleszkiewicz and obtain provably optimal points on the (4, 1,) trade-off.

We show that for p-biased distributions over {0, 1}", we can add the following line to
the list of equivalent statements in Lemma C.6:

3. For all functions f : {0,1}" = R it holds |75 fll; 1y < I1fll1, -

The operator allows us to prove some optimal choices for r and s in Lemma C.6 (and
by effect for ¢, and t,.) Following [ABGMI14] we use Pareseval’s identity, to write
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2
”T,ngPQfHLQ(m) as

177 1 0 4 17 7 ()2 = F )2 4 20 (1)

= 1T L) < WFIIZ, o)

where r is perfectly determined by Oleszkiewicz in [Ole03]. It is possible to prove further
lower bounds using Holder’s inequality on 7', however the bounds obtained this way turn
out to be optimal only in the case s = 2 or r = 2 that also follow from Parseval. A
particular simple case is r = s =, wy = w, = w, and wy = w?, in which case the arguments
above gives the lower bound p > log(%) /log(1=%) mentioned in Example 1 in
the Upper Bounds section.

Another use of T is in proving lower bounds outside of the random instance we = wyw,
regime. Using the power means inequality over p-biased Fourier coefficients, we show the
relation

1/1og(1/a) 1/1og(1/8)
(T2 f D 113 ) < ((T57 1. Daat/ 1 ) -

which is allows comparing functions under two different noise levels. This is stronger than
hypercontractivity, even though we can prove it in fewer instances. The proof can been
seen as a variation of [OWZ14] and we get a lower bound with a similar range, but without
asymptotics and for Set Similarity instead of Hamming space Similarity Search.

C.1.5 Related Work

For the reasons laid out in the introduction, we will compare primarily against approximate
solutions. The best of those are all able to solve GapSS, thus making it easy to draw
comparisons. The guarantees of these algorithms are listed in Table C.1 and we provide
plots in Figure C.2 and Figure C.3 for concreteness.

The methods known as Bit Sampling [IM98] and SimHash (Hyperplane round-
ing) [Cha02], while sometimes better than MinHash[BGMZ97] and Chosen Path [CP17]
are always worse (theoretically) that Spherical LSF, so we won'’t perform a direct com-
parison to those.

It should be noted that both Chosen Path and Spherical LSF both have proofs of
optimality in the restricted models. However these proofs translated to only a certain
region of the (wg, wy, w1, w2) space, and so they may nearly always be improved.

Arguably the largest break-through in Locality Sensitive Hashing, LSH, based data
structures was the introduction of data-dependent LSH [AINR14; AR15; ARN17]. It
was shown how to reduce the general case of «, 8 similarity search as described above,
to the case (o, ) — (%_5,0), in which many LSH schemes work better. Using those
data structures on GapSS with we > wqw, will often yield better performance than the
algorithms described in this paper. However, in the “random instance” case ws = wywy,
which is the main focus of this paper, data-dependency has no effect, and so this issue
won’t show up much in our comparisons.
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Method Balanced p, = p, Space/time trade-offs
Spherical LSF _ (=M 182 ()
[TTO7; Laal5] l-al+p Pa = l—aZIH(;—oﬂBP

_ _ _ A2
[Chrl7; ALRW17a] l1+tal-p o= S
log o=y ) wi

MinHash [BGMZ97] : wq+1vvq; w1 zaile as walbove 5 lVlth »

0g Wq+ Wy, —W2 Wqtwy—w1’ Wq+Wy —w2
log max{,:vulq,wu}

Chosen Path [CP17] . N/A

log max{wq,wy }

Supermajorities Theorem C.2, Th 0.9
(This paper) Example 1 corent L.
Data-Dependent LSF 11—« VPq ' \/py = V1 —a?
[AR15; ALRW17a] 1+a—23 where o/ =1 — {=§
SimHash [Cha02] log(1 — arccos(a)/m) N/AC)

log(1 — arccos(«) /)
log(1 — — 2
Bit Sampling [IM9§] 12221 — Zq — ZU i QZ;; N/AG*)
q u

Table C.1: Time and space exponents for the best similarity search data-structures. For
Spherical LSF and SimHash, o and 3 are the inner products between sets represented

as vectors, and can by Lemma C.26 be taken to be a = =l _tat and g =
Vwg(1—we)wu(1—wy)

W2 —WqWey,
\/wq(l—wq)wu(l—wu) ’
(*): Space/time trade-offs for MinHash can be obtained using MinHash as an embedding

for Spherical LSF. (xx): Some space/time trade-offs can be obtained for LSH using Multi-
probing [LIJWC+07]. (x*x): A € [—1, 1] controls the space/time trade-off.

We note that even without a reduction to the random instance, for many practical uses,
it is natural to assume such “independence” between the query and most of the dataset.
Arguably this is the main reason why approximate similarity search algorithms have gained
popularity in the first place. In practice, some algorithms for Set Similarity Search take
special care to handle “skew” data distributions [RSW20; ZLWZ+17; MMP18], in which
some elements of the Universe are heavily over or under-represented. By special casing
those elements, those algorithms can be seen as reducing the remaining dataset to the
random instance. Curiously, even the early research on Partial Match by Ronald Rivest
in his PhD thesis [Riv76], studied the problem on random data.

Many of the algorithms, based on the LSH framework, all had space usage roughly
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wy = .001, w, = .0009, w; = .0008 wy =1, w, = .2, wy = .1

0.4 ® = Supermajorities 12 ® —— Supermajorities
: === Spherical LSF : === Spherical LSF
|| LSH Regime, p, = pq Lo ll LSH Regime, p, = pq
1 . 1
0.3 \ SimHash —p, “
\ \
\ 0.8 Y
\ \
‘\ \\
= =
<02 \ <06 %
\ \ SimHash
\\ \\
\ 0.4 \\I\'IinHash
0.1 linHas
h\\\ —
l S 0.2 0 Chosen Path
o~ Example 1
" Chosen Path \‘~~_ - xppe
0.0 -——— 0.0
Example 1
0.0 0.1 0.2 0.3 0.0 0.2 0.4
Pq Pq
(a) Example of search with very small sets. (b) Example with larger sets of different sizes.

Figure C.2: Comparison to Spherical LSF: Plots of the achievable p, (time exponent) and
pu (space exponent) achievable with Theorem C.2. Note that using our optimal spherical
embedding from Lemma C.26 is critical to achieve the exponents shown for Spherical

LSF. The plots are drawn in the “random setting”, ws = wyw, where Spherical LSF and
Data-Dependent LSH coincide.

n'*? and query time n® for the same constant p. This is known as the “balanced regime”
or the “LSH regime”. Time/space trade-offs are important, since n!™* can sometimes
be too much space, even for relatively small p. Early work on this was done by Pan-
igrahy [Pan06] and Kapralov [Kapl5] who gave smooth trade-offs ranging from space
n**+o to query time n°®). A breakthrough was the use of LSF (rather than LSH), which
allowed time/space trade-offs with sublinear query time even for near linear space and
small approximation [Laal5; Chr17; ALRW17b].

We finally compare our results to the classical literature on Partial Match and Super-
/Subset search, which has some intriguing parallels to the work presented here.

Comparison to Spherical LSF We use “Spherical LSF” as a term for the algo-
rithms [BDGLI16] and [Laal5], but in particular section 3 of [ALRW17a], which has the
most recent version. The algorithm solves the (r, cr)-Approximate Near Neighbour prob-
lem, in which we, given a dataset Y C R? and a query ¢ € R? must return y € Y such
that ||¢ — y||, < er or determinate that there is no ¢’ € Y with ||y — ¢, <.

The algorithm is a tree over the points, P. At each node they sample T i.i.d. Gaussian
d-dimensional vectors zi,...,zp and split the dataset up into (not necessarily disjoint)
“caps” P, = {p € P | (z;,p) > t,}. They continue recursively and independently until the
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expected number of leaves shared between two points at distance > cr is &~ n~11¢.

The real algorithm also samples includes some caps that are dependent on an analysis of
the dataset. This allows obtaining a query time of n'/ (2‘32_1), for all values of r, rather than
only in the “random instance”, which, for data on the sphere, corresponds to r = 1/(v/2¢).
(To see this, notice that re = 1/ V/2, which is the expected distance between two orthogonal
points on a sphere.)

Whether we analyse the data-independent algorithm or not, however, a key property
of Spherical LSF is that each node in the tree is independent of the remaining nodes.
This allows a nice inductive analysis. In comparison, in our algorithm, the nodes are not
independent. Whether a certain node gets pruned, depends on which elements from the
universe were sampled at all the previous nodes along the path from the root. One could
imagine doing Spherical LSF with a running total of inner products along each path, which
would make the space partition more smooth, and possible better in practice. Something
along these lines was indeed suggested in [BDGL16], however it wasn’t analysed, as for
Spherical LSF the inner products at each node are continuous, and the thresholds can be
set at any precision.

It is clear that Spherical LSF can solve GapSS — one simply needs an embedding of
the sets onto the sphere. An obvious choice is  +— x/||x||,. This was used in [CP17]
when comparing Chosen Path to Spherical LSF. However it is also clear that the choice
of embedding matters on the performance one gets out of Spherical LSF. Other authors
have considered 2 — (22 — 1)/+/d and various asymmetric embeddings [SL14a).

We would like to find the most efficient embedding to get a fair comparison. However,
we don’t know how to do this optimally over all possible embeddings, which include
using MinHash and possibly somehow emulating Supermajorities.'> We instead find the
most efficient affine embedding, which turns out to be surprisingly simple, and which
encompasses all previously suggested approaches. In Lemma C.4.1 we prove a general
result, implying that the embedding is optimal for Spherical LSF as well as other spherical
data structures like SimHash. In Figure C.2 and Figure C.3 the p-values of Spherical LSF
are obtained using this optimal embedding.

From the figures, we see the two main cases in which Spherical LSF is suboptimal. As
the sets get very small (wg, wy, w; — 0) the p value in the LSH regime goes to 1, whereas
Supermajorities (as well as MinHash and Chosen Path) still obtain good performance.
Similarly in the asymmetric case w, # w,, as we make p, very small, the performance
gap between Supermajorities and Spherical LSF can grow to arbitrarily large polynomial
factors.

Comparison to MinHash Given a random function h : P({1,...,d}) — [0,1], the
MinHash algorithm hashes a set z C {1,...,d} to mp(zr) = argmin;c, h(i). One can

(3

show that Pr{mpy(xz) = mp(y)] = J(z,y) = 20| UJsing the LSH framework by Indyk and

=yl
Motwani [IM98] this yields a data structure for Approximate Set Similarity Search over
Jaccard similarity, .J, with query time dn” and space usage n'*? 4 dn, where p = % and

12We would also need some sort of limit on how much time the embedding takes to perform.
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wy = wy, j1 = wy/(wy + w, —wy) wy = .2,w, = .015
1.0 —— Supermajorities 1.0 —— Supermajorities
MinHash MinHash
—— Chosen Path 0.9 —— Chosen Path
0.8 —— Spherical LSH ' —— Spherical LSH
0.8
206 3
I I
< <07
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0.6
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(a) Varying the Jaccard similarity, j;, among (b) Varying the overlap w; among close sets
close sets, while fixing the exponent of MinHash while fixing the query and database set sizes.

at p = .5 in the subset search instance, wy = w;. Note that at w; = wy = .002 there is no gap
The plot shows the case of balanced exponents, between close and far sets, and so all algorithms
Pq = Pu, between queries and updates. have exponents p = 1.

Figure C.3: Comparison to MinHash: Varying different parameters while searching on
a background of random sets (wp = wqw,), Supermajorities regularly get substantially
better time and space exponents. The plots are drawn in the “random setting”, wa = wqwy,
and use the optimal embedding for Spherical LSF.

j1 and ja define the gap between “good” and “bad” search results. As Jaccard similarity is
a set similarity measures, it is clear that MinHash yields a solution to the GapSS problem
with p, = p, = log wq+$i—w1 / log wq+$i_w2. Similarly, and that any solution to GapSS
can yield a solution to Approximate SSS over Jaccard similarity.

MinHash has been very popular, since it gives a good, all-round algorithm for Set Sim-
ilarity Search, that is easy to implement. In Figure C.3 we see how MinHash performant
for different settings of GapSS. In particular we see that when solving the Superset Search
problem, which is a common use case for MinHash, our new algorithm obtains quite a
large polynomial improvement, except when the Jaccard similarity between the query and

the sought after superset is nearly 0 (which is hardly an interesting situation.)

It is possible to use MinHash as an embedding (or densification) of sets into Hamming
space or onto the Sphere. We can then use Spherical LSF to get space/time trade-offs. We
have not plotted those, but we can notice that in the balanced case, p; = py, this would

give p = ;ﬁ Eﬁ, which is worse than p = log j1/log jo obtained by the direct algorithm.

MinHash is quite different from the other algorithms considered in this section. For
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wg=.2,71=.3 wy =.02,5; = .3

0.7
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0.6
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0.4 —— Supermajorities
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0.3 —— Chosen Path
' —— Spherical LSH
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u)'ll /wu

(a) In the plot, Chosen Path never matches Su- (b) In the plot, Chosen Path nearly matches Su-
permajorities, even at w, = w, since the sets permajorities when w, = w, as the sets are rel-
are relatively large. atively small.

Figure C.4: Comparison to Chosen Path: Fixing w, and the Jaccard similarity so w; =
T fjl (wg+w,), we vary wy, to see the performance of different algorithms at different levels
of asymmetry in the set sizes. The plots are drawn in the “random setting”, ws = wqw,

and use the optimal embedding for Spherical LSF.

some more intuition of why MinHash is not optimal for Approximate Set Similarity Search,
we show in Appendix C.4.2 that MinHash can be seen as an average of a family of Chosen
Path like algorithms. We also show that an average is always worse than simply using the
best family member, which implies that MinHash is never optimal.

Comparison to Chosen Path The Chosen Path algorithm of [CP17], is virtually
identical to Supermajorities, when parametrized with ¢, = ¢, = 1. Similar to Spherical
LSF and our decoding algorithm, they build a tree on the datasets. For each node they
sample iid. Elements z1,z9,--- € U from the universe, and split the data into (not
necessarily disjoint) subsets P; = {p € P | x; € p}. They again continue recursively and
independently until the expected number of leaves shared between two dissimilar points
is sufficiently small.

The case t; = t, = 1 however, turns out to be a very special case of our algorithm,
because one can decide which leaves of the tree to prune, without knowledge of what
happened previously on the path from the root to the node. This allows a nice inductive
analysis of Chosen Path based on second moments, which is a classic example literature
on branching processes. Meanwhile, for our general algorithm, we need to analyse the
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resulting branching random walk, a conceptually much different beast.
Doing the analysis, one gets a data structure for Approximate Set Similarity Search

over Braun-Blanquet similarity, B(x,y) = %, with query time |g|n” and auxiliary
log by

space usage n' TP, where p = Tog ba and by and by define the gap between “good” and “bad”
search results. Since t; =t, = 1 is sometimes the optimal choice for Supermajorities, it is
clear that we must sometimes coincide in performance with Chosen Path. In particular,
this happens as wy = w, and wg, wy, w1 — 0. This is also one of the case where our lower
bound Theorem C.4 is sharp, which confirms, in addition to the lower bound in [CP17]
that both algorithms are sharp for LSF data structures in this setting. Figure C.2a shows
how Chosen Path does nearly as well as Supermajorities on very small sets.

In the case w, = w, the p value of Chosen Path can be equivalently written in terms
of Jaccard similarities as log 12+jjl.1 / log 12+j’%2, which is always smaller than the log j; / log jo
obtained by MinHash. (This value, 2j /7(1 + j), is also known as the Sgrensen-Dice co-
efficient of two sets.) However, in the case w; # w, Chosen Path can be much worse
than MinHash, as seen in Figure C.2b and Figure C.3a. In [CP17] it was left as an open
problem whether MinHash could be improved upon in general. It is a nice result that
the balanced p value of Supermajorities (when p, = p,) can be shown (numerically) to
always be less than or equal to log 12+j;1 / log 12+j§2, even when wy, # w,. It is a curious
problem for which similarity measure, S, so the balanced p value of Supermajorities equal

log 51/ log so.

Partial Match (PM) and Super-/Subset queries (SQ) Partial Match asks to pre-
process a database D of n points in {0, 1}% such that, for all query of the form ¢ € {0, 1, ¥},
either report a point x € D matching all non-* characters in ¢ or report that no such x
exists. A related problem is Super-/Subset queries, in which queries are on the form
q € {0,1}9, and we must either report a point # € D such that x C ¢ (resp. ¢ C x) or
report that no such x exists.

The problems are equivalent to the subset query problem by the following folklore
reductions: (PM — SQ) Replace each = € D by the set {(¢,p;) : i € [d]}. Then replace
each query ¢ by {(i,¢) : ¢ = x}. (SQ — PM) Keep the sets in the database as vectors
and replace in each query each 0 by an .

The classic approach, studied by Rivest [Riv76], is to split up database strings like
supermajority and file them under s, u, p etc. Then when given query like set we take
the intersection of the lists s, e, t. Sometimes this can be done faster than brute force
searching each list. He also considered the space heavy solution of storing all subsets, and
showed that when d < 2logn, the trivial space bound of 2¢ can be somewhat improved.
Rivest finally studied approaches based on tries and in particular the case where most
of the database was random strings. The latter case is in some ways similar to the LSH
based methods we will describe below.

Indyk, Charikar and Panigrahy [CIP02] also studied the exact version of the problem,
and gave, for each ¢ € [n], an algorithm with O(n/2¢) time and n2(0(dlog® dy/c/logn) ¢y ce.
and another with O(dn/c) query time and nd¢ space. Their approach was a mix between
the shingling method of Rivest, building a look-up table of size ~ 2%(9) and a brute force
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corresponds to
QuerysetQ —= < group of sets

not contained in Q
corresponds to

group of sets
contained in Q “<—— Representative set R

Figure C.5: This figure from the Partial Match algorithm of [CTP02] shares some of the
same geometrical intuition visible in our own figure C.la.

search. These bounds manage to be non-trivial for d = w(logn), however only slightly.
(e.g. n/poly(logn) time with polynomial space.)

There has also been a large number of practical papers written on Partial Match /
Subset queries or the equivalent batch problem of subset joins [RPNK00; MG03; GG10;
AAK10; FMNM19]. Most of these use similar methods to the above, but save time and
space in various places by using bloom filters and sketches such as MinHash [BGMZ97]
and HyperLogLog [FFGMO7].

Maximum Inner Product (MIPS) is the Similarity Search problem with S(z,y) =
(x,y) — the Euclidean inner product. For exact algorithms, most work has been done
in the batch version (n data points, n queries). Here Alman et al. [ACW16] gave an

n2-1/0(Vk) algorithm, when d = klogn.

An approximative version can be defined as: Given ¢ > 1, pre-process a database D
of n points in {0, 1}¢ such that, for all query of the form ¢ € {0, 1}¢ return a point x € D
such that (g,z) > 1 maxyep(g,2’). Here [APRS16] gives a data structure with query
time ~ O(n/c?), and [CW19] solves the batch problem in time n?~1/90°€¢) (both when d
is n°M)))

There are a large number of practical papers on this problem as well. Many are based
on the Locality Sensitive Hashing framework (discussed below) and have names such as
SIMPLE-LSH [NS15] and L2-ALSH [SL14a]. The main problem for these algorithms is
usually that no hash family of functions h : {0,1}% x {0,1}¢ — [m] such that Pr[h(q) =
h(z)] = (q,z)/d [APRS16] and various embeddings and asymmetries are suggested as
solutions.

The state of the art is a paper from NeurIPS 2018 [YLDC+18] which suggests parti-
tioning data by the vector norm, such that the inner product can be more easily estimated
by LSH-able similarities such as Jaccard. This is curiously very similar to what we suggest
in this paper.

We will not discuss these approaches further since, for GapSS, they all have higher
exponents than the three LSH approaches we study next.
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C.2 The Algorithm

We now describe the full algorithm that gives Theorem C.2. We state the full version of
the theorem, discuss it and prove it. The section ends with an involved analysis of the
survival probabilities of the branching random walk.

Notationally we define [n] = {1,...,n} and let (-o-) : Al x A2 — AL+ be the
concatenation operator for any set A and integers 1, 5. We will use the Iversonian bracket,
defined by [P] =1 if P and 0 otherwise. For R and U sets, we have Rx U = {rou |r €
R,u € U} P(U) is the power set of U.

The first step is to set up our assumptions. For wy, wy,, w1, wa,ty,t, € [0,1] given, we
can assume min{wg, wy,} > wy > wy and ty # wg, t, # w,. We are also given a universe
U and a family Y C (wu(IJUI) of size |Y| = n.

It will be nice to assume |U| = ¢ where ¢ is a prime number. This can always be
achieved by adding at most |U|%52% elements to U large enough'® [BHP01]. Hence we only
distort each of wy, wy, w1, ws by roughly a factor 1+ O(|U|~1/2), which is insignificant for
|U| = Q(logn)?, and we can always increase |U| without changing the problem parameters
by duplicating the set elements.

Let k € Z be defined later. For all i € [k] we define h;(r) : [q]* —
>_jeli] %7 Tbi mod g for some sequences of random numbers a; ; € [¢]\{0
that each h; is a 2-independent random function. (That means Pr[h;(r)

Hbyh()
}+,bi € [q], such

hi(r')] < 1/q

for r #1r'.)

Finally two sequences (A € Z+)iep and (cp € R2)g€[k] to be specified later. We
can now define the sets R; = {rox € R;_1 x U |h;i(rox) < A;}, as well as the decoding
functions

R7;<X,t) = {7“ € R;

Ve <i: Z[rjeX] Ztﬁ—Cg}
J€ld

Intuitively R; are our representative sets at level ¢ in the tree, such that Ry is a close
to iid. uniform sample from U*. The decoding function takes a set X C U and a value
€ [0,1], and returns all » € R; such that all prefixes " of r “(t — ¢)-favours” X (as
defined by |rNX|/|r| > t — ¢ in the introduction), where ¢ = C“;,’“ is some slack that helps
ensure survival of at least one representative set. The slack won’t be the same on each
coordinate, but scaled by their variance. The algorithm is shown below as pseudo-code in
Algorithm 1.
Our data structure now builds a hash-table M of lists of pointers and store each set
y € Y in M|r] for every r € Ri(y,t,). One can think of this as storing the elements at the
leafs of the tree represented by the sets R;. On a new query g € ( |U|) we look at every

list M|r] for r € Ri(q,tq). For each y in such a list, we compute the intersection with q
and return y if |gNy|/|U| > we. This takes time min{w,,wq}|U|, which would be a large
multiplicative factor on our query time, so we may instead choose to sample just

O(min{wg, wy, }wy ' logn) (C.1)

13Tt is an open conjecture by Harald Cramér that (log |U|)? suffices as well. [Cra36]
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Algorithm 1: Pseudocode for the decoding function R.

Input: Universe U, Set X C U, Threshold ¢ € [0, 1]
Result: Set P, C U* of paths

Ry« {((),0)} // These R; values contain the paths and scores
for =1 to k do
for (r,s) € R;—1 do
for x € U st. hi(roz) < A; do // Sample the universe
s' s+ [z e X]
if s’ > it — ¢; then // Trim to promising paths
‘ R, R;U {(’F o ZC,S/)}
end
end
end
end

elements, which suffices as a test with high probability.

This describes the entire algorithm, exception for an optimization for the “Sample the
universe” step above, which naively implemented would take time | X|. This optimization
is the reason |U| was chosen to be a prime number.

An optimization In the “Sample the universe” step of Algorithm 1 a naive implemen-
tation spends time | X | hashing all possible elements and comparing their value to A;. We
now show how to make this step output sensitive, using only time equal to the number of
values for which the condition is true. '*

The requirement s’ > it — ¢; we call the “trimming condition”. This allows us to trim
away most prefix paths which would be very unlikely to ever reach our requirement for
the final path. To speed up finding all € U such that h;(r o ) < A; we note that there
are two cases relevant to the trimming condition, depending on s in the algorithm: (1) s’
has to be s+ 1 or (2) s’ = s suffices. In the first case we are only interested in z values in
X, while in the second case, all z € U values are relevant.

We have h;(r o x) = n+ ax mod ¢ for some values 1, a and b where a > 0. In case
(2) the relevant x are simple {a~!(v—n) mod ¢ | v € [A;]}, where a~! exists because q is
prime. For the case (1) where z must be in X, we pre-process X by storing ax mod ¢ for
x € X in a sorted list. Using a single binary search, we can then find the relevant values
with a time overhead of just 1g|X|. Using a more advanced predecessor data structure,
this overhead can be reduced. See Algorithm 2 for a pseudocode version of this idea.

C.2.1 Full Theorem

We state the full version of Theorem C.2 and a discussion of the differences between it
and the idealized version in the introduction.

14The subroutine is inspired by personal communications with Rasmus Pagh and Tobias Christiani.
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Algorithm 2: Output sensitive sample
Input :r€lql, A€lq
Pre-process: s = sorted{h(z) | z € X} € [¢]X] and x € XIXI st. h(k[i]) = s[i].
Result: R ={z € X | (h(z) +r mod q) < A}
i< min{i € [|X]] | s[i —1] < qg—r <s[i]} // We assume s[i] = —oco for i <0
R {}
while (s[¢ mod |X|] +r mod q) < A do
R+ RU{k[i mod |X|]}
141+ 1
end

Theorem C.2 (Full version). Let wg, w, > wi > wy > 0 be given with wi > wqw,, and 1 <
logn

P2)—d(tqllwg)

and assume that tgk/2 and t,k/2 are integers. The (wg, wy, wr, w2)-GapSS problem over

a uniwerse U can be solved with expected query time

tg,tu < 0. Set k to be the smallest even integer greater than or equal to DT

query time O (sq k*® nf? + kw, |U| + (z‘i(_lt’qﬁgj)\/tq(l—tq)k'6~510g(3k)))’

space usage O(c, k* n'™Pv + nw, |U|)

tu(1—wy,) ) Vtu(1—tu)k 6.5 log(Sk)))

and update time O(gu kP + kw, [U| + ((l—tu)wu

)

D(Th || 71) — d(tq || wg)

_ DT || P) — d(ty || wa)
P4 = DTy | Pa) — dlty || wy)

Pu = ’
D(Ty || P2) = d(tq || wq)

where and

2(D(T1 || P1)—d(tu|lwu))

min{we,wu} 2(D(T1[|P)—d(tallwa) ¢ — ¢ _

and ¢4 = o ,

We stress that all previous Locality Sensitive algorithms with time/space trade-offs
had n°M) factors on nfs and nP:. These could be as large as exp(y/Iogn) or even
exp((logn)/(loglogn)). In contrast, our algorithm is the first that only loses k ~ log(n)
multiplicative factors!

In the statement of Theorem C.2 we have taken great effort to make sure that any
dependence on wg, wy, w1, w2, ty,t, is visible and only truly universal constants, like 4, are
hidden in the O(+).

The main thing we do lose is the additive (E;(_lt‘q;”lgj)m ta(1=19)k) " We may note the
bound (ﬁ—qtq)\/tqu_t‘ﬂ < 2, so the main eyesore is the 1/w,. For w, > e~OWIogn) thig
is dominated by the main term, but for very small sets it could potentially be an issue.

However, it turns out that as w, and w, get small, the optimal choices of t, and ¢, move

towards 0 or 1. Since this effect is exponentially stronger we get that (1/wy) ta(1-tq) jg
usually never more than a small constant. It also means that we recover the performance
of Chosen Path in the case t, = 1, t, = 1, which has no Q(eV'*e") terms. '°

5The authors know of a way to reduce the error term further, so it only appears in the pq = 0 case,
and only as exp((log 1/wq)?/2k'/®) which is o(n) for any w, = w(1/n).
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In case wq_l is large, but ws is not too small, we can reduce wq_1 to %k by hashing!
Sketch: Define a hash function h : U — [m] where m = O(%]U\k) and map each set y
to {i € [m] | de € y : h(e) = i}, that is the OR of the hashed values. With high probability
this only distorts the size of the sets and their inner products by a factor (1 + 1/k) which
doesn’t change p.

The constants of the size ¢, and ¢, are standard in all other similar algorithms
since [IM98], as they come from the requirement that k is an integer. The terms
D(Ty || Pi) —d(tq || wg) and D(T7 || P1) — d(ty || wy) in ¢, and g, may be bounded
by log 3 and log % respectively. The factor of 2 on those terms come from the tensor-
ing step done on paths of length k/2. This can be removed at the cost of making the
ratio-of-odds term multiplicative in the bounds above. The factor min{wg, w,}/ws in ¢
comes from equation (C.1) and is the time it takes to verify a candidate identified by the
filtering. Note that this factor would exist even in a brute force O(n) algorithm and exists
in any data structures known for similar problems. In fact, for small n, it is necessary due

to communication complexity bounds.

Proof of Theorem C.2. Let T, and T, be the time it takes to compute Ry (z,t,) and
Ry (y,t,) on given sets. When creating the data structure, decoding each y € Y takes
time n7, and uses n E[|Ri (Y, t,)|] words of memory for space equivalent. When querying
the data structure we first use time 7, to decode ¢, then E[| Ry (X, t,)|] time to look in the

buckets, and finally Hﬁn{%{y—?}bgn time on each of E[|R;(X,t;) N R (Y, t,)|] n expected
collisions with far sets (the worst case is that we never find any y with y N g > ws|U]| so
we can’t return early.)

The key to proving the theorem is thus bounding the above quantities. We do this

using the following lemma, which we prove at the end of the section:

Lemma C.7. In Algorithm 1 let k € Zy and let wq, wy, w1, ws € [0,1] be the Gap-SS
parameters such that wi > wqw,. Now let ty,t, € [0,1] be the thresholds such that t,k
and tyk are integers, and let A > 0 be the branching factor. Given a query set X, with
| X| = wq|U|, and data set Y C U, with |Y| = w, |U|, then running Algorithm 1 with

_ | Vta(1-tg) . /650Tog(3k) — 107 g
cr = [m 6.5¢1og(3k) for £ <k and ¢, =[], gives that

E[| Ri(X, tg)[] < 2AF exp(—kd(ty || wy)) - (C.2)

E[|Ri (Y, tu)]] < 2AF exp(—k d(ty || wy)) - (C.3)

Pr|Ri(X,ty) N Re (Y, t,)| > 1] > 78k A  exp(—kD(Ty || P1))  if [ X NY|>w |U].
(C.4)

E[|Ri(X,ty) N Ri(Y, )] < 2AF exp(=k D(Ty || P2)) if [ XNY|<wy|U|.
(C.5)

; —w; t; tg—t; .
where Py = (%) 1oarainy ) T = (.20 1400040, ) 5 = argin DT || By) for
Jje{1,2}.
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Finally the expected running times, T, and T,, it takes to compute Rp(X,t;) and
Ry (Y, t,) respectively are bounded by

—w)\ (e
B[T,] < O(k |X| + k(k + log(n)) A* exp(—k d(t, || w,)) (Ei(_lmu‘i) )

N
E[T.) < O(k|Y]| + k(k + log(n))A* exp(—k d(ty || w.)) (l(%f(—ltu)ﬁj) ) 2) :

(C.6)

We define A = exp(D(Ty || P1)), and let k be the smallest even integer at least

logn _ ol; ) i )
DT~ d(ETwg) Define the sequence A; = 2% for some l; € Z>( such that szl A <

Al < 2][}=, A for all i € [k].
We make 2 initiations of Algorithm 1, M;, My, with height k£/2. A and ¢, are adjusted
correspondingly. In we have ¢ /o = ¢ = [{].

For each instance we have

E[|Ry/o(X,t)|] < 2exp(k/2 D(T1 || P1) — k/2 d(ty || wg))

log n (D(T: || Pr) — d(t, || w,))
= 2o <<D(T2 1 P) — dlty [ wg) 2) 2 )

1 D(Ty || P1)—d(tqllwg)
= 202 D=1 (D(Ty || PL) — d(tg | wg).
similarly we get
1 D(Ty || Py) —d(tu ||lwu)

E[|Ryjo(X,tg)|] < 2n> PEIPI=0Clw0 (D(Ty || Py) — d(t || wa)).

We combine the two data instances M; and Ms by taking as representative sets re-
turned the product of the sets returned by each of them. In particular, this means we
successfully find a near set, if ‘Rk/2(X, tq) N Ry o(Y, tu)‘ > 1 for both instances, which
happens with probability at least

(78 A  exp(—kD(Ty || P1)))? = (73K 1)

hence, repeating the algorithm Ck?® times, for some C, we can boost this probability to
99%.
Putting it all together now yields the full version of Theorem C.2 contingent

on Lemma C.7.
O

C.2.2 Bounds on Branching

It now remains to prove Lemma C.7. The inequalities (C.2), (C.3) and (C.5) are all
simple calculations based on linearity of expectation. The time bound (C.6) is also fairly
simple, but we have to take the decoding optimization described above into account. We
also need to bound the number of paths alive at some point during the decoding process,
which requires being more careful about the trimming conditions.

Finally the proof of the probability lower bound (C.4) is the main star of the section.
We do this using essentially a second-moment method, but a number of tricks are needed
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in order to squeeze out acceptable bounds, taking into account that any of wg, wy, w1, w2
may be o(1), which among other things forbid the use of many Central Limit Theorem
type results.

Proof of (C.2) and (C.3). We only provide the proof for (C.2) since the proof (C.3) is
analogous.

Let r € Ry be a representative string and define the random variables X = [r; € X]
for i € [k], because the hash functions h; used at each level of the tree are independent,
so are the (X(i))ie[k} independent.

We use linearity of expectation, and completely throw away the fact that some branches
may have been cut early. Throwing away extra cuts of course only increases the probability
of survival. Meanwhile, we do not expect to gain more than factors of k this way, compared
to a sharp analysis, since the whole point of the algorithm is to efficiently approximate
cuts done only at the leaf level.

E[|Rk(X, tq)[] < [Re| Pr [0 < k: > XD >0 — Y
1€[(]

< |Re|Pr| ) X0 >k
| i€[k]
< |Ri|exp(—kd(ty || wg))-

The final bound is the entropy Chernoff bound we use everywhere. Since |Ry| = H,’le A; <
2AF we get the bound. O

Proof of (C.5). This is similar to the proof of (C.2) and (C.3), but two dimensional.

Like in the those proofs we consider a single representative string » € Ry and define the
random variables X' = [[[:ZLS,(” for i € [k]. By definition of Algorithm 1 (X (i))z’e[k} are
independent.

We then bound using linearity of expectation:

E[|Ri(X,tg) N R(Y,t)|]| < |Ri| Pr(VE< kY A0 > [jr]0— 0
1€f]

<28FPr |3 A0 > [l )k
Li€[k]
< 2A* exp(=D(T3 || P»))

O]

Proof of (C.6). As a preprocessing stage we make k sorted lists of (a;z),cx where a; is
the coefficient in h;(p o x) = hl(p) + a;z mod ¢, this takes O(k|X|) time.
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We will argue that at each level of tree that we only use O(k +log|X|) = O(k +logn)
amortized time per active path. More precisely, at level I we use O((k +logn)|Re(X,tq)|)
amortized time.

Let ¢ € [k] be fixed and consider an active path r € Re(X,tg). If X icpylri €

X] > t,(l+1) - cgl_l) then every one of its children will be active. So we need to

find {z € U|h(pox) <Ay} = h,'([A). Now he(poz) = hj(p) + az mod q where
a # 0 modgq and s = hy(p) can be computed in O(k) time. We then get that
hy Y ([A]) = {a7 (i — s) |i € [Ag]}, this we can find in time proportional with the number
of active children, so charging the cost to them gives the result.

If > el € X < tg(l+1) - A7 then only the children r o x € Ry where
x € X will be active. So we need to find {z € X |hy(pox) < Ag}. Again using that
h¢(pox) = hy(p)+axr mod g where a # 0 mod g and s = hj(p) can be computed in O(k)
time, we have reduced the problem to finding h, ' ([A(]) = {z € X | s +ax mod g < A/}.
This we note we can rewrite as h; ' ([Af]) = {z € X |s < azr Vazr < A+ s—q}, so using
our sorted list this can be done in O(logn) time plus time proportional with the number
of active children, so charging this cost to them gives the result.

We bound the expected number of active paths on a level £ € [k]. Let r € Ry be
a representative string and define the random variables X = [r; € X] for i € [k], by
definition of Algorithm 1 (X (i))ie[k} are independent. We then bound

Prid a0 >0 -0 <Prlvj<e: Y x0 >t
i€l L 1€[4]

<Pr| Y X0 >0 Y
Li€[¢]
<exp(—ld(t; — C(e)/l | wq))

o0
< exp(—ld(tq || wy)) (%) 1

The crucial step here was using the identity

d(ty — & || wg) = d(ty || wy) — £ log H48 + d(ty — = || t,)

from which we can ignore the d(t, — € || t4) term, since it is positive.
Using linearity of expectation we get that

B[ R(X, 1)) < | Rl exp(—Ld(ty | ) (a9

wq(1-1q)

< 24" exp(—Ld(ty | wy)) (454



C.2. THE ALGORITHM 221

Now the expected cost of the tree becomes

> " O((k +1og(n)) |Re(X, tg)]) | = O((k +1log(n)) Y E[|Re(X, t4)]])
Le[k] Lek]
®

< O(k(k +1og(m) A" exp(—k d(ty || wy)) (124754)" ).

O

Note that we throw away some leverage here by bounding the size of each level by
the final level. We might have defined c¥) such that LA — £d(t, || w,) + ¢ log %

1%,
(d(ty — /0 || t,) = kA — kd(t, | w,) and still used the same bound. The only later
requirement we set the ¢(®) is that > oep exp(—Ld(tg — /e t,)) sum to 1/ poly(k).

(£)

Making this change could potentially kill the (%)cl factor, which is a bit of an
eye sore. However in the near-constant query time case, which is really when this factor
(or term once we using the tensoring trick) is relevant, this trick wouldn’t work, since we
then have exactly A = d(t, || wg).

For the final proof we need the following lemma, which bounds the probability that
an unbiased Bernoulli 2d random walk stays entirely in the negative quadrant. A lemma
like this is an exercise to show using the Central Limit Theorem and convergence to
Brownian motion. However, our bound is non-asymptotic, making no assumptions about
the relationship between the probability distribution of X; and the size of n. There are
non-asymptotic CLT bounds, like Berry Esseen, but unfortunately multivariate Berry
Esseen bounds for random walks are not very developed.

Lemma C.8 (The probability that a random walk stays in a quadrant). Let X1,..., Xy €
{0,1}? be did. Bernoulli 2d-random variables with probability matriz | P 7P .
Assume that the coordinates are correlated, that is p > pip2, and assume pgk and pak are
integers.

Let Sy = Zz’e[e] X, be the associated random walk. Then

1

Pr(ve € k] : S < 0] > o

The proof of this is in Appendix C.2.3.

Proof of (C.4). We will prove this bound using the second moment method. For this to
work, it is critical that we restrict our representative strings further and consider

s=Srem vk || f><z[[[:ig§1}< e

It is easy to check that S C Ry (X, t,) N Ri(Y,t,), thus we have that

Pr{| Re(X, 1) 0 Re(Y; )| > 1] > Pr|8] > 1] > B8] /B[|5P] |
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where the last bound is Paley-Zygmund’s inequality. We then need to do two things: 1)
Lower bound E[|S|], and 2) Upper bound E DS\Q]

Lower bounding E[|S|]. Let r € Ry be a representative string and define the random

variables X)) = H::E)}f” for i € [k]. Each one has distribution P = [wuw_lwq 1_wu;q__wi1+w1 .

We then introduce variables X® with law T = [t t_lt 1_ttq__tt1 t }, where ¢t; minimizes
u q q u 1

D(T || P) as defined in the algorithm.

We then use the following variation on Sanov’s theorem:

Lemma C.9. For any set A C R**™ we have

Pr|(XD)jcpy € A| = exp(=kD(T || P)) Pr|(X®);cy € A

Proof. Define the logarithmic moment generating function A(\) = log E[exp((\, X))], and
let z = (V4A*)(t). By a standard correspondence, (see e.g. [PW14] Chapter 14 or [Din94]
Chapter 6.2), we have that

dT(z) = exp({z,z) — A(2))dP(x) (C.7)

for Radon—Nikodym derivates d7" and dP. Now using the exponential change of measure,
we get that

Pr [(X(i))ie[k] € A]

= / dpeF
(D) sem €A

= / exp | kA(z) — <z, Z i(i)> AT "
(E®D);eeA .

1€[k]

exp | — <z, Z (f(i) — [fz])> dT®*

i€[k]

—exp(~kD(T | P)) [

(D) €A

— exp(—k D(T || P)) Pr[(X9) ey € 4] |

where the last inequality follows from the fact that if (.fc(i))ie[k] € A then Zie[k] 0 =
[fa k. O

ty

For convenience we will sometimes write T" = [% g;] Note that by assumption

tgk = (t12 + ti1)k and t,k = (t21 + t11)k are integers, but values such as t11k and to2k
need not be.
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We define the sets

U= @D)epg e RPF|\VE< kY 2l <[]0
1€[¢]

and L= (2W)cpy eRPF Ve <k: > a2l =[]0 -0
1€[¢]

such that U N L are all sequences satisfying our path requirement. In other words E|S| =
exp(—kD(T || P))Pr {(i(i))ie[k] elUn L] Using a union bound we split up:

Pr [(X(i))ie[k] eun L} > Pr [(;\?(i))ie[k] € U} —Pr [(';\?(i))z‘e[k] € L] :

The term is bounded by Lemma C.8 from the Appendix. Once we notice that w; >
wqw, implies that ¢t; > t4t,. One way to see this is that ¢; minimizing D(T || P) gives
wl(l—wq—wu—i-wl) _ t1(1—tq—tu+t1) _ t1+t1(t1—tq—tu)
(wg—w1)(wu—w1) —  (tg—t1)(tu—t1) ~ tetutti(ti—tg—tu)’
left hand side is > 1, and so we must have t1 > t,t,,.

Lemma C.8 then gives us

rise to the equation If w > wqw, the

: 1
Pr|(x® 35
r ( )ze[k] elU| > 400k

This is a pretty small value, so for the union bound to work we need an even smaller
probability for the lower bound.

We bound each coordinate individually. The cases are symmetric, so we only consider
the first coordinate. Using another union bound and Bernstein’s inequality we get

Pri3¢ <k: ZXll)<t€—c1] ZPr ZX(Z<t£_C§)]

<k =1

o —(4")*/2 )
- ZZ% ((1 —t)tgl + (1= 20g)ci” /3

— 1200

since Cge) = Q(\/ty(1 —ty)llogl + |1 — 2t,|logl).
Similarly, we upper bound Pr {36 <k: Zle /1;2(1') <ty l — cg)} < 1200k 65 Putting it
all together we get

Pr[(X0);cpy € A > - exp(—k DT || P)k67,

— 1200

so by linearity of expectation we get that

BIS] > Ryl ok "% exp(—k DT | P)) > k™3 Ak exp(~kD(T | P)
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Upper bounding E “S\Q]

Consider two representative strings 7,7’ € Ry and let ¢ € Ry be their common prefix,

hence [ is the length of their common prefix. Define the random variables X)) = [ F;fg,? } ,

PO = [[r eX]} and 2 — [[QheX]} for i,j € [k] \ [¢] and h € [I]. We then get that

[rieY] [qheY]
Pr[p,p’ € S]
< Pr ZZ”‘H— Z XD >tk A ZZ“‘M Z YU >tk A ZZW <tl]
| he[4] i€ [k]\[!] hell] JERN[] helf]

<Pr|d zW4+ M x04 Z YO > (2K — 0yt

| held] ielk\[1] (R[]

Now Zhe 0 AR B e [k\[I] X +>. el y('> is almost a sum of independent random

variable. We have that X~ and Y*—¢+1) are correlated since they are chosen by
sampling without replacement, but this implies that

B[exp((X, XD 1 YE-D) ] < Blexp((, XED))| B lexp((2, YEED))

We can then use a 2-dimensional Entropy-Chernoff bound and get that

Pr

Zzh)+ Z x® 4 Z YO > (2k — E)] <exp(—(2k—-€)D(T || P)) ,

hel] ie[k\[1] K[

Using this we can upper bound E [|S|2} =E [Er,r’eRk [r,r € Sﬂ by splitting the sum
by the length of their common prefix.

E[|5|2} E{ Y e S]]

r,r' €Sy
<) (HAJ) ( ’+1> ( 11 A)exp (2k — i) D(T || P))
i=1 \j=1 j=i+2
k 2 -1
< (HA]-) exp(—2kD(T || P)) ZexpzDTHP (HA)
Jkl , =1
< (H Aj) cexp(=2kD(T || P)) - k- exp(kD(T || P)) - AF
j=1

< 4kA* exp(—kD(T || P))
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Finishing the proof

Having lower bounded E[|S|] and upper bounded E [|S |2} we can finish the proof.

Pr(| R (X, ) N Ri(Y, t,)| > 1] > Pr[|S] > 1]
> B[S’ /E||SP]
L E~1B3A%* exp(—2kD(T || P))

> 12002

- 4kAF exp(—kD(T || P))

_ b e

= 24002k‘ A exp(=kD(T || P)) .

C.2.3 Central Random Walks

The main goal of this section is to prove Lemma C.8, which polynomially in k£ lower
bounds the probability that a biased random walk on Z? always stays below its means.
Asymptotically, this can be done in various ways using the Central Limit Theorem for
Brownian Motion, but as far as we know there are no standard ways to prove such a result
in a quantitative way.

What we would really want is a Multidimensional Berry Esseen for Random Walks.
Instead we prove something specifically for walks where each iid. step X1, ..., Xy € {0,1}?

be is a Bernoulli 2d-random variables with probability matrix [p;i o 1pmetp |- We need
the further restrictions that the coordinates are correlated (p > pi1p2), and that p1k and
pok are integers.

We will start by proving some partial results, simply bounding the probability that
the final position of the random walk hits a specific value. We then prove the lemma

conditioned on hitting those values, and finally put it all together.

Lemma C.10. Let k € Zy and p1,p2 € [0,1], such that, both p1k and pak are integers.
Choose p € [0, 1], such that, p > pipa. Let X c R? pe independent identically distributed

p pi—p

2-dimenstonal Bernoulli variables, where their probability matrix is P = po—p 1—p1—patp | -

We then get that
@ — (» (@) () _ 1,35
Pr ZXZ _(p;)kAZXl X7 = (k1| = gk
i€[k] ic[k]
In the proof we will be using the Stirling’s approximation

2mnn"e " < n! < eynne ™. (C.8)
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This implies the following useful bounds on the binomial and multinomial coefficients.

n \/ﬂ —0.5 _—an —(1=a)n
> n " 1- : '
<an> =Tz e (1-a) (€9
Y VT sy by g ) (-abeon (C.10)
an,bn,cn et

Proof. If py =1 then p = po and we get that

i k _
Priy X =pok| = <p2k>P§2k(1 — )P >

i€[k]

where we have used eq. (C.9). We get the same bound when p; = 0, po = 1, or p2 = 0.
Now assume that p;, p2 & {0, 1}, we then have that % <p < 1—% and % <py < 1—%.
We first note that

Pr| " X0 = (pik, pok) A Y XPXY) = [pk]
i€[k] i€[k]

k
- <Wﬂ ,p1k — [pk], pak — Wﬂ)
pIPFI (py — p)Prh=IPRL (py — pyP2=IPkl (1 — p) — g 4 p)k—Prk—p2ktpk]
Vor o1 [pk] 1k — [pk]

p
A — LEhl _
> 5 e (— [pkTlog o — (puk — [pR])log ©
p2k — [pk]|

k — p1k — p2k + [pk]
— (pok — [pk1 — (k= prk — pok + [pk]1
(pok = [pk])log pak — pk (k = pik = pak + [pk]) log k — p1k — pok + pk )

where we have used eq. (C.10). We will bound each of the terms [pk]log %, (p1k —

_(pg:} )gog H’“,J? (p2k — [pk])log 252l and (k — pik — pik + [pk)) log 2utpelt bl
Individually.
1

Using that p > p1p2 > 15 we get that

[pk]
k

p

1
[pk]log = (1+ pk)log (1 + pk) <1+log(l+k).

Now using that 1 —p; —pe+p > (1 —p1)(1 —p2) > 1%2 we get that

log k —p1k — pok + [pk]
k — p1k — pok + pk

(k — p1k — p1k + [pk])

1
< (k(1 — — +p)+1)lo 1+
(K1 = p1 —p2+p) + 1) g( k(l_pl_pﬁp))

<1+log(l+k).
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We easily get that

pik — [pk] pik — pk
k — [pk])log 1L < (pyk — [pk])log =5 —— =0 .
(p1k — [pk])log P — < (p1k — [pk]) Sl —

p2k—[pk] _ = 0.

Similarly, we get that (p2k — [pk])log ="

Combining all this we get that

Pr ZX (prk, pak) A ZX VX = [pk]

mk‘” exp(—(1 4+ log(1 + k) — (1 +log(1 + k))) > L s

>
e 400

O]

We now prove a result for the random walk, conditioned on the final position. In the
last result of this section, we will remove those restrictions.

Lemma C.11. Let k 6 Z4 and p,p1,p2 € [0,1], such that, pk,pi1k, and p2k are integers
and p > p1ps. Let X ¢ {0, 1} be independent identically distributed variables. We then
get that

privi<k: Y xO> (PSS x0 = (P eA S xOx0 = pk| > 073
i€(k] P2 ic[k] p2 i€k

In the proof we will use the folklore result.

Lemma C.12. Let k € Z; and (a;)iex) numbers such that 3 ;e a;i = 0 then there exists
a s € [k] such that Zz‘e[l} A(s4i) mod k = 0 for every I < k.

Proof of Lemma C.11. Using Lemma C.12 we get that Z e[l X(i) > p1l for every | < k
with probability at least k! since every variable identically distributed. Fixing (X (i))zem
and using Lemma C.12 2 times we get that 3, X( )X( D> Zze[l} X% and iep(1—

Xl(i))X(i) > B e Xy) for every I < k with probability at least k‘2. If all these three
events happens then for every [ < k we get that

> 5 = T+ 30

iell] ie[l] i€ll]
() PQ p

ZX >

I—m el
pb— plpz (@) , P2—DP
= X+ l

p1(1—p1) 1;[” ! 1—p1
> b —Ppip2 1H_P2—Pl

> P
p1(1 —p1) 1—p
= pol .
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}X(i) > P [ for every

b2

So we conclude that with probability at least k=3 then Zie[l

[ < k which finishes the proof.

All that remains is proving Lemma C.8. We restate it and then prove it.

Lemma C.13. Let Xi,..., X € {0,1}? be did. Bernoulli 2d-random variables with

. : P pP1—p
probability matriz [prp 1—p1—potp |-

D > p1p2, and assume pgk and pok are integers.
Let Sy = Zz’e[é} X; be the associated random walk. Then

Assume that the coordinates are correlated, that is

1
<
Pr[Vl e k] : Sy < 0] > 100 k65
Proof. We define the set U = {(x(i))ie[k] € R2xk ‘Vf <k ) < [g;]f} of all se-
quences satisfying our path requirement. In other words Pr[Vk € [n] : S < 0] =
Pr [(X (i))ie[k] € U]. We then add even more restrictions by defining

Al = (x(l))ze[k] e R2*¥ Z =[]k A Z l'g)) = [pak] p. (C.11)
1€[k] i€[k]

That is, we require the last final value of the path to completely match its expectation,
rounded up. By monotonicity we have Pr[(é’((i))iew eU] >Pr [(i‘(i))ie[k} eUNA.

We want to use Lemma C.10 and Lemma C.11 and to ease the notation we introduce
the negated random variables Y0 = 1 — X Define pas = 1 — p; — pa + p. We then have
that E[YO] = [} ] and Pr[YD = (})] = po2 = 1 —p1 —pa+p > (1 = p1)(1 = p2) by
the assumption of correlation.

We can then rewrite using Y():

Pr[(i(i))ie[k] ceun A’}

=Prlve<k:Y Y0 > }g;mZy 220k A - POV = [paak]

i€[k] i€[k]

Now using Lemma C.10 we have that

3 l 1 —
Pr|> y0 = H;MZ% = [p2ok]| > ok ™7
i€lk]



C.3. LOWER BOUNDS 229

Combining this with Lemma C.11 we get that

2 e A S VIV = [pook]

i€[k]

Prive<k:» YO>[0ady yo
1€[k]

i€[k]

= Pr Z YO — Hiﬁé]k A Z yfi)y;) — [paok]
1€[k]

i€[k]

Prive<k:y YO S[120| Y VO =10k A DD VP = [paok]
1€[k] 1€[k] 1€[k]
1

> _— |65
- 400k

C.3 Lower Bounds

Our lower bounds all assume that wad = w(logn), where d is the size of the universe. As
discussed in the introduction is both standard and necessary.
We proceed to define the hard distributions for all further lower bounds.

1. A query = € {0,1}% is created by sampling d random independent bits with
Bernoulli(w,) distribution.

2. A dataset P C {0,1}¢ is constructed by sampling n — 1 vectors with random
independent bits from such that y; ~ Bernoulli(ws/w,) if ; = 1 and y; ~
Bernoulli((w, — w2)/(1 — wy)) otherwise, for all y € P.

3. A ‘close point’, y' € {0,1}¢, is created by y. ~ Bernoulli(w; /w,) if #; = 1 and
yi ~ Bernoulli((w, — w;)/(1 — wy)) otherwise. This point is also added to P.

The values are chosen such that E{|z|] = wqd, E[|z|] = wyd for all z € P, E[|lz N y'|] = wid,
and E[lx Ny|] = wad for all y € P\ {¢}. By a union bound over P, the actual values
are within factors 1 4 o(1) of their expectations with high probability. Changing at most
o(logn) coordinates we ensure the weights of queries/database points is exactly their
expected value, while only changing the inner products by factors 1 + o(1). Since the
changes do not contain any new information, we can assume for lower bounds that entries
are independent. Thus any (wg, wy, w1(1 — o(1)), w2(1 + o(1)))-GapSS data structure on
P must thus be able to return 3’ with at least constant probability when given the query
x.

Model Our lower bounds are shown in slightly different models. The first lower bound
follows the framework of O’Donnell et al. [OWZ14] and Christiani [Chr17] and directly
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log(p1/ min{pu,pq})
log(pz/ min{pu,pq})
tion C.28. This lower bound holds for all wy # wqw,, i.e., it gives a lower bound when we

are not considering a random instance, and it only gives a lower bound in the case where
Pq = Pu-

For the second lower bound we follow the framework of Andoni et al. [ALRW17b] and
give a lower bound in the “list-of-points”’-model (see Definition C.3). This is a slightly
more general model, though it is believed that all bounds for the first model can be shown
in the list-of-points model as well. Our lower bound shows that our upper bound is tight in
the full time/space trade-off when wy = wqw,, i.e., when we are given a random instance.

lower bound the quantity which lower bounds p, and p, in Defini-

The second bound can be extended to show cell probe lower bounds by the arguments

in [PTWO0S].

C.3.1 p-biased Analysis

We first give some preliminaries on b-biased Boolean analysis, and then introduce the
directed noise operator.

Preliminaries

We want analyse Boolean functions f : {0,1}% — {0,1} but as is common, it turns out to
be beneficial to consider a more general class of functions f : {0,1}% — R.

The probability distribution m, is defined on {0,1} by 7,(1) = p and 7,(0) = 1 —
p, and we define W]?d to be the product probability distribution on {0, l}d. We write
Ly ({0, 1}d,7r§3’d) for the inner product space of functions f : {0, 1}d — R with inner
product

(f:9)p= E_[f(x)g(x)] .

ZENﬂ"?d

1/
We will define the norm [|f[[, ) = (Emwwgad [f(x)q}) :
We define the p-biased Fourier coefficients for a function f : La({0, l}d , W§d> by

fo($) = E_|f@)od@)] .

(I)N7T®d
p
for every S C [d] and where we define
__*=p ®) () = ®) (.
o) () = 05" () =[] " (@) .
p(1 = p) ’ 11;19

The Fourier coefficients have the nice property that

f@) =" fP$)P(x) . (C.12)
SCld]



C.3. LOWER BOUNDS 231

The Fourier coefficients satisfy the Parseval-Plancherel identity, which says that for any
f,9 € La({0, l}d,wg) we have that

(Fo9)p =D FP()5P(S).

SCld]

In particular we have that EINﬂgyd [f()?] = ||f||%2(p) = 2 scid F®)(S)2. For Boolean
functions f : {0, 1}d — {0, 1} this is particularly useful since we get that

o i Z”’Tp SCn]
Pr [f@)=1= E [f@]= E_[f@?]=7 j"s)
o o o SC[d]

If we think of f as a filter in a Locality Sensitive data structure, Pr___sa[f(z) = 1] is
p

the probability that the filter accepts a random point with expected weight p (d - p of the
coordinates being 1).

Noise

For p € [-1,1], p1,p2 € (0,1), and 2 € {0,1}¢ we write y ~ N?'772(z) when y € {0,1}"
is randomly chosen such that for each i € [d] independently, We have that if z; ~ 7p, then
yi ~ mp, and (z;,y;) are p-correlated. We note that if x ~ 7 4 and y ~ N5 P2 then we
also have that y ~ 5% and = ~ N5 77 (y).

For p € [-1,1] and pl,pg S (() 1) we define the directed noise operator Th

Lo({0,1}¢ 7r®d)—>L2({0 14 ,m5%) by

7P

1—7p2 .

P f@) = B )] -

wapl —P2
P

When p; = pa = p then Tg—m is the usual noise operator on p-biased spaces and we denote

o (p) (») : (p) — |8| #(p)
it T,". T," has the nice property that T, f (S) = p°!f\P/(S) for any S C [d], and

)To('p) — Tp(P)

hence Tp(p ) satisfies the semigroup property Tp(p o . The following lemma shows

that we have similar properties for 75" 2.

Lemma C.13. For p € [—1,1], p1,ps € (0,1) and f € Ly({0,1}, 75 ) we have that

() R
Tf'})ﬂ%pzf p2 (S) _ p|5’\f(p1)(51) 7

for any S C [d]. Furthermore, for any o € [—1,1] and p3 € [0,1] we have that
TR>PT P2 = TPL7PS gnd TH* P is the adjoint of Ty 2.
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Proof. We fix S C [d] and get that

Tgf—%f(:ﬂz)(s) = E Tp1—>p2f( )¢ pz)( )]
a~mt b
=k B, [fW)ed (@)
! [y~ Nt ()
= A(p ) (p1) (p2)
_w~E?;d ~N5£p2<m> T; fr@er W) és™ (@)
L Cld]
= () (p1) (p2)
B xwli?gd NPF_’PQ( [f ' (S)¢S (y)¢5 (JU)}]
= J(s 01 (7)) 72)
f Hmz"]%‘TPQ Yir Np1—>p2 |:¢ (yl)¢ (xz):|]
= p|5|']/f\(p1 ( ) ’
where the last line uses that ‘bz(p) () = ——=£—, which proves the first claim. For the

Vp(1-p)’

second claim we note that

g )" s) = oSE 1 (8) = (o) S i () = 18P (s

for any f € f € Ly({0,1}¢, 7y ) and any S C [d] which proves the second claim. For the
last claim we use the Plancherel-Parseval identity and get that

(T2 ) oy = O PO FEVGPD) = (£, 1027010y
Seld]

for any f € Ly({0,1}¢, m34) and any g € Ly ({0, 1}¢ ,m5%) which shows that T5>7"" is the
adjoint of T3 P2, O

We say that (75" "2),50 is (s, 7)- hypercontractive if there exists pg > 0 such that for

every p > po and every f € L.({0,1}%, pl)

HT51_>I)2fHLS(p2) < ||f||Lr(p1)

We define o ,(p1,p2) to be the smallest possible pg We are interested in the hypercon-
tractivity of TP1—7P2

C.3.2 Symmetric Lower bound

The most general, but sadly least tractable, approach to our lower bounds, is to bound
the noise operator T, in terms of a different level of noise, T3. We do however manage to
show one bound on this type, following an spectral approach first used by O’Donnell et
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al. [OWZ14] to prove the first optimal LSH lower bounds of p > 1/c for data-independent
hashing. Besides handling the case of set similarity with filters rather than hash functions,
we slightly generalize the approach a big by using the power-means inequality rather than
log-concavity. !¢

We will show the following inequality

Proy [f(2) = 1 f(y) = I\ _ (| Pray[f(2) =
G = o e B Gl o e

where o = 1’;’(11_“1;2 and 8 = “’21 q“;’j), and 3’ and y are sampled as respectively a close and
a far point (see the top of the section). By rearrangement, this directly implies a lower
bound in the LSF model as defined in Definition C.28.

First we prove a general lemma about Boolean functions, which contains the most

L f(y) = 1]\ "/
SRR

important arguments.

Lemma C.14. Let f : {0,1}" — R be a function and p € (0,1). Then for any 1 > a >
8 > 0 we have that

<< f7 f>L2 . ) 1/1og(1/a) ) <T[§p)f, f>L2(p)
1£11750) a

Proof. We use the Parseval-Plancherel identity and the power-mean inequality to get that

1/log(1/c) s 1/log(1/a)
<<To(zp)f7 f>L2(p)) _ <ngn] aSIf(p)(S)2>

1£117.50) Y scmm FP(9)?
A 1/log(1/c)
W Sscm fP(9)? ¢

_ |S|=k i (e_k>10g(1/a)
=0 2-SCn] fP)(8)?

1/1og(1/8)

11175 )

2 1/log(1/8)
W Sscm fP(9)? ®

Z |S|=k i (e_k>10g(1/5)
=0 Lscin fP(S)?

(qun] Bsf(p)(5>2> 1/1og(1/)

S scp FP(S)?
1/log(1/8)

IN

TP F 1) o)
2
1120

The first and the last equality follows from the Parseval-Plancherel identity and the in-
equality follows from the power-mean inequality since log(1/«) < log(1/83). O

'This widens the range in which the bound is applicable — the O’Donnell bound is only asymptotic
for » — 0. However the values we obtain outside this range, when applied to Hamming space LSH, aren’t
sharp against the upper bounds.
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The proof of Theorem C.4 is then simply a few a rearrangements such that we can use
Lemma C.14.

Corollary C.15. Any data-independent LSF data structure for the (w,w, w1, ws)-GapSS
problem with expected query time nPe and expected space usage n'+Pu where Pqg = Pu=2p

2 2
wy — w wy — w
> 1 _— 1 — .
= (w(l —w))/ . <w<1 —w))
Proof. Let F be any fixed LSF-family and let f : {0,1}" — {0,1} be a random function
such that f~1(1) = Q for Q ~ F. Now we define the deterministic function f : {0,1}" — R

must have

by f(z) = ngd] \/Ef [f(w)(S)Q] ¢s(x). Using the Parseval-Plancherel identity we get
that

BT f D) i) = 2 ATB[FS)] = TFF. Do -
SCld]

for every p. We set a = “L="< and = ;;’(211‘5) and note that Pry . ¢[f(z) =

LFW) = 1 = B (T F, ) s Praanslf@) = 17 ) = 11 = B (T8 F N o]
and Pry ¢[f(z) = 1] = Ef [Hf”i(w)] Then using Lemma C.14 we get that

w 1/logl/c
,f(y,) _ 1]>1/10g 1/a Ef |:<To(z )fa f>L2(w)} :
= By (11 )

17, )”bg”a
_ « ) Lo(w)

717
<Tﬁ(w)?, I) L) ) estlp
<| ——F+—7"—=
e
_((Proyslf(x) =1, f(y) = 1] 1/log1/8
= ( Pr, f[f(z) = 1] ) .

By rearrangement this implies that

Pr, ¢ [f(@)=1f(y")=1]

. log Pr, ;[f(@)=1] S log o
- Pry 4 s [f(x)=1,f(y)=1] — | '
log == Trw=1] el
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As noted the bound is sharp against our upper bound when w,,, wq, w1, wy are all small.
Also notice that log a/ log f < %% is a rather good approximation for o and [ close to
1. Here the right hand side is the p value of Spherical LSH with the batch-normalization
embedding discussed in Appendix C.4.1.

Note that the lower bound becomes 0 when we get close to the random instance,
w2 — wewy. In the next sections we will remedy this, by showing a lower bound tight

exactly when ws = wqw,,.

C.3.3 General Lower Bound

Our second lower bound will be proven in the “list-of-points” model. We follow and
expand upon the approach by Andoni et al. [ALRW17b]. The main idea is to lower bound
random instances with planted points. If the random instances correspond to a Similarity
Search problem with high probability then we have a lower bound for the Similarity Search
problem. We formalize the notion of random instances in the following general definition.

Definition C.16 (Random instance). For spaces @ and U we describe a distribution of
dataset-query pairs (P, q) where P C U and ¢q € Q). Let Pgy be a probability distribution
on ) x U, a Pgy-random instance is a dataset-query pair drawn from the following
distribution.

1. A dataset P C U is constructed by sampling n points where p ~ Py for all p € P.
2. A dataset point p’ € P is fixed and a ¢ € @ is sampled such that (g,p") ~ Pgu.

3. The goal of the data structure is to pre-process P such that it recovers p’ when given
the query point q.

We can then generalize the result by Andoni et al. [ALRW17b], who proved a result
specifically for random Hamming instances, to general random instances. We defer the
proof to Appendix C.I.

Lemma C.17. Let Q and U be some spaces and Py a probability distribution on @ x U.
Consider any list-of-points data structure for Pou-random instances of n points, which
uses expected space n' TP, has expected query time nPa=on () " and succeeds with probability
at least 0.99. Let r,s € [1,00] satisfy

(X,YEPQUU(X)Q(Y)] < F XLy 19y

for all functions f : Q@ - R and g : U — R. Then

1 1 1 1
*pq+ﬁpu2*+**1v
T T T S

e .
where v’ = -5 is the convex conjugate of .



236 APPENDIX C. OPTIMAL HASHING-BASED SET SIMILARITY SEARCH

This gives a good way to lower bound random instances when one has tight hypercon-
tractive inequalities. Unfortunately, for most probability distributions this is not the case
but we can amplify the power of Lemma C.17 by combining it with Lemma C.18 which
we recall from the introduction.

Lemma C.18. Let Pxy be a probability distribution on a space Qx X Qy and let Px and
Py be the marginal distributions on the spaces Qx and by respectively. Let s,r € [1,00),
then the following is equivalent

1. For all functions f : Qx — R and g : Qy — R we have

v B X < g, oy 190y (C.13)

2. For all probability distributions Qxy which are absolutely continuous with respect to
Pxy we have

D(Qx || Px) n D(Qy || Py)

D(Qxy || Pxy) >
r s

(C.14)

We defer the proof to the end of the section and instead start by focusing on the
effects of combining Lemma C.17 and Lemma C.18. First of all we can prove the following
general lower bound for random instances.

Theorem C.18. Let QQ and U be some spaces and Pgy a probability distribution on QxU.
Consider any list-of-points data structure for Pgy-random instances of m points, which
uses expected space n*tP | has expected query time nfa=°rY)  and succeeds with probability
at least 0.99. Then for every r € [1,00] we have that

1o
r'oq r’pu
S inf <1D(QQU | Pou) —D(Qq || Pg) n 1 D(Qqu || Pou) —D(Qu || PU))
T Qqu \T D(Qu [| Pu) r’ D(Qu || Pv) ’
where ' = 17 is the conver conjugate of v and the infimum is over every probability

distribution Qqu with Qu # Py and which is absolutely continuous with respect to Poy -

Proof. Let r € [1,00] and choose s = arginf {s € [1, 00] | Pou is (r, s)-hypercontractive}.
Lemma C.17 give us that

11 1 1
“pgt—pu > — - —1. C.15
Pt oz (C.15)

Tr

Lemma C.18 give us that

D(Qx | Px) N D(Qy || Py)

r S

D(Qxy || Pxy) >
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for every Qqu with Qup # Py and which is absolutely continuous with respect to Pou .
We can rewrite this as

1 1
- D(Qqu [ Pou) = D(Qq || Po) + 5 D(Qqu || Pou) — D(Qu || Pu)

1 1
> <S - T,) D(Qu || Pv) <
1D(Qqu |l Pou) —D(Qq [l Po) N 1 D(Qqu || Pou) —D(Qu | Pu)
r D(Qu || Pv) ! D(Qu || Pv)
1 1 1 1
Z ! = -4+ - - 1
S T S T

Now the minimality of s give us that

g <1D(QQU || Pouv) —D(Qq || Po) N lD(QQU | Pou) — D(Qu || pU)>
Qqu \T D(Qu || Pv) r D(Qu || Pv) (C.16)
RN
S r

where the infimum is over every probability distribution Qg with Qp # Py and which
is absolutely continuous with respect to Por. Now combining (C.15) and (C.16) give us
the result. O

Combining the lemma with the “Hypercontractive Induction Theorem” [ODol4] we
can prove Theorem C.5.

Lemma C.19. Let Pxy be a probability distribution on a space Qx X Qy and P}‘?? be
a probability distribution consisting n independent copies of Pxy. Then Pxy is (r,s)-

hypercontractive if and only if P}‘?T{, is (r, s)-hypercontractive.

We restate Theorem C.5 and prove it.

Theorem C.5. Consider any list-of-point data structure for the (wq,wy,wr, wqwy)-
GapSS problem over a universe of size d of n points with wqw,d = w(logn), which uses
expected space n'tPu has expected query time nPa=on() " and succeeds with probability at
least 0.99. Then for every « € [0, 1] we have that

. D(T || P) — d(t, || w,) D(T || P) — d(ty || w.)
1—a)py > f 1-— ,
apgt(l=a)puz, i (“ d(ty || w) T ) e Tw)
tuFWy,

where P = |, 175;‘5;‘;11”1} and T = arg inf D(T || P).
T<P, E_[X]=[}]

Proof. From the discussion at the beginning of the section it is enough to lower bound
the P¥%-random instance where P = Bernoulli([,,! 1_wu;q__w?+wl]), since this will imply

a lower bound for the (wq, wy, w1, wyw,)-GapSS problem. Combining Lemma C.19 and
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Lemma C.18 we get that P®? is (r, s)-hypercontractive if and only if D(T" || P) > W—l—

d(tullwa) _ : :

Sl where T = arg inf t D(T || P). Now repeating the proof of Theorem C.18
T<pP, E [X]=[}"]

give us the result. O

Proof of Lemma C.18 We now turn to the proof Lemma C.18. The main argument
needed in the proof of is contained in the following lemma, which can be seen as a variation
of Fenchel’s inequality.

Lemma C.20. Let P be a probability distribution on a space 2, Q) a probability which
is absolutely continuous with respect to P, and ¢ : € — R a function such that
Ex~plexp(¢(X))] < co. Then

D@ P)+log E [exp(¢(X))] > B [5(X)]

X~Q
and we have equality if and only if %(x) = %.
Proof. We note that
_ 1Q
DQ | P) = E, llog 420)
(%)
_ dap
m[ gexp(as(X))] st
_ B exp(¢(X))
= B lO00] - (B, s ]
Using Jensen’s inequality we get that
exp(6(X) a1
&0 llog m] <log B [exp(ﬁﬁ(X))dQ(X)} =log E_lexp(¢(X))] -

Combining these two equations give us the inequality. Now we note that we have equality
if and only if e‘z’(x)%(a;) is constant, and since @) is a probability distribution this is

equivalent with %(:ﬂ) = %. O

We are now ready to prove Lemma C.18.

Proof of Lemma C.18. First we prove that (C.13) = (C.14). Let Qxy be a probability
distribution which is absolutely continuous with respect to Pxy. We set exp(¢px(z)) =
%(x) and exp(¢y(y)) = ‘Cin%—;’(y) From this we see that Ex.p, [exp(ox(X))] =

Exp, [%—;‘(X)} = Exooy[l] = 1 and similarly that Eyp, [exp(éy(Y))] = 1, hence
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dQ _ exp(dx (z aQ _ exp(¢ :
we have that 75X (z) = Exwp;[éxg(((b;)()(X))] and G- (y) = EYNPYFE‘(?XI})/(%})’)(Y))]. Using (C.13)
we get that
E ex X)+ Y
(X’Y)pry[ p(¢x (X) + oy (V)]
< 1/r 1/s
< B leprox(XN" B fexp(soy (V) o
1 E X Y
0g (Xy)wpxy[exp(qu( )+ oy (V)]

- logExp, [exp(rox (X))] , logBywpy [exp(soy (V)]
- T S

Using Lemma C.20 3 times we have that
log B [exp(ox(X)+ov(Y))] = ~E  [ox(X)+éy(Y)] - D(Qxy || Pxy)

(X,Y)~Pxy - (X)Y)~Qxy
log B [esp(ox(X)] = B [ox(¥)] - D(Qx || Px)
log Xﬁpy[exp(ébY(Y))] = YN%yWY(Y)] - D(Qy [ Py) .
where the equalities hold since ‘;%—j;(m) = EXN:jgig((g;)( >9)) and %(y) =
Eyjj;"éi;((g;)(y))]. We then get that Ilog E(X,y)wpxy[eXP@X(X) +oy(Y)] <

logEx~pylexp(rex (X))] | logEy~py[exp(s¢y (V)]

r T s implies, that
(X,Y)EiQxy[(bX(X) + ¢y (V)] = D(Qxy | Pxy)
< Ex~ox[ré¢x(X)] —D(Qx || Px) I Ey~o,[s¢y(Y)] — D(Qy | Py) |

r S
Now by rearrangement this is equivalent with

(Qx || Px) N D(Qy || Py)

r S

D
D(Qxy || Pxy) >

9

which proves that (C.13) = (C.14).

We now prove that (C.14) = (C.13). Fix the functions f: Qx — R and ¢g: Qy — R.
We note that E(x yypyy [f(X)9(Y)] < E(x y)~pxy [IF1(X) 9] (Y)] hence we can assume
that f and g are non-negative. We define ¢x(x) = log(f(x)) and ¢y (z) = log(g(x))'".
Then (C.13) is equivalent with

E  Jexp(¢x(X) + ¢y (V)]

(X,Y)N'PXY
< B, fexp(rox (XD B lexp(soy (V)]'* ©
log VB p., [P(0x(X) + év (V)]

< logEx~py[exp(réx (X))] N log Ey~py [exp(s¢y (V)]
- T S

"We define log(0) = —oo and exp(—o0) = 0.
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We define the probability distribution Qxy by Z%jg (x,y) = Eix Y)i’;if‘i’[; fgggj&? T

It is easy to see that Qxy is indeed a probability distribution. Using (C.14) we get that
D(Qx || Px) n D(Qy || Py)

T S

D(Qxy || Pxy) >

Using Lemma C.20 3 times we have that

D(Qxy || Pxy) = (X’Y)Izgxy[éx(X) + ¢y (Y)] — log (X,ypry[eXp(d)X(X) + ¢y (Y))]
D(Qx || Px)

réx (X)) —log B [exp(réx (X))
D(Qy || Py) [séy (V)] —log B lexp(séy(Y))] ,

> E
X~Qx

> E
Y~Qy

dQ - exp(¢x (X)+¢y (Y)
dp));}t ('r?y) - E(X,Y)NPXY[GXP(¢X(X)+¢Y(Y)]' We then get

that D(Qxy || Pxy) > D(Q)iHPX) + D(QYS”PY) implies, that
B Bx(X) v ()] “log B fesp(ox(X) + 6v (V)
o Ex~ox[réx (X)] — log Expy [exp(réx (X))]
o T
Ey~oy[s¢y (V)] — log Expy [exp(sdy (V)]
s

where the equality holds since

+

Now if we rearrange we get that

I Ex- X
1og(X’Y)lipxy[exp(¢X(X)+¢Y(Y)] < logEx PX[G;{p(rng( ]

N log Ey . py [exp(s¢y (V)]
s

I

which proves that (C.14) = (C.13). O

C.3.4 Explicit Hypercontractive Bounds

In this section we show how to relate the directed noise operator to the lower bounds of
Oleszkiewicz [Ole03], thereby giving direct lower bounds for a number of cases for s and
r. By Theorem C.5 and Lemma C.17 this is the dual to proving optimal values (4, t,) in
our upper bound.

We start by with a standard lemma which shows that hypercontractivity of an operator
implies hypercontractivity of its adjoint.

Lemma C.21. Let T : Lo(Q,m) — Lo(Q,7) be an operator with T* : Lo(Q, ') —
Lo(Q,7) being its adjoint, and let 1 < r,s < oo with r',s" being their conver conjugates.
Then

1T ANz, ry < NNz
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holds for all f € Lo(Q2, ), if and only if
(Tf,9) Lanry = TG Lo(m) < WSl g,y 1911 ()
holds for all f € Ly(Q, ) and all g € Lo(Q,7'), if and only if
1T%9ll L, , ) < N9l r)
holds for all g € La2(Q, 7).

Proof. We assume that |T'f||, , ) < [[fll1, (r) holds for all f € Ly(Q, 7). Let f € La(, )
and g € Lo(Q, ') then by Holder’s inequality we have that

Tf.9) Loy < NI, ey 19N Loy S WLy 191 2y ey -

Similarly, we assume that |79}, ) < llgll, () holds for all g € Ly(€, 7). Let
f € La(Q,m) and g € Lo(Q, ) then by Holder’s inequality we have that

(LT Loy < W e 11790, ey < Wiy M9l oy -

Finally, we assume that (T'f,9)1,(x) < [Ifl1,(x) 19]l 1, () holds for all f € La(€, )
and all g € Lo(Q,7'). Let f € La(Q, ) then using that Ls(7’) is the dual norm of Ly (7')
we get that

ITA = s (TF ey < s Il loll iy = 1l m)
lgll Ly (mry=1 lgllLy(mry=1

Similarly, let g € La(Q, 7’) then using that L, () is the dual norm of L, (7) we get that

1Tl , ;= sup (TG rym < sup |l 9L,y = 119l Loy
1Ly () =1 1£1lL, (xry=1
which finishes the proof. O

Our hypercontractive results will be based on the tight hypercontractive inequality by
Oleszkiewicz [Ole03].

Theorem C.22 ([0le03]). Let p € (0,3) U (3,1) and 1 < r < 2 then for any function
fe Ly({0,1}, W?d) we have that

[z 1], <1l

where p=p~1/2(1 — p)_l/Q\/(;_ggf_i/lr_;])ﬂ;ir which is best possible.

From this we get following tight hypercontractive inequalities for T} 1P
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Corollary C.23. Let p1,p2 € (0, %) U (%,1) and 1 < r < 2 then for any function [ €
Lo({0,1}*, 724) we have that

» Pl
HTplePQ‘fHIQ(pQ) < HfHLT(m) ’

2—2/r

_ /m— . . .
where p = p; 1/2(1 _]71)—1/2\/(11j 5/132 (j p:; - which is best possible.
1

Proof. Using the Parseval-Plancherel identity and Lemma C.13 we get that

)

12y = 32 78 = 3 E 5 =
2(P:
Scld]

La(p1)

hence the result follows from Theorem C.22. O

Corollary C.24. Let py,ps € (0,%) U (%, 1) and 1 < s < 2 with s’ the convex conjugate
of s, then for any function f € La({0, 1}d,7rffld) we have that

1757 112 oy < W 2o

2—2/s_p§*2/s

_(1_p2)72/s

where p = p;1/2(1 — pg)—l/z\/(;_ﬁ) which is best possible.
2

Proof. By Lemma C.21 we get that the result is true if and only if

HT/?QHPIQHLQ(ZH) S Hg”Ls(P2) ’

for all functions g € L2({0,1},7p,). Now the result follows by using Corollary C.23. [
(p)

We also get a hypercontractive inequality for the standard noise operator 7

Corollary C.25. Let p € (0, %) U (%, 1) and 1 < r < 2 with convex conjugate r', then for
any function f € La({0, 1}d,77§d) we have that

[z21], . <1l

_\2—-2/r_, 2-2/r . . .
where p = p(1 — p) (;_g/)u(li;;_w which is best possible.

Proof. Using Lemma C.21 we get the result holds if and only if

<Tﬁ§p)f,g>L2(p) < ”fHLT(p) HgHLr(P) ’

holds for all f, g € La({0, 1}d , ng). First we note that the result is true by using Cauchy-
Schwartz and Theorem C.22

TP F,9) 1) = (T 1T D)1 < |[TH ]

) S Ml 112,

B v
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Now to see that p is best possible we set ¢ = f which give us that

® > _ ) 2
|75, = T8 P o < W1
so Theorem C.22 gives that p is best possible. O

We will use Corollary C.25 to show that setting (t4,t,) = (1 — w,1 — w) is an
optimal threshold for the (w,w,ws,w?)-GapSS problem. First of we note that p =

_ (1_p)272/7‘_p272/7' . B 210g7' B 1_717 .
p(1 — p) p2r—(1—py-2/r ‘can be rewritten as r = Ton PFT pﬂil where 7 = > Using
Lemma C.17 we get that p = 115(11_—15)7 T= I_T“’, and that
1 1 2
7pq+*,pu27_1'
r r r
log w(wy—2w+1)
Now we have that p, = p, = %, and we find that
1—w
p+T —1_p+7
2 | _loepem | loem e
r log T log T
It is then easy to check that T_lpitil = w(“lill(_lglﬂl), which then shows that (tg,t,) =

(1 —w,1 — w) is an optimal threshold for the (w,w,w;,w?)-GapSS problem.

C.4 Other Algorithms

We show two results that, while orthogonal to Supermajorities, help us understand them
and how they fit within the space of Similarity Search algorithms.

The first result is an optimal affine embedding of sets onto the sphere. This result
is interesting in its own right, as it results in an algorithm that is in many cases better
than the state of the art, and which can be implemented very easily in systems that
can already solve Fuclidean or Spherical Nearest Neighbours. The result gives a simple,
general condition a Spherical LSH scheme must meet for the embedding to be optimal,
and we show that both SimHash and Spherical LSH meets it.

The second result is also a new algorithm. In particular, it is a mix between Chosen
Path and MinHash, which always achieves p values lower than both of them. It is in a sense
a simple answer to the open problem in [CP17] about how to beat MinHash consistently.
More interesting though, is that it sheds light on what makes Supermajorities work: It
balances the amount of information pulled from sets vs. their complements. The proof
is also conceptually interesting, since it proves that it is never advantageous to combine
multiple Locality Sensitive Filter families.
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(a) Query time/space exponent, p, for the (b) Query time/space exponent, p, for the
SimHash algorithm [CIP02]. Spherical LSH algorithm [TT07].

Figure C.6: Given a GapSS instance with w, = .3 and w, = .2, the optimal affine
embedding of the data (represented as vectors z € {0,1}Vl) onto the sphere, turns out
to be normalizing the “mean” and “variance”. That is, before scaling down to [|z|, = 1,
we subtract respectively w, and w, from all coordinates. The plot shows the “p-value”
achieved by different spherical algorithms as the among subtracted is varied: The x-axis,
a, is the amount subtracted from queries and the y-axis, b, is the amount subtracted from
datasets.

C.4.1 Embedding onto the Sphere

We show, that if an algorithm has exponent p(a, ) = f(«)/f(8) where « is the cosine
similarity between good points and S is the similarity between bad points on the sphere;
then assuming some light properties on f, which contain both Spherical and Hyperplane
LSH, two affine embedding of sets € {0,1}¢ to S9~! that minimizes p once the new
cosine similarities are calculated, is = — (z — w)/\/w(1 — w) where w = |z|/d. While the
mapping is allowed to depend on any of the GapSS parameters, it curiously only cares
about the weight of the set itself. For fairness, all our plots, such as Figure C.2, uses this
embedding when comparing Supermajorities to Spherical LSH.

Lemma C.26 (Embedding Lemma). Let g,h : {0,1}¢ — R? be function on the form

g(x) = a1z + by and h(y) = agy + ba. Let p(x,y,y") = fla(z,y))/fla(z,y’)) where
a(z,y) = (z,y)/ l|zlly lylly be such that

F() 20, f((F1-2)flogf(2) 20 and Lrlogf(z) <0

for all z € [-1,1]. Assume we know that ||z||5 = wed, |yl3 = wud, (z,7') = wid and
<x? y> = ’U)Qd; then a’rg mina1,a2,b1,b2 p(g(m)’ h(y)7 h(y/)) = (17 17 _wq7 _wu)

In this section we will show that Hyperplane [Cha02] and Spherical [ALRW17b] LSH
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both satisfy the requirements of the lemma. Hence we get two algorithms with p-values:

log(1 — arccos(«) /) l—al+p
Php = »  Psp = .
log(1 — arccos(3) /) l+al-p
where a = ey and 8 = 2 Tg and space/time trade-offs

Vwq(1=wg)wu (1-wy)
using the pg, p, values in [Chrl7].
translations a, b.

Taking t; = wy(1+o0(1)) and ¢, = wy,(140(1)) in theorem C.2 recovers pg, by standard
arguments. This implies that theorem C.2 dominates Spherical LSH (for binary data).

\/wq(lqu)wu(lfwu) !

18 Figure C.6 shows how p varies with different

Lemma C.27. The functions f(z) = (1 — 2)/(1 + z) for Spherical LSH and f(z) =
—log(1 — arccos(z)/m) for Hyperplane LSH satisfy lemma C.26.

Proof. For Spherical LSH we have f(z) = (1 — 2)/(1 + z) and get
4 ((jzl—zdlogf (2)) =2/(1+2)* >0,
dz3 log f(2) = —4(1 +32%)/(1 =23 <o0.
For Hyperplane LSH we have f(z) = —log(1 — arccos(z)/7) and get
(arccos(z) F V1 — 22 — 7) log(1 — arccos(z)/7) F V1 — 22
(1 + 2)V1 — 22(m — arccos(z))2 log(1 — arccos(z)/m)2

In both cases the denominator is positive, and the numerator can be shown to be likewise
by applying the inequalities 1 — 22 < arccos(z), V1 — 2% + arccos(z) < 7 and = <
log(1 + ).

The d 5 log f(z) < 0 requirement is a bit trickier, but a numerical optimization shows
that it’s 1n fact less than —1.53. O

d% ((:I:l — z)d% log f(z)) =

Finally we prove the embedding lemma:

Proof of lemma C.26. We have

Az +ay+bd) w1 + wgb + wya + ab
|z +ally ly+0blly  /(we(1+a)?+ (1 —wy)a?)(w, (1 +b)2 + (1 — wy)b?)

and equivalent with ws for 8. We’d like to show that a = —wg,, b = —w, is a minimum
for p = f(a)/f(B).

Unfortunately the f’s we are interested in are usually not convex, so it is not even
clear that there is just one minimum. To proceed, we make the following substitution
a— (c+d)\/wg(l —wg) —wy, b = (¢ —d)\/wu(1 —w,) —w, to get

W —WqWy
Vwg(1—we)wu(1—wy)
VI +e2)(1+d?)

cd +

ale,d) =

B Unfortunately the space /time aren’t on a form applicable to lemma C.26. From numerical experiments
we however still conjecture that the embedding is optimal for those as well.
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We can further substitute ed — 7s and /(1 +c2)(1 +d2) —r+1lorr >0, -1 <s <1,
since 1+ ed < /(1 + ¢2)(1 + d2) by Cauchy Schwartz, and (cd, /(1 + ¢2)(1 + d2)) can
take all values in this region.

The goal is now to show that h = f (’"5‘”) /f (THy), where 1 > o >y > —1, is

r+1 r+1
increasing in r. This will imply that the optimal value for ¢ and d is 0, which further
implies that a = —wg, b = —w, for the lemma.

We first show that h is quasi-concave in s, so we may limit ourselves to s = 1. Note

r 2 2 2
that logh = log f ( fif) —log f (Tf:f/), and that < log f (Tfjf) = (ﬁ) 4 log f(2)
by the chain rule. Hence it follows from the assumptions that h is log-concave, which
implies quasi-concavity as needed.

We now consider s = £1 to be a constant. We need to show that %h > 0. Calculating,

rs+y rs+x rs+x

$f<rs+m> /f(rery) B (S_x)f<r+1)f/(r+1>_(S_y)f(rH)f/(TrS:f/)

r+1 r+1) 1y\?
(L+r)2f (257)

Since f > 0 it suffices to show di(s —x)f <m) /f (m) > 0. If we substitute

T r+1 r+1
z = Tfjlx , z € [—1,1], we can write the requirement as %(s —2)f'(2)/f(z) > 0 or
d% ((:l:l - z)d%log f(z)) > 0. O

C.4.2 A MinHash Dominating Family

Consider the classical MinHash scheme: A permutation h : [d] — [d] is sampled at random,
and y C {0,1}? is placed in bucket i € [m] if h(i) € y and V;<;h(j) € y. The probability
for a collision between two sets ¢, y is then |¢Ny|/(|q|+|y|—|gNy|) by a standard argument
which implies an exponent of py = log ™ +:ﬁi—w1 / log ™ +Z)}3—w2'

Now consider building multiple independent such MinHash tables, but keeping only
the kth bucket in each one. That gives a Locality Sensitive Filter family, which we will
analyse in this section.

The Locality Sensitive Filter approach to similarity search is an extension by Becker et
al. [BDGL16] to the Locality Sensitive Hashing framework by Indyk and Motwani [IM98].
We will use the following definition by Christiani [Chr17], which we have slightly extended
to support separate universes for query and data points:

Definition C.28 (LSF). Let X and Y be some universes, let S : X xY — R be a
similarity function, and let F be a probability distribution over {(Q,U) | @ C X,U C Y'}.
We say that F is (s1, s2,p1, D2, Pg, pu)-sensitive if for all points z € X,y € Y and (Q,U)
sampled randomly from F the following holds:

1. If S(x,y) > s1 then Prjx € Q,y € U] > p;.
2. If S(z,y) < sy then Pr[z € Q,y € U] < pa.

3. Prjz € Q] < pq and Pr[z € U] < p,.
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We refer to (Q,U) as a filter and to @ as the query filter and U as the update filter.
We first state the LSF-Symmetrization lemma implicit in [CP17]:

Lemma C.29 (LSF-Symmetrization). Given a (p1,p2,pq, pu)-sensitive LSF-family, we
can create a new family that is (p1%,p2%,q, q)-sensitive, where p = max{py,py} and ¢ =
min{pg, py }

For some values of p1, p2, pg, Py this will be better than simply taking max(py, pg). In
particular when symmetrization may reduce p,, by a lot by reducing its denominator.

Proof. W.l.o.g. assume p; > p,. When sampling a query filter, @Q C U, pick a random
number ¢ € [0, 1]. If ¢ > p,/p, use @ instead of Q. The new family then has p, = pq-pu/pq
and so on giving the lemma. O

Getting back to MinHash, we note that the “keeping only the ith bucket” family
discussed above, corresponds sampling a permutation s of Y and taking the filter

U={z|s;€xNsoExN---Nsji_1 &z}

That is, the collection of x such that the first ¢ — 1 values of s are not in = (since then
x would have been put in that earlier bucket), but the ith element of s is in z (since
otherwise x would have been put in a later bucket.)

Using just one of these families, combined with symmetrization, gives the p value:

(1 —wy — wu—l—wl wu+w2)i w2
max{(1 — wq)'wy, (1 —wy, Zwu} maX{ (1— wq) wg, (1 —wy)lwy}

This scheme is a generalization of Chosen Path, since taking ¢ = 0 recovers exactly
that algorithm. However, as we increase ¢, we see that the weight gradually shifts from the
present elements (symbolized by wi, wa, w, and w,,) to the absent elements (symbolized
by (1 —wq — wy + wy), etc.).

We will now show that for a given set of (wq, wy, w1, ws) there is always an optimal ¢
which is better than using all of the ¢, which is what MinHash does. The exact goal is to
show

pi = log

Pmh = log L /o > min p;
mh Wq + Wy — W wq—i—wu wg >0 v

For this we show the following lemma, which intuitively says that it is never advanta-
geous to combine multiple filter families:

Lemma C.30. The function f(x,y,z,t) = log(max{z,y}/z)/log(max{z,y}/t), defined
for min{z,y} > 2z >t > 0, is quasi-concave.

This means in particular that

log(max{z + ',y +y'}/(z + 2')) o i {log(max{x, y}/z) log(max{z’,y'}/2") }
log(max{z + 2,y +y'}/(t+t)) — log(max{z,y}/t) " log(max{z',y'}/t') |’

when the variables are in the range of the lemma.
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Proof. We need to show that the set

log(max{z, y}/2) -
t): d > = t): G >
{(zt) s PEERSEIIE > b (o) )04 > 2)
is convex for all a € [0,1] (since z > t so f(x,y,z,t) € [0,1]). This would follow if
g(z,y,t) = max{x, y}' ~*t* would be quasi-concave itself, and the eigenvalues of the Hes-
sian of g are exactly 0, 0 and —(1 — &)t~ ? max{z,y} >~ (max{z,y}? + ¢?) so g is even
concave! O]

We can then show that MinHash is always dominated by one of the filters described,
as

log — WL log Lizo(lwa—wutun)wr
. gwq+wu—w1 . max{}_;~q(1-wq) wqg, 32> (1—wu) wu }
- IOgL - > i>0(l—wg—wu+wsz)iwa
Wq+Wy —W2 log maX{Zizo(lqu)iwq:Zizo(lfwu)iwu}

Pmh

(l—wq—wu—l—wl)iwl
max{(l—wq)*wq,(1—wy)iwy, }

log
= Ilnz%l 1o (1—wq—wy+w2)iwe
g max{(1—wg)*wg,(1—wy ) wy }

9

where the right hand side is exactly the symmetrization of the “only bucket i” filters. By
monotonicity of (1 —w,)w, and (1 —w,)w, we can further argue that it is even possible
to limit ourselves to one of i € {0, 0o, log(wy/w,,)/log((1 —wy)/(1 —wy))}, where the first
gives Chosen Path, the second gives Chosen Path on the complemented sets, and the last
gives a balanced trade-off where (1 — wy)'w, = (1 — wy) wy.

C.5 Conclusion and Open Problems

For a long time there was a debate [SL14b] about why MinHash worked so well for sets,
compared to other more general methods, like SimHash. It was a mystery why this
method, so foreign to the frameworks of Spherical LSF and Chosen Path could still do so
much better. For asymmetric problems like Subset Search, it was entirely open how far p
could be reduced.

This paper finally solves the mystery of MinHash and unifies the ideas and frameworks of
Fuclidean and Set Similarity Search.

By showing that supermajorities indeed solve the general problem optimally, we not
only unify and explain the performance of the previous literature, but also recover major
performance improvements, space/time trade-offs, and the ability to solve Set Similarity
Search for any similarity measure.

We propose the following open problems for future research:

LSH with polylog time When parametrized accordingly, we get a data structure with
eOWloen) query time and n®(") space. Using Spherical LSH one can get similar
runtime, though with a higher polynomial space usage. Employing a tighter analysis



C. REFERENCES 249

of our algorithm, the query time can be reduced to ¢O(log ")1/3), which by comparison

with we conjecture is tight for the approach. A major open question is whether one
can get O(1)?

Data-dependent Data-dependent LSH is able to reduce approximate similarity search
problems to the case where far points are as far away as had they been random.
For (wq,wy, w1, w2)-GapSS this corresponds to the case wy = wyw,. This would
finally give the “optimal” algorithm for GapSS without any “non-data-dependent”
disclaimers.

Sparse, non-binary data Our lower bounds really hold for a much larger class of prob-
lems, including cosine similarity search on sparse data in R?. However, our upper
bounds currently focus on binary data only. It would be interesting to generalize
our algorithm to this and other types of data for which Supermajorities are also
optimal.

Sketching We have shown that Supermajorities can shave large polynomial factors of
space and query time in LSH. Can they be used to give similar gains in the field
of sketching sets under various similarity measures? Can one expand the work
of [PSW14] and show optimality of some intersection sketching scheme?
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C.1 Proof of Lemma C.17

This proof in this section mostly follows [ALRW17a], with a few changes to work with
separate spaces () and U.

Lemma C.17
Consider any

. Let Q and U be some spaces and Pqy a probability distribution on Q x U.
list-of-points data structure for Pqy-random instances of n points, which

uses expected space n'TPe, has expected query time nPs=°V)  and succeeds with probability
at least 0.99. Let r,s € [1,00] satisfy

(XyEPQU[f(X)g(Y)] < F Oz, po) I 22y

for all functions f : Q@ — R and g : U — R. Then

T

1 1 1 1
*Pq"‘ﬁpuz*"‘*_l’
T T T S

where r' = =7 18 the convex conjugate of r.

1

Proof. Fix a data structure D, where A; specifies which dataset points are placed in Lj;.
Additionally, we define B; = {v|i € I(v)} to the set of query points which scan L;. We
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sample a random dataset point u and then a random query point v from the neighborhood
of u. Let

vi = Pr[v € B;|u € Aj]

represent the probability that query v scans the list L; conditioned on u being in ;. The
query time for D is given by the following expression

T=>[eB] |1+ [u€ Al
JEn]

i€[m]

E[T]= Y Prlve B+ Y %Prluc A]+(n—1) ) Prluc A]Prlve B .

i€[m] i1€[m] 1€[m]

We want to lower bound Pr{v € B}, so let 1 < r, s be any values such that Pgy is (r, s)-
hypercontractive. We then get that

~i Prlu € A;] =Prlu € A; ANv € Bj]
= El[u € A;][v € B;]
< |fu € Ailll g, oy v € Billly,
= Pr[u € A4;])Y* Pr[v € B;]Y"

(p2)

Hence we get that Prv € B;] > 7/ Prju € Ai]r/s" We define 7; = Pr[u € A;] and get that
B> 30+ 3 et (= 1) 3 g
i€[m] i€[m)] i€[m]

Since the data structure succeeds with probability v we have that
Z 7ivi > Pr[3i € [m]:v e Bjue A =~.
i€[m)]

Since D uses at most S space we have that

m+Z|Ai\<S = Zn<§.
B n
i€[m] i€[m]

We then get that we want to minimize

BT > Y A+ N im+ (n—1) S 4

1€[m] 1€[m] 1€[m]

> N A (-1

1€[m]
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given the constraints

Z T =Y

1€[m)]

S
< —.
z'ez[r:n] "

First we fix (7;);e[m] and minimize the function with respect to (7:)ic[m). Using Lagrange
multipliers this is equivalent to minimizing the function

F(OWiepmp M) = 3 A (3 4+ = )7 ) =AY mn =y =)

i€[m] i€[m]
We find the critical points Vf = 0:

—-Tr/s
7

r—1 7“(
7

YT +(n— 1)7-1_T/S) = \7;

Z TiYi =7+ V2
i1€[m]
22 =0

for all ¢ € [m]. We note that since 4 > 0 then A > 0 and hence v = 0. The first inequality
can be rewritten as

AR S A
% i 74<7_'—7‘/5 + (n . I)Til—r/s)

)

. \ r'/r
T =
T<7—i_r/5 +(n — 1)Til_r/s)

Combining this with Zie[m] Tivi = 7 give us that

\ r'/r
Z (T(’F_T/S + (TL . 1)T<1_T/S)> =7 =

i€[m] i i
r'/r _ Y
A ) r'/r
Zze[m] <T(Ti—r/s+(n_1)7_i1—r/s)>
) r'/r
We define t; = (TZ.‘T/SJr(nl)Tj"“/S) and get that
ViTi = 77i <
Zze[m] ti

.

O A . —
o (D iepm ti)"
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We then get that our original function becomes

t;

r t;’q —r/r’ r r —(r-1) r —r/r’
v Z b = Z ,r:’Y(Zti) :’)’(Zti)
i€[m] (Zie[m] t;) icm] (Zie[m] ti) ic[m] i€[m]
So we want to maximize
r/r /s
1 T!
ti = —r/s —r/s = : r'/r
iez[;n} zgn:ﬂ <Ti e ) iez[n:z} A+ = my
We now consider two different cases.
Case 1. 7 > s. We know that 7; < 1 so we get that
LS L1 (A/s=1/r)
> : <y A
(14 (n—1)m)"/m = nr' /T

ie[m] i€[m]

Since r'(1/s — 1/r) > 0 then we can use the power-mean inequality to get

, “1/r r'(1/s—1/r
Tir(l/s 1/r) _om <Ei€[m]7—i> (1/s=1/r)

nr’/r - nr’/r

m
i€[m]

mr =T /s <S> r'(1/s—1/r)

nr'/r E

Ry
nr'/s
Sr’/s’+r’(1/s—1/r)

<

- nr'/s

)

- nr'/s

where we have used that max {m, N icim] Ti} <S.

Case 2. r < s We find the derivatives

r'/s
dri z‘ez[r:n] L+ (n—1)m)"/r
2T A4 (0= D) — (= 1)E (1 (0= D))
N (1 + (TL — 1)Ti)2T//T
r'/s—1
T/ti 1 1
- T (G0t e m =)
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Case 2.1. r < s

We note that the function is maximized when we set 7;
m. This give us that

s> " <m<m>w/s< s (&)

i€[m] 1+ (n—1)m)/r —

where we have used that m < S and n > 2.

m————— <

r s
(n—1)(s—=r) — n

< gz o)
nr
Case 2.2. r =5
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We note that the function is increasing in 7; so it is maximized when
7; = 1. Then we get that

S 7/ _.m 8 s

2 TF 0y F =W W

where we have used that m < S and r = s.

S

nr'/s

o \r'/s
From this we note that if we set K = max {1, )

K. Now we can give the final lower bound on E[T7:

r —r/r r S i/ ry-—r/r g—r/r' _r/s
BT 2 (0 6) 7 2 (k) =K
1€[m)]

From this we get the result we want
T r
pg > —p(l + pu) + T on(1) &

1 1 1 1
Pat GpuZ T —on(1)

r'/s

(_)/} then > icim] (g oymy 7 =
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Dansk resumé

In dynamic load balancing, we wish to distribute balls into bins in an environment
where both balls and bins can be added and removed. We want to minimize the
maximum load of any bin but we also want to minimize the number of balls and bins
that are affected when adding or removing a ball or a bin. We want a hashing-style
solution where we given the ID of a ball can find its bin efficiently.

We are given a user-specified balancing parameter ¢ = 1+ ¢, where € € (0,1). Let
n and m be the current number of balls and bins. Then we want no bin with load
above C' = [en/m], referred to as the capacity of the bins.

We present a scheme where we can locate a ball checking 1 + O(log1/¢) bins in
expectation. When inserting or deleting a ball, we expect to move O(1/¢) balls, and
when inserting or deleting a bin, we expect to move O(C/e) balls. Previous bounds
were off by a factor 1/e.

The above bounds are best possible when C = O(1) but for larger C, we can do
much better: Let

eC if C <logl/e
f=19eVC \/log(1/(eVO)) if logl/e < C < 5
1 if C> 54

We show that we expect to move O(1/f) balls when inserting or deleting a ball, and
O(C/f) balls when inserting or deleting a bin. Moreover, when C > log1/e, we can
search a ball checking only O(1) bins in expectation.

For the bounds with larger C, we first have to resolve a much simpler probabilistic
problem. Place n balls in m bins of capacity C, one ball at the time. Each ball picks a
uniformly random non-full bin. We show that in expectation and with high probability,
the fraction of non-full bins is ©(f). Then the expected number of bins that a new
ball would have to visit to find one that is not full is ©(1/f). As it turns out, this is
also the complexity of an insertion in our more complicated scheme where both balls
and bins can be added and removed.
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D.1 Introduction

Load balancing in dynamic environments is a central problem in designing several net-
working systems and web services [SMLK+03; KLLP+97]. We wish to allocate clients
(also referred to as balls) to servers (also referred to as bins) in such a way that none of
the servers gets overloaded. Here, the load of a server is the number of clients allocated to
it. We want a hashing-style solution where we given the ID of a client can efficiently find
its server. Both clients and servers may be added or removed in any order, and with such
changes, we do not want to move too many clients. Thus, while the dynamic allocation
algorithm has to always ensure a proper load balancing, it should aim to minimize the
number of clients moved after each change to the system. For every update in the system,
we need to change the allocation of clients to servers. For simplicity, we assume that the
updates (ball and bin insertions and removals) do not happen simultaneously and will be
operated one at a time, so that we have time to finish changing the allocation before we
get another update. Such allocation problems become even more challenging when we
face hard constraints in the capacity of each server, that is, each server has a capacity and
the load may not exceed this capacity. Typically, we want capacities close to the average
loads.
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There is a vast literature on solutions in the much simpler case where the set of servers
is fixed and only the client set is updated. For now, we focus on solutions that are
known to work in our fully-dynamic case where both clients and servers can be added and
removed in an arbitrary order. This rules out solutions where only the last added server
may be removed!'. The above problem formulation is very general, and does not assume
anything about the ratio between the number of clients n, and the number of servers m.
Processors are cheap, so one could for instance imagine systems with a large number of
servers. However, it is also conceivable having a system with many clients or a balanced
system with n =~ m.

The classic solution to the scenario where both clients and servers can be added and
removed is Consistent Hashing [SMLK+03; KLLP+97] where the current clients are as-
signed in a random way to the current servers. While consistent hashing schemes minimize
the expected number of movements, they may result in hugely overloaded servers, and they
do not allow for explicit capacity constraints on the servers. The basic point is that the
load balancing of consistent hashing [KLLP+97; SMLK+03] is no better than a random
assignment of clients to servers. The same issue holds for Highest Random Weight Hashing
(popularly known as Rendezvous Hashing) [TR98]. Hence, with n clients and m servers,
we expect good load balancing if n/m = w(logm), but the balance is lost with smaller
loads, e.g., with n =~ m, we expect many servers to be overloaded with ©(log m/loglogm)
clients.

More recently, Mirrokni et al. [MTZ18] presented an algorithm that works with arbi-
trary capacity constraints on the servers. For the purpose of load balancing, the system
designer can specify a balancing parameter ¢ = 1 4 ¢, guaranteeing that the maximum
load is at most [en/m]. While maintaining this hard balancing constraint, they limit the
expected number of clients to be moved when clients or servers are inserted or removed.
From a more practical perspective, we think of the load balancing parameter ¢ = 1 + ¢
as a simple knob which captures the tradeoff between load balancing and stability upon
changes in the system. This gives a more direct control to the system designer in meeting
explicit balancing constraints.

Even without capacity constraints, the obvious general lower bounds for moves are as
follows. When a client is added or removed, at least we have to move that client. When
a server is added or removed, at least we have to move the clients belonging to it. On the
average, we therefore have to move least ;- clients when a server is added or removed.

With the algorithm from [MTZ18], while guaranteeing a balancing parameter ¢ =
1+ ¢ < 2, when a client is added or removed, the expected number of clients moved
is O(a%) When a server is added or removed, the expected number of clients moved is
O(z5;)- These numbers are only a factor O(E%) worse than the general lower bounds
without capacity constrains. For balancing parameter ¢ > 2, the expected number of
moves is increased by a factor 1 + O(%8€) over the lower bounds. This implies that for

(&
superconstant ¢, we only expect to pay a negligible cost in extra moves.

Focusing on the challenging case where ¢ = 1 + ¢ < 2, we present an algorithm which

'In particular, this rules out the external memory techniques [Lar88] where blocks (playing the role of
fixed capacity servers) can only be added to and removed from the top of the current memory.
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reduces the number of moves by a factor 1/e. When inserting or deleting a ball, we expect
to move O(1/e) balls, and when inserting or deleting a bin, we expect to move O(C/¢)
balls. To search a ball we only need to consider O(log(1 + 1/¢)) “consecutive” bins.

With C := en/m, these bounds are essentially best possible when C' = O(1) is a
constant. However, for larger C'; we can do even better. In order to explain, this we first
have to consider the following much simpler probabilistic problem: Consider placing n
balls in m bins, each of capacity C' = (1 + ¢)n/m, one ball at the time, where each ball
picks a uniformly random non-full bin. We are interested in the number of non-full bins
both in expectation and with concentration bounds. To our surprise, this relatively simple
problem does not seem to have been analyzed before, and so, we believe our bounds to be
of independent interest. To state our bounds, we define

eC if C <logl/e
f=9q eVC-/log(1/(ev/C)) if logl/e < C < % ) (D.1)
1 if C > L

whenever 0 < e <1 and C > 1 is integral. We are going to prove the following result

Theorem D.1. Let n,m € N and 0 < ¢ < 1 be such that C = (1 + e)n/m is integral.
Moreover assume that that 1/e = m°W) . Suppose we distribute n balls sequentially into
m bins each of capacity C, for each ball choosing a uniformly random non-full bin. The
expected fraction of non-full bins is O(f).

How does this result relate to our dynamic load allocation problem? We can think
of the distribution scheme in the theorem as the algorithmically weakest way to assign
the balls to the capacitated bins. Here, by algorithmically weak, we mean that it cannot
be implemented in the dynamic setting where balls and bins can come and go. However,
it is still helpful to think of it as the mathematically ideal way of solving dynamic load
allocation with bounded loads in the following sense. Imagine that an insertion of a ball
is carried out by repeatedly choosing a random bin until we find a non-full one where we
place the ball. Then we avoid all the unpleasant dependencies between the loads of the bins
visited during the insertion that arise in algorithmically stronger schemes. For example,
one can compare to a scheme like linear probing where the cascading effect of balls causes
heavy dependencies between the loads of bins visited during a search or an insertion. It
follows from Theorem D.1 that in the simple scheme above, the expected number of bins
visited when making an insertion is O(1/f). The main contribution of this paper is to
present a much stronger scheme which supports general insertions and deletions of both
balls and bins, and which, nonetheless, achieves complexity bounds that are analogous
to those in the mathematically ideal scheme above. To be precise, with our scheme, we
expect to move O(1/f) balls when inserting or deleting a ball, and O(C/f) balls when
inserting or deleting a bin and this is tight. Similar bounds holds on the number of bins
visited when performing any of these updates. Our main technical challenge is handling all
the intricate dependencies that arise in the much more complicated probabilistic setting
in our scheme.
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Applications. Consistent hashing has found numerous applications [OVll; GF04] and
early work in this area [KLLP+97; SMKK+01; SMLK+03] has been cited more than ten
thousand times. To highlight the wide variety of areas in which similar allocation prob-
lems might arise, we mention a few more important references to applications: content-
addressable networks [RFHK+01], peer-to-peer systems and their associated multicast
applications [RD01; CDKRO02]. Our algorithm and that from [MTZ18] are very similar
to consistent hashing, and should work for most of the same applications, bounding the
loads whenever this is desired. In fact, the algorithm from [MTZ18] already found two
quite different industrial applications; namely Google’s cloud system [MZ17] and Vimeo’s
video streaming [Rod16]. Both systems had to handle the lightly loaded case. Also, in
both cases, load balancing was not an objective to maximize, but rather a hard constraint,
e.g., in the Vimeo blog post [Rod16], Rodland describes how no server is allowed to be
overloaded, and how he found a load balancing parameter ¢ = 1.25 to be satisfactory for
Vimeo’s video steaming. We shall return to this later. With our algorithm, we get the
same load balancing but with much fewer reallocations.

D.1.1 Background: Consistent Hashing

The standard solution to our fully-dynamic allocation problem is consistent hashing
[SMLK+03; KLLP+97]. We shall use it as a starting point for own own solution, so
we review it below.

Simple Consistent Hashing. In the simplest version of consistent hashing, we hash
the active balls and bins onto a unit circle, that is, we hash to the unit interval, using the
hash values to create a circular order of balls and bins. Assuming no collisions, a ball is
placed in the bin succeeding it in the clockwise order around the circle. One of the nice
features of consistent hashing is that it is history-independent, that is, we only need to
know the IDs of the balls and the bins and the hash functions, to compute the distribution
of balls in bins. If a bin is closed, we just move its balls to the succeeding bin. Similarly,
when we open a new bin, we only have to consider the balls from the succeeding bin to
see which ones belong in the new bin.

With n balls, m bins, and a fully random hash function h, each bin is expected to have
n/m balls. This is also the number of balls we expect to move when a bin is opened or
closed.

One problem with simple consistent hashing as described above is that the maximum
load is likely to be ©(logm) times bigger than the average. This has to do with a big
variation in the coverage of the bins. We say that bin b covers the interval of the cycle
from the preceding bin o’ to b because all balls hashing to this interval land in b. When
m bins are placed randomly on the unit cycle, on the average, each bin covers an interval
of size 1/m, but we expect some bins to cover intervals of size 9(10%1 ") and such bins
are expected to get @("k’%) balls. The maximum load is thus expected to be a factor
O(log m) above the average.

A related issue is that the expected number of balls landing in the same bin as any
given ball is almost twice the average. More precisely, consider a particular ball x. Its




D.1. INTRODUCTION 267

expected distance to the neighboring bin on either side is exactly 1/(m+1), so the expected
size of the interval between these two neighbors is 2/(m + 1). All balls landing in this
interval will end in the same bin as x; namely the bin b succeeding x. Therefore we expect
2(n —1)/(m + 1) = 2n/m other balls to land with = in b. Thus each ball is expected to
land in a bin with load almost twice the average. If the load determines how efficiently a
server can serve a client, the expected performance is then only half what it should be.

In [KLLP+97] they addressed the above issue using so called virtual bins. We will
also employ these virtual bins in our solution and describe them below.

Consistent Hashing with Virtual Bins. To get a more uniform bin cover,
[KLLP+97] suggests the use of wvirtual bins. The virtual bin trick is that the ball contents
of k = O(logm) virtual bins is united in a single super bin. The super bins are the m
bins seen by the user of the system. Internally it is the km virtual bins we place on the
cycle together with the n balls. Each virtual bin has a pointer to its super bin. To place
a ball, we go along the cycle to the first virtual bin, and then we follow the pointer to its
super bin.

A super bin covers the union of the intervals covered by its k& virtual bins. The point
is that for any constant ¢ > 0, if we pick a large enough k£ = O(logm), then with high
probability, each super bin covers a fraction (1 4 €)/m of the unit cycle.

We note that many other methods have been proposed to maintain such a uniform
bin cover as bins are added and removed (see, e.g., [BSS00; GHO05; Man04; KMO05; KROG;
TR98]), and in our algorithms, we shall also employ such virtual bins.

With a uniform bin cover, balls distribute uniformly between bins. On the posi-
tive side, in the heavily loaded case when n/m is large, e.g., n/m = w(logm), all
loads are (1 + o(1))n/m, w.h.p. However, with n = m, we still expect many bins with
©((logm)/(loglogm)) balls even though the average is 1. In this paper, we aim for good
load balancing for all possible load levels.

D.1.2 Simple Consistent Hashing with Bounded Loads.

As we mentioned earlier, Mirrokni et al. [MTZ18] presented an algorithm that works with
arbitrary capacity constraints on the bins. For the purpose of load balancing, the system
designer can specify a balancing parameter ¢ = 1 + ¢, guaranteeing that the maximum
load is at most C' = [en/m].

Their idea is very simple. As in simple consistent hashing, we place balls and bins
randomly on a cycle, but instead of placing balls in the first bin along the cycle, we place
them in the first non-full bin. Thus we can think of the distribution as first placing all the
bins on the cycle, and then placing the balls one-by-one, putting each in the first non-full
bin found by going in clockwise around the cycle. If we have hash functions for placing
arbitrary balls and bins along the cycle, and if we have a priority order on all balls, telling
us the order in which we insert balls, then this completely determines the placement of
any set of the balls in any set of capacitated bins. This means that the distribution is
history independent as in [BGO7]. It also means that we know exactly which balls to move
if balls or bins are added or removed.
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As terminology, we say a ball hash to the first bin following it in the clockwise order.
However, the ball may be placed in a later bin if the bin it hashed to was full.

Note that the priority order makes the insertion of a new ball a bit more complicated
since it may have higher priority than balls already in the system. To place it, we first
place it in the bin it hashes to directly (that is, the one just after its hash location on the
cycle). If the bin becomes overfull, we pop the lowest priority ball and place it in the next
bin, and repeat. It is, however, important to notice that the bins we end up considering
are exactly the bins from the one the ball hashes to, and to the first non-full bin.

The details of all the different system updates are described in Mirrokni et al. [MTZ18].
This also includes rolling adjustment of the capacities relative to average load n/m.
Instead of giving all bins the maximal capacity C = [en/m], they always have
[en] — m |en/m| bins with capacity [en/m|. The only exception is that we never drop
any capacity below 1. A hash function choose which bins have which capacities, and this
ensures that only few capacities have to be changed with each system update. In Mirrokni
et al. [MTZ18] they show that their results hold, both when capacities are adjusted to ¢,
and when a joint capacity C' is given, defining ¢ = C'm/n — 1. In this paper, for simplicity,
we will focus on the latter model with fixed capacities.

Mirrokni et al. [MTZ18] also provided an analysis of their system. With ¢ < 1, they
showed that starting from the hash location of any ball, the expected number of full
bins passed on the way to the first non-full bin is O(1/e?). From this they get that
the expected number of balls that has to be moved when a ball is inserted or deleted
is O(1/?). Likewise, the expected number of balls that has to be moved when a bin is
inserted or deleted is O(C/c?). These bounds are all tight for simple consistent hashing
with bounded loads.

Finally, Mirrokni et al. [MTZ18] also discussed many potentially relevant techniques
that could possibly be made to work for fully-dynamic load balancing where both balls
and bins can be added and removed, and with strict requirements on the maximal load
for each bin. In these comparisons, their scheme was the one with the best proven bounds
on the number of moves needed in connection with the updates.

Faster Searches

Mirrokni et al. [MTZ18] states that to search a ball, they have to consider O(1/?) bins,
but using an old trick [AK74; Knu73], this is easily improved to O(1/¢). The idea is that
when we search for a ball, we can stop as soon as we reach a bin that is not filled with
balls of higher priority. This helps the searches if the priorities are random. We shall use
the idea later, so let’s elaborate. The bins considered in the search are exactly the bins
from the bin hashed to and till the first non-full bin if only the balls of higher priority
was inserted. Let r(q,m,C) be expected number of bins considered if there are ¢ balls
of higher priority, and m bins of capacity C. Then with n balls in total, the expected
cost with random priorities is 37 7(g,m,C)/(n + 1). The analysis in [MTZ18] implies
r(g,m,C) = O(l/sg) where e, = C/-L — 1, implying an expected cost of O(1/¢) with
random priorities.
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We note that random priorities do not help with updates, for if we, say, want to insert
a ball, and meet a bin that is full including balls of lower priority, then we have to place the
lowest priority ball in a later bin. However, finding the established server of a client if any,
is often the most frequent operation in the system, so a faster search is very important in
practice. As stated, a similar analysis gives that for our system, we have to consider fewer
bins when searching than when inserting a ball. In particular, we only need to consider
O(1) bins in expectation when C' > log1/e.

D.1.3 Owur Scheme: Consistent Hashing with Virtual Bins and
Bounded Loads

Our algorithm basically just combines the bounded loads with virtual bins. When a
ball is placed in a virtual bin, it is also placed in its super bin which has a limited
capacity. In the following, we describe two different versions of our scheme. The first
one, described in Appendix D.1.3, is conceptually the simplest to understand and easier
to analyze mathematically. It is this version that we will analyze in the main body of
the paper. The second one, described in Appendix D.1.3, is the version most suitable to
be implemented in practice for several reasons to be described. Our results hold for both
implementations, and in Appendix D.9, we sketch how to derive the results for the second
more practical version. Common to both versions is that we fix some natural number k,
which is the number of virtual bins for each super bin.

Mathematically Clean Version: Many Independent Cycles

For this version, we hash each super bin to k different cycles or levels using independent
hash functions®. The k hash values on the k cycles will be the associated virtual bins of
the given super bin. We also hash the balls to the cycles, but contrary to the bins, each
ball gets just a single random hash value on a single random cycle.

The static placement of the balls can be described as follows: We start by placing
all balls which hash to the first cycle using standard consistent hashing with bounded
loads as described in Appendix D.1.2. We assume that we have priorities on the balls and
we will simulate that they are inserted in priority order. After the first level, the balls
hashing to this level have thus been distributed into the virtual bins and we put them
in the corresponding super bins. Initially, each super bin had capacity C. If the virtual
bin of such a super bin received a balls at the first level, its new capacity is then reduced
accordingly to C' —a. We continue this process on level i = 2,... k. At level i, each super
bin has a certain remaining capacity and we use standard consistent hashing with bounded
loads (with these capacities) to place the balls at level ¢ into the virtual bins and thus, into
the corresponding super bins. If a super bin had capacity Cy before the hashing to level
i, and it received a balls at level i, its remaining capacity for the next levels is Cy — a .
Traversing the levels one at a time like described, corresponds to enforcing that regardless

2For simplicity, we advice the reader to think of all our hash functions as fully random. However, our
results hold even when the hashing is implemented with the practical mixed tabulation from [DKRT15].
We will later sketch how our proofs can be modified to show this.
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of the initial priorities of the balls, if two balls hash to different levels, the ball hashing to
the lower level will have the highest priority of the two. With these modified priorities,
the static image at a given point can be obtained by simply inserting the balls one by one
in priority order, placing each ball in the first virtual bin whose super bin is not full. This
completely describes the placement of balls in bins if we know the hash functions and the
priority order, so the system is history-independent as described in [BGO7].

Searching for a ball z is almost the same as for normal consistent hashing. We calculate
the hash value of x and visit the virtual bins starting from that hash value in cyclic order
until we either find z in a corresponding super bin or we meet a ball of lower priority
hashing to the same level.

Insertions are a bit more complicated. For inserting a ball x we calculate h(x) which
in particular indicates the level, i, that x hashes to. We traverse level i starting at h(z)
until we meet a bin, b, which either (a) is not full or (b) contains a ball of lower priority
than = (all balls hashing to levels j > i have lower priority than x by convention). We
insert = in b. In case (a), the insertion is complete, but in case (b) we pop y from b and
recurse the insertion starting with y (which happens at some level j > 7).

Ball deletions are symmetric to ball insertions in the sense that the hash functions
tells us exactly the placement of all balls in bins, both before and after the ball which we
are to insert or delete is inserted or deleted. Deleting a bin is the same as re-inserting
all balls in it, and inserting a bin is symmetric to deleting a bin. Therefore we get that
the number of balls to be moved is essentially determined by the number that has to be
moved in connection with an insertion (we shall discuss this in more detail later).

For most of our results, we will assume that the hashing of balls to the different levels is
uniform, but in Appendix D.2 we will see an applications where the probability of hashing
to level 7 is 1/2i for 1<i<k—1and 275! for i = k. In this setting we already obtain
a big improvement over standard consistent hashing using just log 1/e levels.

Practical Version: A Single Linear Order

We next describe the more practical implementation of our algorithm and here we will also
give more details on the concrete ranges of the hash functions. As will be seen, it is very
similar to the the version above having some minor alterations. For this implementation
all balls and all virtual bins are hashed to a single range, which we think of not as a
cyclic order but rather as a linear order. In order to describe the static image at given
point, we would again consider the balls one by one in priority order, placing each ball
in the first virtual bin whose super bin is not full. Again, this ensures that the system is
history-independent.

We now provide some more details on the hash functions and the priority order. Gen-
erally the hash values are in some universe [u] = {0,...,u — 1}. We imagine u to be so
large that we expect no collisions between hash values (if there are ties, we can break
them in favour of the ID’s of the balls, but we will ignore this detail). We also think of
both balls and bins having ID’s in [u].

We have a single hash h : [u] — [u] describing the hash location of the balls. We also
use h to give the random priority order of the balls, inserting those with smallest hash
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values first.

For the super bins, and for some parameter k, each bin has k + 1 associated virtual
bins. Their hash locations are described via k + 1 hash functions h; : [u] — [ul], i €
[k] ={0,...,k}. We assume that k divides u, e.g., that both are powers of two, and we
restrict h; to map uniformly into [iu/k, (i + 1)u/k). This way each super bin gets exactly
one virtual bin in each of the k + 1 intervals [iu/k, (i + 1)u/k). Having this spread is
important because of the priority order of the balls, which implies that virtual bins with
larger hash values are more likely to be full.

The last interval [u,u + u/k) is outside the normal hash range [u]. These last virtual
bins will pick up any key that did not end in a bin in the normal range [u]. Since every
super bin is represented in [u,u + u/k), all balls are picked up unless there are more balls
than the total capacity. As a result, we do no longer think of balls and bins as hashing to
a cycle, but just to a linearly ordered universe with an extra set of representative virtual
bins by the end making sure that all balls get placed.

We briefly explain why this system is preferable in practice. The first reason is that
when using the hash values of the balls as their priorities we obtain a very simple descrip-
tion of the static distribution of balls in the bins: We may simply insert the balls in order
from lowest to highest hash value, always placing the ball in the first non-full bins. A way
of picturing this is to imagine that the balls of lower hash values are “pushing” balls of
higher hash values ahead of them. On a line, it is very easy to implement this comparison
as a standard comparison between hash values. In fact, it is possible to obtain a similar
image for cycles, but for this one needs to impose a cyclic priority order of the balls hashing
to a given level, and performing comparisons for such a cyclic order is a bit more technical
to implement?®. If on the other hand, we decided to stick with the linear priority order on
each cycle, thus giving up on the nice image from above, we still encounter some technical
issues with the implementation. With searches and insertions, everything works fine, but
the issues come up when deleting balls and inserting bins. For instance, when deleting a
ball which is placed in the “last” bin on the cycle, we may have to pull back balls that
have been forwarded from this bin to the “first” bins in the cycle, and for deciding if such
balls are to be pulled back, we have to use a different comparison of hash values. Thus,
even with linear priorities the cyclic probing still muddies the implementation and makes
it less efficient.

Again, we shall play a bit with the ranges of the hash functions for the virtual bins.
However, they will always partition [u] consecutively with the range of h; following the
range of h;_1. With the exponentially decreasing hash ranges described by the end of Ap-
pendix D.1.3, h;, maps uniformly to [u — u/2%,u — u/2"*1) for i € [k — 1] and hj_1 maps
uniformly to [u — u/2¥~1 u). As above hy is special, mapping to [u,u + u/k).

Searches and insertions have similar descriptions to the ones given in Appendix D.1.3.
Moreover, the history independence again implies that deletions are symmetric to inser-
tions. Finally, deleting a bin corresponds to inserting the ball in the bin, and inserting a
bin is symmetric to the deletion of the bin.

3For example, for just two balls, the notion of one hashing before the other is not well defined.
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D.1.4 Main Results on Consistent Hashing

We now present our main results on consistent hashing with bounded loads and virtual
bins.

O(1/e) Reallocated Balls, with log1/e Levels

Our first result, to be proved in Appendix D.2, uses a logarithmic number of virtual bins
to achieve that the number of bins visited during an insertion (and thus the number of
reallocated balls) is O(1/e). It uses a non-uniform distribution of the balls to the different
levels, with the probability of a ball hashing to level i being 27¢ for 1 < i < k — 1 and
27k for i = k.

Theorem D.2. Let 0 < & < 1 and suppose that we distribute n balls into m bins each of
capacity C' = (1 + e)n/m using consistent hashing with bounded loads and k = [log(1/¢)]
levels, where the probability, p;, that a ball hashes to level i is

CJe2r, 1<i<k-1
PimNom1 o

Assume that 1/e = n°D) . When inserting or deleting a ball, we expect to visit (and hence

move) O(1/e) balls, and when inserting or deleting a bin, we expect to move O(C/¢) balls.

Finally, when searching a ball, we expect to visit O(log1/e) bins.

In the previous system of simple consistent hashing with bounded loads, but no virtual
bins, Mirrokni et al. [MTZ18] proved that ball insertions and deletions are expected to
move O(1/¢2) balls while bin insertions and deletions are expected to move O(C/e?) balls.
Those bounds are a factor 1/e worse than ours. Mirrokni et al. [MTZ18] would also perform
searches considering O(1/£?) bins in expectation, but using the trick of assigning random
priorities to the balls, one can get down to O(1/¢) bins in expectation, still without the
use of virtual bins. Combining our scheme using virtual bins, with the trick of random
priorities the expected number of bins visited during a search drops exponentially to
O(log1/e), as stated in the theorem.

When proving Theorem D.2, the main technical challenge is bounding the expected
number of bins visited during an insertion. In fact, the remaining parts of the theorem
follow once we have this bound. In Appendix D.7, we will argue why the results on ball
deletions and bin insertions and deletions follow. Finally, in Appendix D.8, we will use
the trick described in Appendix D.1.2 to prove the result on ball searches.

Better Bounds when the Capacities are Large

In classic consistent hashing without virtual bins, we obtain no advantage when the num-
ber of balls n are much larger than the number of bins m, or in other words, when the
capacity of a bin, (', is large. The basic issue is that most of the uncertainty in the system
without virtual bins stems from the uncertainty in the distance between a bin and its
predecessor, which determines the expected number of balls hashing directly to the bin.
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However, the use of virtual bins improves the concentration of the number of balls
hashing directly to a super bin, and we do obtain an advantage of this improved concen-
tration. This was in fact the whole point of introducing virtual bins in classic consistent
hashing without load bounds [SMLK+03]. To be precise, fix k = A(logn)/e? for some
appropriately large constant A. Then standard Chernoff bounds show that each bin cover
a fraction (1 4 Ae)/m of the combined hash range, where A\ can be made arbitrarily small
(by increasing A). If further the average load m/n is above k, then with high probability,
no bin gets load above C' = (1 + ¢)m/n by balls hashing directly to them. In particular,
all load bounds are satisfied without the having to forward a single ball. The result be-
low (which is the main result of our paper) asymptotically settles the expected insertion
time for general C, in particular for any C < (logn)/e2. Before stating the theorem, we
encourage the reader to recall the definition of f in eq. (D.1)

Theorem D.3. Let 0 < & < 1 and suppose that we distribute n balls into m bins each of
capacity C = (1+&)n/m using consistent hashing with bounded loads and k = c/e* uniform
levels for a sufficiently large constant c. Assume that 1/e = n°W . In expectation we move
O(1/f) balls when inserting or deleting a ball, and O(C/ f) balls when inserting or deleting
a bin. Finally, when searching a ball, we expect to visit O(1) bins when C' > log1/e and
O(%) bins when C < log1/e.

Our bounds in Theorem D.3 show that we do get an advantage from bigger capacities
even when C'is smaller than k = ©((logn)/e?). In fact, already for C' = 1/£2, the expected
insertion time drops to O(1).

Again, the hardest part of proving Theorem D.3, is bounding the expected number
of bins visited during an insertion by O(1/f). As for Theorem D.2, we argue that the
remaining parts of the theorem follows in Appendices D.7 and D.8

High Probability Bounds Theorems D.2 and D.3 only bound the expected number
of balls moved during the insertions and deletions of balls and bins. However, it is also
possible to obtain high probability bounds. We will provide such high probability bounds
in a later full version of the paper.

Distributing Balls Randomly into Capacitated Bins

To understand the strength of our bounds, we consider a much simpler problem where
we place n balls in m bins, each of capacity C' = (1 + €)n/m, one ball at the time. Each
ball picks a uniformly random non-full bin. Letting X denote the fraction of non-full
bins, we show in Appendix D.3 that E[X] = O(f) and X = O(f) with high probability.
Surprisingly, this relatively simple question has not been studied before.

What is the idea of considering this simpler distribution scheme? With a fraction
of X non-full bins, the expected number of random bins visited in order to find one of
the non-full ones is 1/X. This is reminiscent to searching for a non-full bin using (any
variation of) consistent hashing with bounded loads, except that we get rid of the intricate
dependencies which arise in the more complicated schemes that can handle both insertions
and deletions. In this way, the scheme above can be thought of as the simplest way of
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achieving the desired load balancing, but of course it has no chance of working in a fully
dynamic setting. We thus obtain, the same complexity bounds as the weakest system
imaginable, at the same time being able to handle both insertions and deletions of balls
and bins.

The Practical Implementation with Mixed Tabulation

When proving Theorems D.2 and D.3, we will assume that our scheme is implemented as
described in Appendix D.1.3 and, moreover, using fully random hash functions. In Ap-
pendix D.9 we will sketch why our results hold even with the more practical implemen-
tation from Appendix D.1.3. We will also sketch how one can obtain the same results
with the practical mixed tabulation scheme from [DKRT15]. In the implementation with
mixed tabulation, we would use k independent mixed tabulation hash functions for the
hashing of virtual bins, and a single independent mixed tabulation hash function for the
hashing of balls.

D.1.5 The Model and its Applicability.

Consistent hashing with or without virtual bins is a simple versatile scheme that has
been implemented in many different systems with different constraints and performance
measures [0V11; GF04]. The most classic implementation of consistent hashing is the
distributed system Chord [SMKK+01; SMLK+03] which has more than ten thousand
citations. The Chord papers [SMKK+01; SMLK+03] give a thorough description of the
many issues affecting the design. On the high level, they have a system of pointers so that
given an arbitrary hash location, they can find the next bin in the clockwise order using
O(logn) messages. This is how they find the (virtual) bin a ball hashes to. In simple
consistent hashing, this is where the ball is to be found. With virtual bins, there are
additional pointers between virtual bins and their super bins that we can follow using O(1)
messages. In fact, Chord does maintain explicit successor pointers between neighboring
(virtual) bins, so we only have to pay O(1) extra messages to find a next bin along the
cycle.

As described by Mirrokni et al. [MTZ18], the successor pointers give immediate support
for forwarding in case of capacitated bins. Mirrokni et al. only used this forwarding for
simple consistent hashing without virtual bins, and this has been adopted both by Google’s
Cloud Pub/Sub [MZ17] and Vimeo [Rod16]. Both systems had to handle the lightly loaded
case. Also, in both cases, load balancing was not an objective to maximize, but rather a
hard constraint, e.g., in the Vimeo blog post [Rod16], Rodland describes how no server is
allowed to be overloaded, and how he found a load balancing parameter ¢ =14 ¢ = 1.25
to be satisfactory for Vimeo’s video steaming.

The successor pointers in Chord work equally well for moving between virtual bins.
In fact, Rodland from Vimeo has told (personal communication) the last author, Thorup,
that their system does allow a combination of virtual bins and bounded loads, like what
we suggest in this paper, so a system similar to ours is already running. Thorup had the
general idea from much earlier (around the time of the first versions of [MTZ18]), but
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deriving the mathematical understanding, presented here in Theorem D.3 took several
years.

Let us now consider the time to search a ball in a Chord-like setting. By Theorem
D.3, we expect to consider O(log(1/f)) consecutive virtual bins with associated super
bins. Finding the virtual bin succeeding the hash location uses O(logn) messages while
each other bin is found with O(1) messages. Then our message bottleneck is actually to
find the first virtual bin.

Now it could be the case that balls/clients themselves remembered if they are in the
system, and if so, what bin/server they belonged to. The latter requires that they are
notified if they get moved due to other updates in the system, e.g., if their bin/server was
removed.

Another way to circumvent the O(log n) messages for placing the hash location would
be if we for some 7 = ©(m), placed the reference points p; = ui/7, ¢ € [f], in the doubly-
linked list of virtual bins. For a ball x its hash reference point is pj(z)m/v)- Regardless of
system updates, it could remember its reference point, and from there follow in expectation
O(1) successor pointers to get the current virtual bin succeeding its real hash location.
The reference points could be updated by background rebuilding to be ready every time
m is halved or doubled, thus maintaining an m approximating m within a factor of 2.

In fact, our scheme is equally relevant for less distributed systems than Chord. In
Google’s Cloud Pub/Sub [MZ17], the most important aspects of the system was (1) that
it has good load balance (2) that only few clients/balls have to be moved in connection
with update, that is, a ball or bin insertion or deletion, and (3) history independence so
that the placement of balls in bins can be computed by anyone knowing the hash functions
and the current set of balls and bins. The fact that each system update only leads to few
moves implies that even if we have a few mistakes in the set of balls and bins, then this
only implies a few mistakes in the placement of balls in bins.

System updates, inserting or deleting a ball or a bins are hopefully not too frequent.
As mentioned in [MZ17], the dominant concern is the actual reallocation of balls between
bins; for in the real world, this means moving clients between servers disrupting service
etc. Theorems D.2 and D.3 give us concrete bounds on how many balls we expect to move.

The computation of which balls are to be moved in connection with updates depends
very much on the situation. Asin [MZ17], thanks to history independence, we can compute
the balls to be moved from scratch. We know the update to the set of balls and bins, and
the hash functions tell us exactly which balls are placed in which bins before and after
update. The difference tells us exactly which balls have to be moved. This solution if fine
if the computation cost is small compared with the cost of actually moving the clients.

Alternatively, we may want a more distributed local identification of the moves as in in
the Chord system. This is fairly straightforward for insertions, and we already described
it earlier. It does, however, get a bit more complicated for the other updates, and we shall
return to such a distributed implementation in Section D.1.6.

Stepping back, we offer a generic scheme for a load balanced distribution of balls in
bins when both can be added and removed. We are not claiming to have a theoretical
model that captures all the important aspects of performance since this depends very
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much on the concrete implementation context. Our main contribution is a theoretical
analysis of combinatorial parameters described in Theorems D.2 and D.3.

D.1.6 Computing Moves Locally in a Distributed Environment

We will now discuss how we could compute which balls have to be moved in connection
with system updates in a distributed Chord-type system. Recall that sometimes it may be
fast enough to identify the moves more centrally, simply by computing the placement of
the balls in the bins before and after the update, and just identify the difference. However,
in this subsection, we will discuss how to identify the moves locally, not spending much
more time than the number of moves specified in Theorems D.2 and D.3.

We already discussed how to insert balls, but we want to do it in a way that also makes
it fast and easy to delete balls. The basic idea to make deletions efficient is that we for
every virtual bin store the number of balls that have passed it. More precisely, each bin
has a pass count that starts at zero when there are no balls. We now consider the process
where balls are inserted in priority order, each just placed in the first virtual bin with a
non-empty super bin. This increases the count on all the virtual bins between the hash
location and the virtual bin the ball ends in. Each super bin will also store which of its
virtual bins that have a positive pass count.

The above pass counts are quite easy to maintain when balls arrive to the real system,
that is, not in priority order. To see this, we review the insertion of a ball, adding when
pass counts should be incremented. To insert a new ball, we first hash it to some location
which also determines its priority. Starting from the hash location, we visit the virtual
bins following, each time looking in the corresponding super bin. If the super bin is not
full, we simply place the ball in it and terminate the insertion. If the super bin is filled
with balls of higher priority, we increment the pass count of the virtual bin, and continue
to the next virtual bin. However, if the super bin is filled and contains a ball of lower
prioirty, we insert the new ball and pop the ball of lowest priority. The popped ball belongs
to some virtual bin, which could be the same, but could also be only much later in the
linear order than the virutal bin we just came from. The pass count is incremented from
whichever virtual bin we pop the ball from, and then we recursiviely rinsert the popped
ball, continuing from the next virtual bin. The O(1/f) bound from Theorem D.3 actually
bounds not only the number of moves, but also the number of bins considered during the
above insertion.

Next we consider the deletion of a ball. Essentially, we just want to reverse the above
process, systematically finding the balls the ball to be deleted have displaced. We think of
deletions as first removing a ball, and then recursively, filling a hole. Finding the ball to
be removed is easy, as described before, and when we remove it, we will have to decrement
the pass count on all the virtual bins between its hash location and up to the virtual bin
before the one it landed in. Next we want to see if we can refill the whole. Assuming
that the bin we removed was in the level ¢ virtual bin of a super bin. We now check
corresponding super bin b to see if any ball has been displaced by the ball we deleted.
This is the case if and only if at least one of its virtual bins has a positive pass count.
Let j be the lowest level of a virtual bin with a positive pass count. It is not hard to see
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that we must have j > i. We now consider the virtual bins following the level j virtual
bin until we find a ball with hash location before h;(b). The virtual bins passed decrease
their counts, and then we recursively delete the ball. As described above, our total work
is within a constant factor of the symmetric insertion, that is, we consider O(1/f) bins
and spend O(1/f) time in total.

We now consider the insertion of deletion of super bins. We think of these super bin
or server updates as more rare than the ball or client updates.

Deleting a super bin b is relatively easy. Essentially, we just reinsert all the balls in it.
A small detail is that if a ball  was in the level j virtual bin, then we insert it starting
from h;(b) rather than from h(z). This can only save work over the regular insertion of
z and in particular, this means that we do not increase the pass count for virtual bins
between h(x) and h;(b). By Theorem D.3, the expected number of balls that has to be
moved when deleting a super bin is O(C/f). However, on top of that, we do have to spend
at least O(k) time on removing the k virtual bins from the system.

Inserting a super bin b is a bit more complicated. We would like to just fill it as we
filled the holes arising when deleting a ball, but we have the issue that we do not know
the pass counts for the k virtual bins representing the new super bin. To handle this, for
i=1,...,k, we first find the hash location h;(b) of its virtual bin b;, which takes O(logn)
messages, including inserting it in the linked list of virtual bins. Next consider the virtual
bin u following b;. If bin u has no ball and pass count zero, then we can just set the pass
count of h;(b) to zero. Otherwise, we continue along the virtual bins, counting the balls
in them, until we find a ball that hash after h;(b). All but the last ball are the balls that
have passed the level ¢ virtual bin b;, which now gets a pass count. Now that we have the
pass count, we can move those balls to b;, as long as super bin b has space for them, using
the same procedure as described under deletions of balls.

We now first analyze the number of bins considered to compute the pass counts of the
virtual bins b;. We note that the bins considered are exactly the same as if we searched
for a ball that hashed to h;(b). Now consider instead the case where we first generate a
random i € [k], and then generate h;(b). With ¢ random, h;(b) is uniformly random in [u],
and then the expected number of bins considered is exactly the same as those considered
in the search of a ball with hash value uniformly random in [u]. We conclude that the
expected total number of bins considered over all i € [k] is exactly k times bigger. Thus,
by Theorem D.3, we expect to consider at most O(k%) bins when C' < log1/e, and
only O(k) bins when C' > log 1/e. Now that the pass counts are fixed, inserting a bin is
symmetric to deleting it and has the same cost, yielding a bound of O(C/f).

D.1.7 Dynamic Load Capacities

We now also consider what happens when we use self-adjusting capacities like Mirrokni
et al. [MTZ18]. Below, the capacitated bins correspond to our super bins. Rather than
fixed capacities, the user of the system specifies a balancing parameter ¢ = (1 + ¢) and
then the maximal capacity is C' = [en/m]. We do not want all bins to change capacity
each time cn/m passes an integer.
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Instead, as in Mirrokni et al. [MTZ18], assuming an arbitrary fixed ordering of the
super bins, we let the lowest ¢ = [en] — m |en/m] super bins have capacity C' = [en/m]
while the remaining » = m — g have capacity C' — 1. We refer to the former bins as big
bins and the latter bins as small bins, though the difference is only 1. Moreover, as an
exception to the above rule, we will never let the capacity drop below 1, that is, if cn < m,
then all bins have capacity 1.

The basic point in the above system is that a ball update changes at most [¢] = O(1)
bin capacities while a bin update changes at most O(C) capacities. Switching the capacity
from large to small has the same effect as inserting an extra high priority ball in the super
bin while leaving the capacity at C'. In the other direction, switching the capacity from
small to large corresponds to a deletion of an extra high priority ball.

From an analysis perspective, this means that we are essentially studying a system
with n’ = r + n balls in bins of capacity C where Cm = [en’/m]. In our analysis, this
corresponds to having a Oth level which puts exactly one ball in each of r bins; 0 in the
rest. Such a perfect level poses no issues for the analysis. Thus the cost per capacity
change is the same as that of regular insertions/deletions, and therefore have no effect on
our overall bounds.

A small point, elaborated in Mirrokni [MTZ18], is that for all the bounds to hold,
we may always do things in the order that maximizes capacity in every step, so that we
always have a total capacity of Cm = [c¢(n 4 ¢)/m]. For example, when inserting a ball,
we increase capacities before inserting, while deleting a ball, we decrease capacities last.
Likewise for a bin insertion, we insert it before decreasing capacities, while when deleting
a bin, we start by increasing the capacities.

D.1.8 Roadmap of the Paper

We now present a brief roadmap of our paper as well as some of the theorems to be proven
in the individual sections.

In Section D.2; we prove the part of Theorem D.2 concerning insertions of balls. That
the statements about ball deletions and bin insertions and deletions follow, is covered
in Appendix D.7. Finally, in Appendix D.8 we prove the statement of the theorem con-
cerning ball searches.

To prove the main result of the paper, Theorem D.3, we first have to solve the much
simpler problem of showing that when n balls are distributed into m bins each of capacity
C = (1+ ¢)n/m, the expected fraction of non-full bins is ©(f). This simpler problem is
solved in Section D.3.

In Section D.4, we present a tail bound for sums of geometric random variables as well
a technical lemma concerning consistent hashing with bounded loads and virtual bins.
These results will be useful in the later sections towards the proof of Theorem D.3.

In Section D.5, we show that when distributing n balls into m bins using consistent
hashing with bounded loads and enough levels, it similarly holds that the expected fraction
of non-full bins is ©(f), and moreover, that the number of non-full bins is concentrated
around its mean. The exhibition is divided into two parts: In Section D.5.1, we prove
the concentration result and in Section D.5.2, we determine the mean within a constant
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factor. The following theorem is a corollary of the results from Appendix D.5 and we will
require it to prove our main result in Section D.6.

Theorem D.4. Let n,m € N and 0 < ¢ < 1. Suppose we insert n balls into m bins, each
of capacity C' = (1 + e)n/m, using consistent hashing with bounded loads and virtual bins
and k levels. For (i,7) € [k] x [C' + 1], we let X; ; denote the number of bins with at most
J balls after the hashing of balls to levels 0,...,i—1 and p; ; = E[X; ;]. For any v = O(1)
and (i,7) € [k] x [C' +1], it holds that | X;j — pi ;| < m/2T°0) with probability 1 —n~7.

If moreover k > c/e? for a sufficiently large universal constant c, it holds that
pr-1,0-1 = O(fm).

In Section D.6, we show the part of Theorem D.3 which concerns ball insertions. Again,
ball deletions, bin insertions, and bin deletions are handled in Appendix D.7, and searches
are handled in Appendix D.8.

Finally, in Appendix D.9, we sketch why our results hold, even if we use the prac-
tical implementation described in Appendix D.1.3. We also sketch how to modify the
proofs in the case where the hashing is implemented with the mixed tabulation scheme
from [DKRT15].

D.2 Expected O(1/¢) Insertion Time with [log(1/¢)| Levels

In this section we prove the part of Theorem D.2 concerning insertions, restated below.
We will assume that we use the implementation described in Appendix D.1.3 but the result
also holds with the other implementation in Appendix D.1.3 (see the Appendix D.9).

Theorem D.5. Suppose that we distribute n balls into m bins each of capacity C =
(1 + &)n/m using consistent hashing with bounded loads and* k = [log(1/e)] + 2 levels,
where the probability, p;, that a ball hashes to level i is

J2, 1<i<k-1
A

Assume that 1/e = n°M) . The expected number of bins visited when inserting a ball is then

O(1/e).

We remark that one way to implement the above hashing is by using an auxiliary hash
function s : U — [2F71]. Letting h1,. .., hy denote the hash functions distributing balls
at level 1,..., k, the hash value of a key x € U is then given by h;;1(z), where i is the
number of leading 0’s of s(x).

Proof. Let Z denote the number of virtual bins visited in total and Z; denote the number
of virtual bins visited at level ¢ € [k]. Then Z = Z?Zl Z;. We will show that E[Z;] = O(2°)
from which it follows that E[Z] = O(2F) = O(1/¢).

4For simplicity, we have stated the theorem using k = [log(1/¢)] + 2 levels as this makes the constants
in the proof work out particularly nicely. However, a simple inspection of the proof of Theorem D.5 will
show that the bound holds for any positive integer k = log(1/e) — O(1).
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First, it follows from a standard Chernoff bound that if X; is the number of balls
hashing to level i and u; = E[X;] = p;n, then for 6 <1,

Pr{|X; — pii| > 0] < exp(—6°pi/3)

Thus , it holds that |X; — u;| = O(v/i; logn) with probability at least 1 —n=3. Similarly,

if X<i = Zj<z’ Xj and MH<i = Zj<z‘ Mg, it holds that |X<7, - ,U,<i’ = O(VH<Z’ logn) with the
same high probability.

For each j € [m], we define C](-i) to be the remaining capacity of bin j after the
distribution of balls to levels 1,...,7— 1. Then Zje[m] CJ@ = (14¢)n— X4, so it follows
from the above that with probability 1 — O(n=2),

S 09 > (Ut 2n— s — O (Vireilogn) = (e + 27 )n — O(y/mlogn).
J€[m]

For i < k we have that u; = 27'n, so it follows that, Zje[m} C](-i) > 2X; with probability

1 —O(n=?), where we used the assumption that 1/e = n°(}). In the case i = k, we instead

have that
X <2780+ 0(y/nlogn) < en/2+ (/nlogn),

with probability at least 1 — O(n~2), so again Eje[m} CJ(.i) = X +en > 2X}, again using
that 1/e = n°(),
(i)

Now fix i € [k], and write C; = C; for simplicity. Let & denote the event that

pin/2 < X; < 2pin and that 3, C](»i) > 2Xj. Then Pr[€¢] = O(n~2), so that
E[Z)] <E[Z; | £| + E[Z; | £ Pr[€°] < E[Z; | ] + O(mn~2) = E[Z; | ] + O(1).

Thus, it will suffice to show that E[Z; | £] = O(2%). Let b be the first bin visited at level
i, i.e., during the insertion we at some level j < i arrived at bin b and b is not full after
the hashing of balls to level 1,...,i — 1. Let I be a maximal interval at level i containing
b and satisfying that all bins lying in I are full at level 7. Let R denote the number of
bins in I excluding b. Then Z; < R+ 1. We will show that E[R] = O(2?) (for notational
convenience the conditioning on £ has been left out). Let s € N be given and let Aj
denote the even that s +1 < R < 2s. We are now going to provide an upper bound on
Pr[A;]. Let I; and I 1+ be the intervals respectively ending and starting at b and of lengths
5.~ Similarly, let I, and I;” be the intervals respectively ending and starting at b and of
lengths % Let I = I; U If' and I = I, U I;'. Finally, partition I into 54 intervals of
equal lengths, Ji,...,Jssa. Let a be such that (1 —a)/(1+a) =5/6 (or a = 1/11) and
C = % > jeim) Cj- We claim that if A* holds then either of the following events must be
true

By: I, or I2+ contains at most 2s virtual bins different from b.

By: I or I] contains at least s/2 virtual bins different from b.
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Bs: The total capacity of bins different than b hashing to J; is at most % for some
1 <0< b4.

By4: The total number of balls hashing to J; is at least (+a)sC a)sC for some 1 < /¢ < 54.

To see this, suppose that A, occurs but neither of By, Bs, B occurs. We show that then

By must occur. As R < 2s and Bj did not occur, I € Is. As R > s+ 1 and By did not

occur, either I;” C I or If C I. Letting ¢ denote the number of j such that J; C I it

therefore follows that £ > 3. Since Bs did not occur, the total capacity of bins hashing

w. Finally, since all balls which ends up in a bin in I must have

ZC(I—a)s. In
9

to I is at least
hashed to I it follows that the total number of balls hashing to I is at least

C(—a)s balls must hash to Jy,. But

particular, for some 1 < £ < 54, at least 5(12)

(C(1 —a)s - C(l—a)s C(1+a)s

9(¢+2) — 15 18

so we conclude that By holds.
Simple Chernoff bounds gives that inequality give that Pr[B;] = exp(—Q(s)) and
Pr[Bs] = exp(—£(s)). To bound Pr[Bs], let ¢ € [54] be fixed and define Y; to be the

indicator for bin j hashing to J;. Further, define Y =3, ,Y;. Then E[Y] = S. This
time however, we only have that |Y;| < C, so applying Chernoff we obtain that

Pr[Bs] = Pr[Y < (1 — a) E[Y]] = exp <—Q <E[CH)> — exp (—Q (;))

For By, note that since we conditioned on &, the expected number of balls hashing to an
X > < 7 CS . Thus, another Chernoff bound yields that Pr[By] = exp(—Q(sC)).
Note that C 2 1 /2%, so that we in particular have that Pr[B,] = exp(—(s/2%)). Combin-
ing our bounds, it follows that for s > 2,

Pr[A;] = exp (—Q (%)) .

Now we can upper bound
] <20+ Z PrlAyi; |27 = 20 4 271 Y "exp (—Q(27)) 27 = O(27),
as desired. This completes the proof. O

D.3 Balls into Capacitated Bins

In this section we prove Theorem D.1. Let us start by recalling the setting of the theorem.
We let n, m € N and € be given with 0 < € < 1 and suppose that we sequentially distribute
n balls into m bins, each of capacity C' = (1+¢)n/m. For simplicity, we assume that n,m
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and ¢ are such that C' is a positive integer. Each ball is placed in a uniformly random
non-full bin, where a bin is full if it contains precisely C' balls. The theorem claims that
if 1/e = m°M), then the expected fraction of non-full bins is ©(f), where,

eC, C <log(1/e)
f=14¢e,/Clog (ﬁ), log(l/e) < C < %
1, 5z < C.

To prove the theorem, we will take an alternative viewpoint on the distribution process.
Instead of picking a non-full bin for each ball, we disregard the capacities and instead pick
a uniformly random bin (full or non-full). Then a bin may receive more than C balls but
if it does, we view it as having exactly C balls. To be precise, for j € [m], and i € Z>,
we denote by X j@ the number of balls in bin j after ¢ balls have been placed. We further
define Yj(z) = min(XJ@, C). Let T € N be minimal such that ¢, Yj(T) = n. Note that
T is a random variable with 7' > n and that Pr[T" < oo] = 1. Further note that when the
n balls are distributed into the m bins as in Theorem D.1, the joint distribution of balls
in bins has the same distribution as (Yj(T))ie[m]. We will first prove concentration bounds
on T and for this, we require Azuma’s inequality.

Theorem D.6 (Azuma’s inequality [Azu67]). Suppose that (X;)k_, is a martingale sat-
isfying that | X1 — X;| < s; almost surely for alli =0,...,k—1. Let s = Zle s?. Then
for any t > 0 it holds that

—12
Pr(| X, — Xo| > t) < 2exp (2) . (D.2)
s

The concentration bound on T is as in the following lemma.

Lemma D.7. For any N > 2Cm and any t > 0 it holds that
t
Pr[|T — E[T]| > t] < 2exp (—) + mexp(—N/(8m)).

Proof. For i € Z>q, we define S; € [m] to be the randomly chosen bin for the i’th ball. We
further define F; = o(S1, ..., S;) to be the o-algebra generated by the random choices of
bins for the first ¢ balls. Finally, we put X; = E[T'|F;]. Then (X;)$°, is a martingale with
Xo = E[T]. Now the random variable X; is the expected value of T' conditioned on the
placements of the first ¢ balls. We are going to prove that | X;11 — X;| < % for each ¢ > 0.
To see this, fix ¢ and write n' =3,
assume that n’ < n, i.e., after distributing the first 7 balls we are still not done distributing
the n balls into the capacitated bins. In this case, it trivially holds that X;1; < X; +1
with equality holding if and only if the (i + 1)’st ball is placed in a bin which is already
full. On the other hand, we claim that X; < X411 + % To see this, let 7" be minimal

(] Yj(i). If n” > n, then X; = X;11 =T, so we may
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such that > cp, Yj(Tl) =n —1 and let 7] = max(7”,i). From the assumption n’ < n it
follows that 7] < T and we may write

Xi = E[T/|F] + BT — T/| 7).

Consider now any sequence of ball placements s = (s1, ..., s;) € [m]¢ with £ > i satisfying
that if (S1,...,5¢) = s, then T = £. Then, for any s’ € [m]’ differing from s in at most
the (i+1)’st coordinate, it holds that if (Sy,...,S;) = s, then 7} < £. From this it follows
that E[T/|F;] < Xiy1. We further claim that E[T — T/|F;] < 1££. To see this, note that
when placing n balls into m bins of capacity C' = (1 +¢)n/m, at least 7 bins will be
non-full regardless of the positions of the balls. Now 7' — T/ counts the number of times
we have to select a random bin until we find a non-full bin. Therefore, T — 7] will be
geometrically distributed with parameter p > 13, and it follows that ET-T! | Fi] < %
Combining our bounds, we conclude that

1+4+¢
€

<=

| Xit1 — Xi| <

(LI )

Plugging into Azuma’s inequality, we see that for any N > 0 and any ¢ > 0, it holds that

2.2
Prll Xy — EL7]] 2 4 = Pr{lXy = Xol > 1 < 20w (-5 ).
Thus, for any N > 0,
2e?
Pr[|T — E[T)| > t] < Pr[| Xy — E[T]| > t] + Pr[Xn # T| < 2exp (_8]\7) + Pr[N < T.

Suppose N > 2C'm. By a standard Chernoff bound it follows if N balls are distributed
at random into m bins, the probability that a given bin receives less than C' balls is
upper bounded by exp(—N/(8m)). Thus, we can trivially upper bound Pr[N < T] <
mexp(—N/(8m)). Combining our bounds,

282

Pe(|T — E[T]| > 1] < 2exp (—8N

> + mexp(—N/(8m)),

as desired. ]

Curiously, Lemma D.7 does not tell us anything about the value of E[T] and in fact, we
will not need it when proving Theorem D.1. The bound in Lemma D.7 is a bit unwieldy,
so below we state a corollary which is better suited for applications.

Corollary D.8. Let v = O(1). If C > Wﬂ, then Pr[T' =n] =1—-0(n™").
Otherwise |T' — E[T]| = O (ngn) with probability 1 — O(n~7), where the implicit con-

2
stant in the O-notation depends on 7.
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Proof. Suppose first that C > w. Consider throwing n balls into m bins

uniformly at random. Let X denote the number of balls landing in a given bin and
uw=E[X]=C/(1+¢). Then a standard Chernoff bound shows that

Pr[X > C] = Pr[X > (1 +¢)p] < exp(—e?u/3) <n 771,

so the probability that any bin receives more than C ball is O(n™7) by a union bound. In
particular 7' = n with probability 1 — O(n™7).

Suppose on the other hand that C < 3(1%)(?7) logn G(HQ logn — Apply-
ing Lemma D.7 with N = max(2Cm, 8m(v + 1) logn), we obtain that

22
Pr||T — E|T|| >t =2 - -,
T — E[T) > 1 exp( 8N)+n

In particular |T—E[T]| = O(v/N log n/e) with probability 1 —O(n~7). The desired bound
follows by observing that N = O(%). O

We need one further Lemma before proving Theorem D.1.

Lemma D.9. Let k > 0 be fized and define Z = Zje[m] Yj(k). Then for any t > 0,

2
Pr(|Z — E[Z]| > 1] < 2exp <—;k> .

Proof. Let S1,S59,... and Fi, Fo,... be defines as in the proof of Lemma D.7. For 0 <
i < k, we define Z; = E[Z | Fi] so that Zy = E[Z] and Z; = Z. Now it is easy to check
that for 0 < ¢ < k it holds that |Z;+1 — Z;| < 1. Thus the desired result follows from
Azuma’s inequality. O

We will next prove Theorem D.1.

Proof of Theorem D.1. Note first, that if ¢ = Q(1), then f = ©(1), regardless of the
relationship between ¢ and C. When placing n balls into m bins, each of capacity C =
(1 + e)n/m, the fraction of non-full bins is at least €/(1 + ¢), regardless where the balls
are placed. In the case e = Q(1), this is ©(1), so Theorem D.1 is trivial. In the following,
we may therefore assume that ¢ smaller than a sufficiently small constant.

We will again consider the alternative viewpoint where we throw an infinite sequence of
balls uniformly at random into the bins. As before, we define X ](-Z) to be the number of balls
in bin j after throwing ¢ balls, Yj(z) = min(Xj@, C)and T =min(i € N: 3 cp) Yj(l) =n).

Let v > 1 be a constant to be fixed. We are going to split the argument into three
cases.
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Case 1: C <~log(1l/e). We will show that in this case, the expected fraction of non-full
bins is ©(eC). To do this, we first show the following technical claim.

Claim D.10. If C < ylog(1/e), then E[T] = (14 Q(1))n.

Proof of Claim. Fix a bin j € [m] and consider throwing mlog(1/¢)/2 balls into m bins.
The probability that bin j is empty is

1 mlog(1/e)/2
(1_> NG

m

As we will now argue, it follows that when throwing N > mlog(1/¢)/2 balls into m bins
uniformly at random, a given bin receives at most N/m —log(1/¢)/2 balls with probability
Q(y/€). For this, we use the results of [GM14], stating that if W ~ B(k,p) is binomially
distributed with p < 1 — 1/k, then Pr[X < E[X]] > 1/4. Combining this result with
the above, we obtain that the given bin receives none of the first mlog(1/e)/2 balls with
probability ©(y/¢) and at most (N —mlog(1/e)/m = N/m —log(1/e)/2 of the remaining
balls with probability at least 1/4. Moreover, these events are independent, happening
simultaneously with probability Q(1/¢), which gives the desired.

Now let N =n + log(1/e)m/4 and define Z = Zje[m] Yj(N). From the above observa-
tion, it follows that

E[Z] < Cm — Q(vElog(1/)m),

and by applying Lemma D.9 it follows that it similarly hold with high probability that
Z < Cm—Q(y/elog(1/e)m), with a potentially larger implicit constant in the Q-notation.
Assuming that ¢ is smaller than a sufficiently small constant we therefore have that with
high probability,

Z < (C—nelog(l/e)m < C(l—em=(1+¢)(l —¢e)n <n.
Thus T > N with high probability, but this also means that

log(1/e)m Cm 1+e¢
> - _— > _— = —
E[T]>N=n+ 1 >n+ I n|l+ I n(1+Q(1)),

as desired. O

Using the claim and Corollary D.8 it follows that also 7' = (1+42(1))n with probability
1 — n~7 for any constant v and that [T — E[T]| = O <ml°g") with the same high

52
probability.
We now choose N = E[T] + O (@) so large that Pr[T" > N] < n2. Then
N = (1+Q(1))n as well. Consider a bin j € [m] and let Ay = [X](N) = k] for each k£ > 0.
Then

o= () -4)"
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If k = N1/2=91) then simple calculus yields that Pr[A4;] can be approximated with the
Poisson distribution with mean p = N/m as follows,

k
Pr[Ay] = (1 + o(1)) (Z) L mnm _ (14 o(1) e

k! k!
In particular, this holds when k£ < C'. Thus, for any & < C' it holds that
Pr[Ag] 14+Q(1)

= (1 o(1)% = (14 Q) = (1L+2(1) & = 1+9(1),

Pr[Ag_1] k Cm  1+4e
where the last inequality requires that € is smaller than a sufficiently small constant which
we may assume. Let o = Q(1) be the implicit constant in the -notation above, such that
for k < C (and n,m,1/e sufficiently large), we have that Pr[A;]/Pr[As_1] > 1+ a. It
follows that,

(1+ )k~ 'Pr[Ac_1] = O(Pr[Ac_1]),

MQ

c
Pr[Yj(N) <(C]= Z r[Ac—k] <
k=1

£
Il

1

and

c c
= kPr[Ac_i] <) k(14 ) ' PriAdg] = O(Pr[Ac_1)).
k=1

It trivially holds that Pr[Y v < C] > Pr[Ac—1] and E[C — Y(N)] Pr[Ac—1], so in fact

we have proved that Pr[Yj(N) < C] = O(Pr[A¢—1]) and E[C — Yj( )] = O(Pr[Ac-1]). By
linearity of expectation,

S -y | =e(mPrlAc_1])) = ©(mPr[y") < CI). (D.3)

JE€m]

Now with probability at least 1 — n™=, it holds that N — O (M) <T < N. Since T

is chosen such that > jem] C— Yj(T) = en, it follows that

S o-vM| =e(en). (D.4)

jetm]
Thus, combining (D.3) and (D.4), we obtain that Pr[Y Y™ < C] = 0(eC). Finally,
Pr[y" < €] = Pr[y/Y) < C] — Pr[N < T] = Q(C) — n~2 = Q(0).

Using the exact same argument but instead choosing N = E[T] — O (‘/ilgog ") so small

that Pr[T < N] < n~2, we obtain that Pr[Yj(T) < C] = 0O(eC), so in fact Pr[Yj(T) <

C] = ©(C). But Pr[Yj(T) < (] is independent of j and is exactly the expected fraction
of non-full bins. Thus the proof is complete in the case C' < ylog(1/¢).
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Case 2: ~vlog(l/e) < C < 7% To make the argument work, we will assume that

v = O(1) is sufficiently large. We can make this assumption since the argument from case
1 holds for any v = O(1). In general, the argument from case 1 serves as a nice warm up
but for the present case we have to be more careful in our estimates. Again, we choose

N=E[T]+0 (@) so large that Pr[T" > N] < n~2 and put g = N/m. Let us state
by proving some crude bounds on N as stated in the following claim.

Claim D.11. If vy = O(1) is sufficiently large, then C ++/C < N/m < 3C/2.

Proof. We first prove the lower bound. Suppose for contradiction that N/m < C' + V.
Then E [Zje[m] C - Yj(N)] = Q(vV/Cm) = Q(n/VC) = Q(nye), so if v is sufficiently

large, E [Z j€m) C— Y]-(N)} > 2en and this contradicts the fact that with high probability
T < N. For the upper bound, note that if N/m > 3C/2, then for any j € [m],

Pr[X](.N) < C] <exp (1?) < exp (g) < exp <’y10g1(21/€))> =7/12 < g2
m

by a Chernoff bound and assuming v > 24. Thus, E [Zje[m] C - Yj(N)} < e2Cm < en/2,
where the last inequality assumes that € is sufficiently small. Again this contradicts the

fact that with high probability T > N — O (W 10%") O

2

As before, we consider a bin j € [m] and define Pr[A;] = Pr[X ](.N) = k|. Then for
k<C,

Pri4)  (}) 1 N-k+1 1 _pu m N-k+1

Pr[Ak_l]—(k]XI)m—l_ k m—1 km-—1 N

W
=Ezoa/m).

It follows from the claim that p/k > 1+ 1/ VC for k < C. By our assumptions C' <
1/e2 = m°M and thus Pr[Ag]/ Pr[As_i] = (u/k)'*°D). Let o € N be minimal satisfying
that Pr[Ac_1]/ Pr[Ac—_o] > 2. Using the crude bounds in the claim and simple calculations
we obtain that o = ©(1/log(r/C)). Now,

Pr[y") < 0] = ©(aPr[Ac_1]) = ©(a Pr[Ac)), (D.5)
and

E[C — V"] = ©(a?Pr[Ac_1]) = ©(a® Pr[Ac)). (D.6)

As in case 1, Pr[Yj(T) <(C]= @(Pr[Yj(N) < () which is the the value we are looking for.
Thus, if we can find the value of «a, eq. (D.5) will give us the result we are looking for.
The problem is that « depends of N and hence of E[T] which we as of now don’t know
the value of. However, we know that E[C — Yj(N)] is close to en, so on a high level we can
plug this into eq. (D.6) and solve for a.
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Let us make the above argument precise. First, we write p = C + [ noting that by
the claim, VO < B < C/2. Note for later use that « = © (m) =0 (%) Using the

Poisson approximation,
C

Pr{Ac] = (1 —i—o(l))%e"‘ —0 ((g)c \/éeﬂ) —0 ((1 + g)c\/éeﬁ> .

Write f(z) = log (1 + z), so that exp(f(8/C)) =1+ B/C. As /C < 1/2, we can use a
Taylor expansion to conclude that

1(g)=ro+rof-e (f”(O) (g)) -7 e ((g)) .

Write A = 3 — Cf(B/C), so that A = ©(5%/C) = ©(C/a?). Then

Pr[Ac] = © (@) .

On the other hand, it follows from Corollary D.8 that with high probability

So-vV=0 (Z cyjm) = O(en),

J€m] J€m]

so that, E[C' — Y].(N)} = O(eC). Plugging all this into eq. (D.6), we find that

042

T = 0(eC).

Using that a? = ©(C/A), this reduces to Ae® = © (E—), so that A = © (log (%)),
and thus,

=oer=(e))

Combining eq. (D.5) and eq. (D.6), we find that,

Py < €] = O(E[C - VV]/a) = © <a@ <log 5\1@>> .

A similar argument to that used in the first case shows that also Pr[Yj(T) < C] =
@(Pr[Yj(N) < (1) = ©(f) which completes the proof.
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Case 3: C > 7% We can reduce this case to case 2 as follows. Define the function,

f:R—=Rby f(x) =x(x —n/m)? Then f(n/m) =0 and f(C) = Ce?(n/m)? > M,
so there exists n/m < C < C satisfying that f(C) = W Let € be such that C' =
(1 + &)n/m, so that 0 < & < e. Then f(C) = C&%(n/m)? which implies that C' = v%

Now define }Aij(i) = min(X](.i),é) and T = min(i € N : > jeim] Yj(i) =n). As C < C, it
follows that 7' > T. We can now apply the result from Case 2 to conclude that

prv(™ < 1= Pry™ < €] = (1),

which completes the proof. O

D.4 Some Helpful Lemmas

In this section, we provide two helpful lemmas which will be useful in several of the later
sections. The first is a tail bound for sums of geometric random variables, and the second
can be seen as a high probability upper bound on the number of bins visited at a given
level during an insertion with consistent hashing with bounded loads and virtual bins.

D.4.1 A Tail Bound for Sums of Geometric Variables

Recall that we say that Y is geometrically distributed with parameter p if for non-
negative integers k it holds that Pr[Y = k] = p*(1 — p). Then E[Y] = 1%}3 and
Var[Y] = E[Y](1 + E[Y]). Let (X;);cn be independent random variables such that X;
is geometrically distributed with parameter p;. Let X = Zz‘e[n} X;. Define p; = E[X}],
o7 = Var[X;] = p;(14p), = Y jep ir and 0 = 37, 07 Finally let Wp : [0,00) — R
be the Lambert function defined by Wy(x)e"o(®) = 2. We have the following theorem.

Theorem D.12. For any t > 0 it holds that
—202tW, : 1 1
e t O(t), zft<<1+20>log(1+20)

1 202t ) 1 1 .

Proof. The idea of the proof is standard and uses the moment generating function of X.
Let 0 < A <log (1 + ﬁ) be a parameter which we will fix later. Then

Pr[X > pu+ 4to?] < (D.7)

E[GA(XFM)} — e — e—)\m—log(l—ui(ek—l)) )

Sl =1)
Define f(A\) = —Ap; —log (1 — p;(e* — 1)). Using a Taylor expansion,

maxop<zg<i f”(.’L‘)
2

FO) < £(0) + £1(0)A + A2
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It is easy to check that f(0) =0, f/(0) =0, and f"(\) = U?W. Now using that
A <log (1 + ﬁ) we get that f”()\) < 4o2e?, and hence

fN) < 202eM2.
We now use Markov’s inequality to conclude that

Pr[X > g+ dto?] = Pr|e* el (Kimhd) > ite?|

X —ps
_ [Ticp E[X 7]
— e)\4t02
< 62026)‘)\2—4)\t02

We will set A\ = min {log (1 + ﬁ) ,Wo(t)}. Now, if ¢ < (1 + ﬁ) log (1 + ﬁ) then
A = Wy(t). This implies that,

Pr Z Xz > 7 + 4t0-2 < 620'2€>‘)\2—4)\to'2 _ 6_20'2tW0(t) '
i€[n]

On the other hand, if ¢ > (1 + ﬁ) log (1 + ﬁ) then A = log (1 + ﬁ) This implies
that,

2,132 2 —202 log(l—i-i)t 1 20%t
Pr ZXiZM+4t02 §€20'6)\74)\t0' <e 210 _<1_1+2 )
Ho

i€[n]
0

Defining C : [0,00) — R by C(z) = (1 + z)log(1 + x) — z, it follows from standard
calculus that C(x) = O(zWy(z)). In particular, the first bound in (D.7) takes the form

Pr[X > p 4 4t0?] = e~ A€W,

Up to the constant delay in the exponential decrease, this is the same as the standard
variance-based Chernoff bound for the sum of independent variables in [0, 1]. Intuitively,
the second bound of (D.7) corresponds to the event that the heaviest of the geometric
variables, Xy, satisfies Xo = uo + Q(c0t).

D.4.2 A High Probability Upper Bound on the Run Length at a Level

We next prove the general lemma on consistent hashing with bounded loads and virtual
bins. Consider a bin b at level ¢ that may be chosen dependently on the hashing of balls
and bins to levels 1,...,7—1. We prove that if I is a maximal interval of level ¢ containing
b satisfying that all bins in I get full after the hashing of balls to levels 1, ..., 4, then with
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probability 1 — ¢ the number of bins in I is O(log(1/d)/e). This bound is quite crude but
we require it for both the analyses of Section D.5 and Section D.6 which proceed by step
by step revealing the history of how a bin obtained its balls at a given level. The result
entails that at a given point in the process, we have only revealed an insignificant part
of the system. On a high level, this means that even conditioning on what we already
know about the system, the probabilities of the various relevant events only change very
slightly. The result is as follows.

Lemma D.13. Let n,m € N and 0 < ¢ < 1 with 1/e = n°® . Suppose we distribute n
balls into m bins, each of capacity C = (1+¢e)n/m, using consistent hashing with bounded
loads and virtual bins and k > 2/e levels. Let b be a bin at level i which may be chosen
dependently on the hashing of balls and bins to level 1,...,9 — 1. Let I be a mazimal
interval at level © containing b such that all bins lying in I are full after the hashing to
level 1,...,i. Let 1/n®1) < § < 1/2. The number of bins in I is O(log(1/5)/e) with
probability at least 1 — .

Proof. The proof is very similar to the proof of Theorem D.5, so we just provide a sketch
of the proof. We may clearly assume that ¢ = k as this can only decrease the remaining
capacities of the bins. Let C1, ..., C,, be the remaining capacities and C = % Zie[m] C;.
Using a standard Chernoff bound and the assumptions that k& > 2/ and 1/e = n°M) we
find that the number of balls hashing to level k is at most en with probability 1 — O(n~7)
for any v = O(1). Letting X denote the number of such balls, it follows that mC > 2X
with the same high probability. Condition on this event and let R denote the number
of bins in I. For a given s, we find as in the proof of Theorem D.5, that there exists
a constant number of intervals Iy, ..., I, all of length ©(s/m) Such that the following

holds. Let X J(.l), X 1(2), and X j(g) denote respectively the number of bins, total capacity of

bins, and number of balls hashing to I;. Let further ,ug.l) = E[X](.l)]7 M;z) = E[XJ(.Q)], and

M§3) = E[X](.S)}. If s+ 1< R < 2s, then there is a j € [{] such that either
1 1 1
Bi: |x{V = piV = (u),

By X[V — p? = Q(u?),

Bs: X](-g) - ,ug»g) = Q(max(uf’),és)).

Note that ug-l) = O(s) and ,u}z) = O(Cs). It therefore follows from standard Cher-
noff bounds that Pr[B;] = exp(—£(s)), Pr[Bs] = exp(—Q(Cs/C)), and Pr[Bs] =
exp(—Q(Cs)). As C = (1 + e)n/m, we always have that C > en/m > £C/2. There-

fore, we obtain the combined bound

Pris +1 < R < 2s] = exp(—Q(es)).
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With ¢ = O(log(1/6)/¢) sufficiently large, it follows that

Pr[RF >t+1] < iPr[AtQi] < iexp(—Q(tTa))

=0 =0
oo
< Zexp (—log(2/6)2%) Z 5/2
1=0 =0
This completes the proof. O

Remark D.14. We will use the bound of Lemma D.13 to obtain the results in Section D.5
showing the concentration of the fraction of non-full bins around its mean u = O(f). In
fact, this allows us to prove a stronger version of Lemma D.13 in Section D.6 which bounds
the number of bins in I by O(log(1/0)/f), the only caveat being that here we have to use
k > 1/ levels.

We finish the section with the following definition.

Definition D.15. For I as in the lemma above, we will call I the run at level ¢ containing
b.

Lemma D.13 shows that the number of bins in the run is O(M) with probability
1—9. It in particular follows that the number of bins visited at level ¢ during an insertion
is O(M) with probability 1 — §. Indeed, if b is a bin encountered during the insertion
which is not full at level ¢ — 1, then all the bins encountered at level i lie in the run at
level 4 containing b.

D.5 Non-Full Bins: In Expectation and with
Concentration

In this section we will show that with consistent hashing, for each level d € [k] and

each and each 0 < t < (C, the number of bins at level d containing at most ¢ balls is

sharply concentrated around its mean. This goal is achieved in Appendix D.5.1. Next,

in Appendix D.5.2 we prove that with k > c/e? levels for a sufficiently large constant c,

the expected number of non-full bins at the highest level & — 1, is O(f) where f is as
defined in Equation (D.1).

D.5.1 High Probability Bounds on the Number of Non-Full Bins

The goal of this section is to prove the first part of Theorem D.4. For this, we first require
some notation. We define

Xéj ) The remaining capacity of bin j after distributing balls to all levels 7 < d.

Yd(j ) The number of balls landing in or forwarded by bin j at level d.
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Zg . The capacity of the bin s places before bin j just before the hashing of balls to level
d.

chjs) The number of balls landing between the bins placed s and s + 1 places before bin
7 at level i.

There are some important relations between the variables. Yd(j )

of chjs) and Zc(ljs) as follows Yd(j) = thjo) + max {0, max;>1 Ziﬂ(Wé,) — Z(gjs))}. Similarly,

can be expressed in terms

S
We can express X(gj) in terms of Yd(j) as follows X(gj) = max {O, C—>i<d Yi(j)}.

Now due to all the dependencies in the system, it is unwieldy to analyse it directly.
Instead, we will analyse a simpler system which we then show can give us high probability
bounds for ) jefml [X C(lj ) < t] for each t < C'. First we define Xéj ) = C for every bin j. We
then define Xéj Vfor 0 < d < k recursively as follows: First define independent random

variables Z(gj S) and Wéj S) for every bin j and every integer s by

Pr|2f) =t = Pr[af) = 1] (D.8)
el =] = () e oo

for every integers 0 < ¢t; < C and 0 < t3. So Wc(ljs) is geometrically distributed with

parameter nﬁg/f:m We then define ygj) = W(% + max{O,malel Zizl(Wg) — Z((ljs))}

and finally Xd(j) = max {0, C— 2?21 yi(j)}.

Clearly, the two systems have a lot of similarities. X d(j ) and yu(lj ) are defined analogously
to how Xé] ) and Yd(] ) are defined. The difference between the two system is the difference
between variables the Z(gj ), W((ij ) and the variables Zc(lJ ), ch S) . Our goal is to show that

S S S
two systems are in fact very comparable, yet leverage that the second system is much

simpler to analyse due to the independence. This approach leads to the theorem below
which provides concentration of } ¢, [X i(j ) < t] around m Pr [XZ.(] ) < t].

Theorem D.16. Let n and m be positive integers and set = >. Let 0 <& <1 be such
that C' = (1 + e)u is in integer. If u = m°) and e = m°Y) | then with probability at least
1 —m™ we have that

>_jelm) (X <1

m

—Pr [Xi(j) < t} < mL/2+o(1) (D.10)

for all levels 1 < i <k and all 0 <t < C. The constant in the big-O notation depends on
5.
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We define A4 to be the event that

Y el X <1

m

—Pr [Xi(j) < t} < - Y/2Ho(l) (D.11)

forall 1 <i < dandall 0 <t < (C. The goal of Theorem D.16 is prove that Pr[Ag] >
1 —m™7. An important step of the proof is the following lemma.

Lemma D.17. Fiz 0 <t < C, j € [m], and a subset S C [m]\ {j} of | < O(logm) bins.
Then

PrlYe? = t| Aa A (X ies| = Pr[9F) 2 4] | < mm1/2+e) (D.12)
We also need a couple of auxiliary lemmas. The first is a simple consequence of

Lemma D.13:

Lemma D.18. With probability at least 1 — m™" we have that the longest run at level d
is at most O((logm)/e).

We will also need a bound on the number of balls between consecutive bins.

Lemma D.19. With probability at least 1—m™" there are no more than O(log m(u/k+1))
balls between any two consecutive virtual bins on level d.

Proof. This is simple observation since the probability that is there lands [ balls between
consecutive virtual bins is at most

-1 . l

H n/k—i (1™ coxpf ™

Son/k—it+m T n/k+m) ~ P n/k+m
It is now clear that if | = ©(logm(u/k + 1)) that there are no consecutive virtual bins
which receives more that [ balls with probability 1 —m™". O

The final lemma is a technical lemma which we will use to get tail bounds. The proof
is deferred to the end of the section.

Lemma D.20. Let By,...B, be Bernoulli variables, 0 < § < 1 a small real, and r > 0
be an even integer. Assume that for any i € [n] and any subset S C [n] \ {i} of size at
most r — 1 we have that |Pr[B; = 1| (Bj)jes] —p| < 0, then

rq1/r
Ell Y (Bi—-p) <dn+O0(Vrn),
1€[n]
and the following tail bound holds
Pr||> (Bi—p)| = on+rvn| < exp(—Q(r)) . (D.13)

i€[n]
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We will now prove Lemma D.17.

Proof of Lemma D.17. Let By be the event that the longest run on the level d is at most
= O(logm/Pr [Xéj) > 0}) < O(log(m)/e) and that there are at most O(logm(u/k +

1)) balls between any two consecutive virtual bins on level d. By Lemma D.18 and
Lemma D.19 we have that Pr[-By| Ag_1] < m~" hence we get that

‘Pr[ >t ‘ Ag_1 A (X( ))ieS} —Pr [Yd(j) >t A By ‘ Ag-1 A (Xc((i))ies} ‘ <m™

The important observation now is that

1<l<r

!
YO Z W) 4 ma {o s S - zgg>}
when By is true. So we only reveal r virtual bins and at most O(rO(log m(u/k+1))) balls
when determining Yd(J ),
We will introduce a third system which will act as an intermediate between the two

systems. Let Yéj)l be independent random variables where each of the variables has

) and W((ij) be independent random

the same marginal distribution as Xc(l])1 Let Z(J d.s

—(9)

variables where each of Zdﬁ has the same marginal distribution as Zc(l ), and each of

Wffg is geometrically distributed with parameter n/r];/ —- We then define Y(]) W((f()) +

max {0 max; <<, > . 1(VV(]) E{i)} The difference between the intermediate system

and the original system is that in the intermediate system we are sampling everything
with replacement and in the original system everything is sampled without replacement.

Let D be the event that X( )1 is a distinct bin from the bins (Z(gi)g)ies,lgsgr and
that the bins (X é—)l)iES are distinct for the bins (Xc(lz)lgsgr. It is easy to see that

Pr [—|D AN B ‘ Ag_ 1 N (X((ii))ieg} < O(W) = m 1o hence we get that

Pr[Y()>t/\Bd‘Ad 1/\(X())Zes] Pr[Yd(j) >tAByAD Ad_lA(ij))iEsH

It is standard fact that if we sample X El )1 and (Z (3))1§ s<r independently with replace-
ment and condition on them sampling distinct bins which are also distinct from the bins
for (Xc(ll_)l)ieg and (Zgi)ies’l&S“ then it has the same distribution as sampling with-

out replacement. The probability that we make such a sampling error is bounded by

Wr+1)? o —1+o(1)

Similarly, if we sample (Wﬁz{i)ogsgr independently with replacement conditioned on

all balls being distinct and distinct from the ball sampled for (Wéjg)ie&ogsgm then it has
the same distribution as sampling without replacement. With probability 1 — m™7 we
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have that W(]) < O(logm(u/k 4+ 1)) for all 0 < s < r, hence the probability of making a
sampling error with balls is bounded by

m + 0 <log(m)2(ﬂ/k +1)2(r + 1)2> w10 (klog(m)2(u/k +1)2(r + 1)2)

Ne n

m o)

From this two facts we see that

Pr[v{) > t A ByAD| Aga A(XP)ies| = Pr[T) = t A Ban D] Aga]| < mo it
Since B4 A D happens with probability at least 1 —m™7 we get that,
e[V > 6 A BuA D | Aga] = Pe[VE) > 0| Aga] | <t

We then define ?ﬁf) = ng + max{(),maxlglgr ElS:l(Wgs) — Zéjz)} The difference

between ?(") and y : is that ?&j) looks at at most 7 bins in the tail while ))C(lj ) looks at all
bins in the tail. If Z(]) C(ljz for all 1 < s < r then Pr [72]) >t Ad_l} =Pr [yé]) > t}.
This observation 1mply that

‘Pr[?g) >t ‘ Ad_l} —Pr[?ﬁf) > t”

<y ‘Pr[(ij') B2 = ()
S | T1 w2 = aus] - TT o[22 =]

Ty T 1<s5<r 1<s<r
<2 Y |Pe[Zd =] i) - Pr[20) = 7] |
o<r<C

<r Z m—L/2+o(1)

0<r<C
—1/240(1)

- ] _pr[(zgf,...,zgj) = (n,...,n)} \

<m

Now the same arguments as in the proof of Lemma D.18 show that yéj ) — ?E{') with
probability at least 1 —m™7. Combining all these bounds proves the claim. U

Now having proved Lemma D.17 we are ready to prove Theorem D.16.
Proof of Theorem D.16. We note that

1<i<k 1<i<k
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If we can prove that Pr[Agq|Aq_1] > 1 — O(m™") for all 1 < d < k, where + is an
appropriately chosen constant, then we would get that

Prldi] > (1 —-m ) >1-m™

The rest of the proof is now to show that Pr[-A4| Ag_1] < O(m™"").
Let j € [m] and S C [m]\ {s} with [ = |S| < O(logm). We will prove that,

’Pr[ <t ’ Ay (X PYies] - e[ <] ] < Y/2oh) (D.14)
This will imply the result since if we combine eq. (D.14) with Lemma D.20 we get that,

> jeim] Xy <1

m

Pr

—Pr [Xd(]) < t] > m71/2+0(1) Adfl < mf,yn

For 0 <t < . Now a union bound over all 0 < ¢ < C gives us that

P[—\Ad/\Bd’Ad 1] (C—i-l)TTlﬂy <777,’y

We then get that Pr[A;] > 1 — m™" as we wanted.

We just need to prove eq. (D.14). We note that X(]) < t if and only if X(]) Yd(j) <t.
We thus get that,

Polxf) 1] Aacs A (] = Sl 07 = s (s

+Pr [Yd(] > ¢ ’ Ay NXyies |
If we fix the first d — 1 levels then we get that

Zze[m]\S[X( ) St— S]
=15

Pr[x P <t—s|(XP)ies] =
We condition on A4_1 so we know that,

Zze[m] [X( % <t-— 5}
m

— Pr [XCEJ;)I <t-— s} < m~1/24e)

This implies that,

Zie[m}\S[X(gi—)l <t-—s

~Pr|xf <t

—15]
SRR | (3 N el T
- m—|S]
< " 1/2+o(1)
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Here we have used that |S| < O(log(m)). We thus get that
—Pr Yd(j) =s|Ag-1 A (Xc(li))iES} m 1/ +oll)
<Pr[xP <t s AV = s| Aga A (XP)ies]
o Ao (K]

< Pr _Yd(j) _ } Ag g A (Xc(li))iES] m—1/2+0(1)

~Pr|xf <t s|Pr[vf? -

Using this we get that,

Pr[xy <t Aua A (XP)ies| = Pr[a? = v <t dga A (XPies] | < mm /2o

We now want to exchange Yd(j ) with yéj ) and the approach is similar to what we just did.
We note that,

Pr [Xéf)l -y, <t ’ Adg-1 A (Xc(gi))z‘es}
tziPr[ —s} Pr[Yd(J') St—s‘Adfl/\(XC(li))ies]
5=0
+Pr| X > ¢

We now use Lemma D.17 to get that,

Pr [Yd(j) <t—s ’ Ag-1 A (Xc(li))iES} —Pr [yflj) <t-— s} ’ < Vo) oy

So

Prlafy = s| Pr[vf <t —s| gy A (XP)ies] = Pr[ X =52 VP <t ]|

< Pr[ (J) } m—1/2+o(1)

This implies that,

Pr [Xc(zj) <t ‘ Ag_1 A (Xéi))i€s:| —Pr [Xéj) < t} ‘ < /e

Where we have use that t < C' < m°1). This proves eq. (D.14) and thus finishes the
proof. O

Later in the paper we will need to bound the contribution to a bin while fixing the
previous levels. The proof structure is very similar to the proof of We define L£4_1 to be
the sigma-algebra generated by the first d — 1 levels.



D.5. NON-FULL BINS: IN EXPECTATION AND WITH CONCENTRATION 299

Lemma D.21. Let 0 <t < C, j € [m|, and1 < d < k. Then

k
Zyi(j) > ¢

i=d
Proof. We will prove that,

k

=k—r

Pr Lg_1| —Pr

k
Sy > t] <k [AS_4] + 2km~ Y2 (D.15)

i=d

,Ck_r_ll — Pr

k
k—r

Li=k—

(D.16)
< (1+7) [Af, 4] + (1 +2r)ym =1/ el

for0<r<k-—dandall 0<t<C. We will prove the result by induction on 7.
We first consider r = 0. We then have that,

Pr [Yk(j) > ¢ ‘ Ek_l} — [Ap_1] Pr [Yk(j) >

]+ (A5 P > | £,
We now wuse Lemma D.17 to get that, [Ag_1|Pr [Yk(j) >t ‘ [,k_l} =
[Ag—1] (Pr [y,ff) > t} + 5) where |0] < m~1/2°(1) We then get that,

PV = t| | = [Aka) (Pr[3) = o] 4 6) + [Az ] Pe[v > ¢ £,
=PV = o]+ [A5 ] (Pr[Y 2t L] = Pe [V 2 4]) + [Aka] 0
We have that

|[4520) (Pe[v? = t] £,0] = Pr[3 = ¢]) + (41 8] < [A5] + 1o
< [4g ]+ m—1/2+o(1)

This proves eq. (D.16) for » = 0 which will be our induction start.
Now we consider r > 1 assume that eq. (D.16) is true for values less than r. We note

that,
Ly v 1]

k
2
We now fix 0 < s <t — 1 and use the tower property of conditional expectation to get

i=k—r
that,
Ek—r—l]

k
Y Y9 stos

i=k—r+1

t—1 k
zk_H] - ZPr[ S vV st-sav =5
s=0

i=k—r+1

+ PV >

Ekfrfl]

k
Pr[ Z Yim zt—s/\Yk@T:s

i=k—r+1
[Yk@r = s] Pr

=K

['k—r]

»Ck—r—l]
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By then induction hypothesis we have that Pr [Zf:k%ﬂ Y;(j) >t—s ’ Ek,T} =
Pr [Zk y}j) >t — s] + 05 where |5s| < 7 [AS_ ] + (2r — 1)m~ /(). This implies

i=k—r

that,

s

Ekfrfl

Lk—r—l]

i yi(j)Zt—s/\Yk(i)T:s —i—EHYk@T:S} O

ﬁkfrfl}

Hence, we get that,

k
Pr[z Y;(J) >t

Ek—r—l]

t—1 k
_ Pr[ Y Y2t sy =s| L | +Pr [Yk@r > ¢ } ﬁ,@_r_l}
s=0 i=k—r+1
t—1 k ] ) ]
_ (Pr[ S Yz t-sav, =s| L | +B| [V, = 5], Ekr1]>
s=0 i=k—r+1
+Pe[v2 = t| 4]
k t—1
— Pr Z yl(]) + Yk(])r >t Ek—r—l + ZE|:|:YI€(-7)T — S:| 55 ck—r—1:|
i—=k—r+1 s=0

Now we want to exchange Yk(i )T, with y,?_) , and the method is similar to before. We write,

k
Pr[ DR A P

i=k—r+1

Pr [Yk@ >t—s ‘ Ek—'r—l] + Pr

r =

k
> W= t]

i=k—r+1

t—1 k .
= Z Pr[ Z yf” =5
s=0

i=k—r+1

Now by analogous arguments as in the induction start we get that
Pr [Yéi’ >t—s £k_r_1] — Pr [y,?_),, >t— s} + 6, where |07 < [AS_, ] +m~ /2o,

r =




D.5. NON-FULL BINS: IN EXPECTATION AND WITH CONCENTRATION 301

We thus get that,

t—1 k ‘
ZPr[ Z yf” =s

5=0 i=k—r+1

Pr [Yk@r >t—s ‘ Ek—r—1:| + Pr

k
Z yZ(J) > t]

i=k—r+41

t—1 k k
:ZPr Z yi(j):s (Pr{ylgj_)rzt—s}—i—é;)—}—Pr Z yi(j)zt]
s=0 i—=k—r+1 i=k—r+1
k A -1 k A
=Pr| Syt +Y Pl Y ¥ =50
i=k—r s=0 i=k—r+1
Now combining it all we get that,
k k '
Pr[ ST vV >t L | =Pr Y >
i=k—r i=k—r
-1 ‘ k A
+ Z (EHYk(j_)T = s] O Ek,r,l} + Pr Z yl.(” = s] 5;) .
s=0 i=k—r+1

Now to finish the proof we just need to bound

‘Zg;}) (E HYk@T _ 5] 5 Ek_r_l] 4 Pr [Zf:k_r LY = 3} 5;) ‘

tZi E|:|:Yk}(z)7‘ = 3] ds »Ck—r—1] +Pr Zk: yi(j) - 3] 5;)
=0 imh—r+1

< max E[|0,] | Lyor_1] + @} 160 < [AG_, ] +2rm /240 4 Pr[AS | Ly d]

We now just need to bound Pr [Ai_r ‘ £k,r,1]. From the proof of Theorem D.16 we have
that [Ag_,_1|Pr [Az# ‘ Ek_r_l] <m™7. So we get that

rPr[Af | Lyoroa] <7 [AL ] +rm T < v [AfL ] +m AW

This implies that,

t—1 k
S (el ol Jor] 3 - a)
s=0 i=k—r+1
< (r41) [A5_, 1] + (1 + 2r)ym /2o
This finishes the induction step and thus the proof. O

We now turn to the proof Lemma D.20.
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Proof of Lemma D.20. Let ji,...,j, be different indices and a1, ...,a, be non-negative
integers such that ) ;_; a; = 7. We then want to estimate E[(X;, —p)® | (X}, )i<r]

E[(Xj, —p)* [ (X},)i<r]

= [BIXG, 1 (X)icr] (1= ) + (1= BIX;, | (Xj)icr]) ()"
<L =p)* = (=p)" |+ Ip(1 = p)* + (1= p)(=p)"|

Now let X/ be independent Bernoulli variables with parameter p’ where p’ = p+4 if p < %
and p' = p — 6 when p > % It is now easy to check that

B[ )]

=0|(1=p)* = (=p)*" |+ [p(1 = p)* + (1 = p)(=p)*"|

Using this we see that

T

H(Xi -p)*

=1

From this we conclude that E[(}",(X; — p))"] < E[(3;(X] —p))"]. Now by the triangle
inequality and Hoeffding’s inequality we get that

i) o ipe-n)]
o)

< én+ O(v/rn)

Now using Markov’s inequality give us the tail bound. O

E < |E

[Tex; _W]

i=1

<én+E

D.5.2 The probability that a bin is not full

In this section we will bound the probability Pr [X,gj ) = O] for any bin j. Since the
bound is the same for all bins we will suppress j from the notation. We note that
Pr(x, =0] = Pr [Zle Vi > C]. Now an important observation is that if we de-

fine 1 — f3 = Pr [Z‘ij:l Y > C}, then ), is geometrically distributed with parameter

n/k
n/k+fqgm

g = = 1:@’9' The reason is that when generating );, we sample with replace-

I
ment so when sampling a bin, the probability that it will be filled is 1 — f; independently
of the history. Thus, at any point, the probability of getting another ball is

n/k

n/k o m ! n/k+m n/k 1
1_ — e = .
n/k:+m;<n/k:+m( fd)) 1= (= fa)  n/k+ fam 1+%

Which is exactly what we get from a geometrically distributed variable.
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From simple facts about geometrically distributed variables we get that ug = E[Vy] =

and 02 = Var[Vy] (1 + 17 ) > pgq. We note that

kf’ _k:f

k k
_ M
;U?_;kfi<l+kfz> Z/ﬂfz (D.17)

We define S; = Zgzl Y; for 1 < d < k. Our goal is to prove that there exists a constant
L such that,

e, if € < (1/(=v0))
fizL{e [Clog (25) itlog (1/(V0)) < C < 5y - (D.18)
1 if ;5 <C

Combining this with Theorem D.16, the second part of Theorem D.4 will follow. Now to
prove Equation (D.18), it suffices to consider the case C' < 7/e? for a sufficiently small
constant y. Indeed, otherwise, we apply a reduction similar to the one in Case 3 in the
proof of Theorem D.1. We will make this assumption in What follows. We also note that
we can assume that C is larger than 4 7 because if €' < ;7 then we get that,

eC if C <log (1/(5\@))
e/4=L{e [Clog (%) if log (1/(8\/6’)) <C< 55
1 if 55 <C

We will argue that fi is always larger than £/4. We know that Zje[m} [X Igj ) = 0} <
C IxUW_g

t=1rand1l—f; < M + m~Y2+e() with probability at least 1 —m™" by

Theorem D.4. Fixing such event give us that,

1
kal—m—m_l/Z—i_o >8/2—5/4—€/4
Here we have used that ¢ < 1 and that 1/ = m°1). So if C < £ then eq. (D.18) holds
and we in from now assume that C' > ﬁ.
We will prove the result by showing the stronger result that for all 1 < d <k,

eC if C <log (1/(5\/5))
fa=L{e /Clog (%) if log (1/(5\/>)> <C <5 (D.19)
1 it L, <C

We will prove eq. (D.19) by induction on d.



304 APPENDIX D. DYNAMIC SET OF BALLS AND BINS

First we note that fi > fo > ... > fre/4. We then get that E[Sy] = Z?Zl pi < 4217“ <

%, where we have used that k > 8/¢2. So for d < 1/e we get that Z?:l i < C/2 and
Markov’s inequality give us that,

1— fs=Pr[Sy>C] <

| =

This shows that eq. (D.19) holds for d < 1/¢ and since € < 1 then it holds for d = 1 which
will be our induction start.

Now the previous argument shows that when E[S;] < C/2 then eq. (D.19) holds, so
we can assume that Ele w; > C/2. We note that f; > f;_1/2 since,

1

fa=Pr[Sqy<C]>Pr[Sqy1 <CAY;=0]= fa_1(1 —ag) = fa1 T
fak

This implies that fq > fa—1—% > fa—1/2 where we use that k > ¢/ €2 for some sufficiently
large constant ¢ and that f;_; > Le?C. We now note that if f; > %min {5\@, 1} then
wi <1, since,

2e20

=
o kfi = cL min {5\/5,1} =1

Here we have used that k > ¢/e?, that c is sufficiently large, and that 1/e2 < C. We also
note that

E[D}z - Mz‘ﬂ = B[V < w) (i — V)] + E[[Vi > ] Vi — )?]
<} + o EP] <+ EDP

In the first inequality we have used that the geometric distribution is memoryless. Now
simple calculations give that E D}ﬂ < 6 (14 p15)? < 2444, so we get that B [D}z — Hiﬂ <
1 4 24p; < 25p;.

Depending on E[Sy] we will prove different bounds on f;. Let M > 0 be a large
constant. We will prove that if E[Sy] < C + M+/C then f; > L, if C + M+/C < E[S,] <

C+ %C’ then fg > Ley/C'log (%), and if C' + %C’ < E[S4] then fg > LeC. This will
\/7

C < v/e? for a small constant v then 1 > min {5, /| C log (%),80}.

IfE[Sy <C+ M V/C' then we will show that f; > L. This will follow by a usage of
the Berry-Esseen theorem.

prove the result since ¢, /C'log (ﬁ) > ¢C' if and only if C > (1/(5\/5)), and since

Theorem D.22 (Berry Esseen theorem). Let X1,..., Xy be independent random variables
with B[X;] =0, E[X?] =07 >0, and E[|XZ|3} = p; < 00. Let Fy be the cumulative dis-

tribution function of 2?21 X, let ® be the cumulative distribution function of the standard
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normal distribution, and let 0% = Z?:l o2. Then,

d .
sup Fa(z) — B(afo)| < Ky Zi=LPi
r€ER o

where K1 is a universal constant.

Since E[Sy] < C + M+/C then C > E[Sy] — M+\/E[Sy] < E[Sy] — My/>°% | 02 and

1=1"1

1=1"1

we get that fg = Pr[Sq < C] > Pr [Sd < B[Sy — My/>¢ 02} Now the Berry-Esseen

theorem give us that,

o T B[l
3/2

<Z?:1 o} )

We know that E [Dﬂ, - ,u,-\?’] < 25u; and that 0'Z-2 > u; for all 1 < i < d, so we get that,

fa=>Pr|S;< E[Sd] —

fa>®(—M) — 25K175 > ®(—M) —25K1V8L > L .
E[Sq]

Here we have used that E[Sq] > C/2 > ¢ and that L is sufficiently small.
Now we consider the case where E[Sy] > C + M+/C. We define 83 = E[S,] — C and
note that 84 > M V/C. We will need the following claim.

Claim D.23. For all 1 < d < k and all integers t > 1 we have that,

Pr[S;=1t+1] < Pr[Sq =]
Pl“[Sd:t] B Pl"[Sd:t—l] '

Proof. We define the sets Ay = {(al, ...,aq) € N¢ ‘ fo:l a; = t} and get that

d d
Prlzyi:t] = > JI -,
=1

(a1,...aq) €A i=1

We note that the result it is equivalent to showing that Pr[X =¢+ 1]Pr[X =t —1] <
Pr[X = t]* which in turn is equivalent to

d d
Z Ha?ieri(l — ai)Q < Z Ha?i+bi(1 . ai)Z.

(a,b)eAt+1 XA¢_q =1 (a,b)GAt x A 1=1

To see that this latter inequality holds, let s € A9 and define the map g5 : Ng — Ny
by gs(i) = [{(a,b) € A; x Aoy | a +b = s}|. We note that gs(i) > 0 exactly when
i€ {0,1,...,2t}. The desired inequality is then equivalent to

d

d
S g+ D] < Y g s

s€ Aot =1 s€Ao; =1
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We will show that g is log-concave for each s € Ag;. As g is clearly symmetric around
i = t, it will in particular follow that gs(t + 1) < gs(¢) which then leads to the desired
inequality. To show that g, is log-concave, we note that it is a convolution of log-concave
functions. Indeed, fix s and define for 1 < j < d, the map h; : Ng — Ng by h;(i) =1 if
0 <i <s; and h;(i) = 0 otherwise. Then each h; is log-concave, and moreover, g, is the
convolution gs = hy * - - - x hy, i.e.,

d
)= > [Ihilay).
aczZk .]':1
a1+--+aq=i
It is a standard fact that the convolution of log-concave functions is again log-concave,
and the desired inequality follows. O

Now let {4 € N be the minimal integer satisfying that
Pr[Sy=C—-1]/Pr[Sy=C—-1—-44 > 2. Now combining Claim D.23 with the
definition of £; we get that,

14
Pr[Sy < C] = ZPrSd— — 1] >ZPrSd— ]zgpr[sd:c—u,
(C/M
Sd<C ZPISC[— —t Z fdPrSd— —1—T€d]

<Ly Pr[S;=C —1] ZW =204 Pr[Sy=C —1],
r=0

E[(C — Sy)[Sq < C]] ZtPrSd— —1]
w/m
< ) (7"83 + MH)) Pr[S; = C — 1 —rly]

[C/td]
La(la+ 1)\ _,
< Z <r€§+d(d2)>2 Pr[Sq = C — 1]

< 4% Pr[S;=C —1],

Ly
E[(C — S4)[Sq < O] ZtPrSd— —t] =) tPr[Sg=C—1—1]
t=1
£2
> ZdPr[Sd:C—l].
From this we get that W < fi < 8E[(C— Sd)[Sd<C” Now it is

clear that E[(C — S4)[Sq < (1] > E[(C — Sk)[Sk < C']] and we Wlll argue that
E[(C — S)[Sk < C]] > % > <. This will imply that f; > 32£
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2jelm] [ij)gt]
get that Pr[Sy; > C —t] > J# —m Y2t for all 1 < ¢t < C with probability

c Xiem [X;ij)ﬁt] . .
1 —m™", and we know that ) ;. | ——-—— = ¢C, so fixing such event give us that,

C
E[(C — SK)[Sk < C)] =) Pr[Sy > C — 1]

t=1

> Z ZJe[m] [ ko= t} o 1/2+0(1)
t=1 m

—cp Cn~1/2+0(1)

> € Cm—1/2+o(1)

>

Here we have used that e < 1 and that 1/ = m°(),
Now we just need to upper bound ¢;. By Claim D.23 we get that {; <

log(2) Pi{S4=C] . .
or ( PrS,—C] ) so we want to lower bound m. To do this we will define expo-

PiS;=C—1]
nentially tilted variables (V;)1<i<4. Let A € R satisfying E[e*%?] < 0o be a parameter which

will be determined later. We define V; by Pr[V; = t] = %:;]]“ for 1 < i < d. Clearly,

this is well-defined since Y ;2 Pr[); = t]eM = E[e™i]. As pointed out in [AAKT21],
each Vj is also geometric random variables (with parameter a;e) and,

E[B/\Zleyi} d
oo P V=0t

PriSy=C—t] = M Pr . (D.20)

for all integers t. Moreover, there is a unique A maximizing \C — logE [e)‘ S Y i], and
with this choice of A, it holds that Zf-l:l E[V;] = C. It is easy to see that A < 0 since 5 > 0.
We start by noticing that S, Var[Vj] > S2% | E[Vi] = C, and that E[|Vi - Em]\f”] <
25 E[V;] by the same reasoning that gave us that E[Dfl - u¢|3} < 25E[Y;] since V; is

geometrically distributed with parameter aze* < .
We will also need the following lemma by Aamand et al. [AAKT21]. We state a
simplified version of their lemma which covers our use case.

Lemma D.24. Let Xy,...,Xy be independent geometric distributed random variables
with Var[X;] = 02 > 0 and E[|XZ — E[Xl]ﬂ = p; < o0, and let 02 = 2?21 o2. Then for

every t where ji +to is an integer,

1 SRV AN

Pr(X = p+to] — —— e <K, (’:;pz> .
o

\2mo
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where Ko 18 a universal constant.

We will also need the following claim. The proof is bit technical so we defer the proof
till the end of the section.

Claim D.25. If 3> C then,

PriSa=C] ol/s
PI’[Sd =C — 1] -

and if B < C then,
Pr[S; = C] > e SB/C

Pr[S;=C —1]
and
Pr[Sqy=C —1]
mefsi=c 1 3[5]]

If 3 > 1C then using Claim D.25 we get that ¢4 < [32log(2)] which implies that
fa > m > LeC'. So now we just need to focus on the case where 8 < %C. We use

Claim D.25 to get that 4 < [8 log(2)% -| < 7C which implies that f; > 2551

We now just need to lower bound . From Claim D.25 we know that £; > i {%-‘

% > 1, so Pr[Sy=C] < Pr[Sq=C —1]/2 and we get that E[(C — Sy)[Sq < C]]

%Pr[Sd = (). We will argue that E[(C’ Sa)[Sa < C]] < 2eC. Using Theorem D.16
Siem [X4<1] +m

>
>

—1/240(1) for all 1 < ¢ < C with proba-
c w

we get that Pr[S; > C —t] <

bility 1 —m™7, and we know that » ,” = e(C, so fixing such event give us

that, "
C
E[(C = Sp)[Sk < CJ] =) Pr[S;>C — 1]
t=1
c xU <t
< Z 2 jelm] [ } m—1/2+0(1)
t=1

ep + Cm~ /2 He)
cC — Cmfl/2+o(1)
2eC .

IN A

Here we have used that 1/e = m°1). Combing it all we have that,

Pr[Sqy=C] < 1655 < 256£
¢ ) C
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We will now prove that

o ()
44/C

This will lead to the desired result. Indeed, combining with the bounds above, we then
obtain that

Pr[X =C] > (D.21)

exp (7%2) /32
NG = 10240

or Ae® > W, where we have put A = 32/C. Then A > ﬁlog (%), so that
8> 3% C'log (E\%), and finally
fa="Pr[Sqg< O] > Le([Clo (1) > Ley[Clo (1>
d d — 33 g 8\/5 = g E\/E )
as desired.
We thus turn to prove eq. (D.21). By eq. (D.20) we have that,
E |:6)‘Z(ii:1 yz:|

1€[k]
We start by focusing on bounding AC — logE [e)‘ Zleyz}_ First write 14(p) =
logE [ep Z;‘Llyz} and define the function g4(t) = sup,(pt — 1q(p)) which is the Fenchel-

Legendre transform of 1¢4(p). By our choice of A, g4(C) = AC' — logE [eA Zleyz}_ It is
easy to check that gq(C'+ ) = 0 and g;(C'+ ) = 0, and a standard result on the Fenchel-

Legendre transformations is that g/(t) = m where py(t) is the unique number such
that g4(t) = pa(t)t — ¥a(pa(t)). Now by Taylor’s expansion formula we have that
5 1 5
)< sup ")l = = | - — D.23
9a(C) (C<t<0+,8 9a(?) 2 infoci<crg ¥ (pa(t))) 2 (D-23)
. ePY;
We have that ¢/,(p) = Zle E]E;[];p;]} and
d 2 _pYV; Y 2 d Y
s =3 (BRI (BRI} L SSEDR]
a\P) = 2 | "E[e¥] E[erY] = Ele] d\P)-

Now, pg(t) > A when C' <t < C + . This implies that ¢/j(p(t)) > ¥(A\) = C when
C <t < C+ f. Combining this with eq. (D.22) and eq. (D.23) we get that

d
Svi-c

i=1

d

Svi-c

i=1

B2 B2
Pr[Sq=C]>e 2CPr >e C Pr (D.24)
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To complete the proof of eq. (D.21), it thus suffices to show that Pr [Zie[k} V, = C} = ﬁ.
We use Lemma D.24 to get that,

2

| S BV - BV
= — Ko 3/2

Pr >
Vor Sy vy (2 varlvi)

d
Svi=c
=1

Now we use that E[V;] < Var[Vi] < 2E[V;], [Vi — E[Vi]|® < 25E[Vi], and 3% E[V;] = C
to get that,

d

Su=c

i=1

1 1
— 252Ky —

P
g 4nC C?

>

We know that C' > ﬁ so if we choose L sufficiently small we get that,

d

Sovi=c

i=1

1
>_ -

Pr .
T 4/C

This leads to the desired bound.
We finish the section by proving Claim D.25.

Proof of Claim D.25. We start by using eq. (D.20) to get that,

Pisi=c] _ _, Pr[Shivi=c]

Pr[Sy =C —1] ‘ PT[E?:lvl':C_l}

PS¢ Vi=C _1 )
We want to argue that M > max {6_1/8, e 86/0}. First we use Lemma D.24
i=1 Y1~

to get that,

d 37\ 2
! K < o EVi—Evi) ])
Pr [Z?:ﬂ/z‘ = C] - V2 % VarVi] 2 (22, Varvi]) ™

— 2
PrSLVi=C-1] T 1 yestvem) g, <2?—1E[W—EMH3]>

Var L, Vafvi] (S, Varvi])*?

Now we use that E[V;] < Var[V;] < 2E[Vi], |Vi — E[Vi]]® < 25E[V;], and Z?ZlE[Vi] =C
to get that,

1 Ky <Z?_IE[%E[%]I3})2 -
V2r S VailV;) (2, Varlv;])*/? 1—252K5,/87&

2 -
L el Va4 g, S E[M—E[V;]IZ’] e—1/(4C) 4 252K2\/%
or 4L, VarVi] (2, varvi])”
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Using that e=1/(40) <1 — é we the get that,

1 — 252Ky, /874, 1 2525, [8m 2. 952Ky 8k — &
> =1-
e~1/10) 252K2\/@ 1— 4 4+ 252K, /875 1— L 4+ 252Ky, /8nd

We now that C > ﬁ so choosing L sufficiently small it holds that

1 1
2-25°K2,[81¢ — 5 _ 2252 K5/Bx

1 1
1—§+252K21/87r§ \FC

Pr [Zle Vi= C] 22K
Pr[yl, Vi=C—1] Ve

This implies that,

_ 225%KoV8r
Vo =¢

Clearly, 1 —1/8 by choosing L small enough. We also note that,

L 952 /3 _ 4252K5/81 M 3
1_M2€ VC 268\/5267@.

Ve

By choosing M large enough. The last inequality follows since 8 > M+/C.
We now have to bound A. We define the function

Zaz ae) 7t

We note that h(0) = 3>% | E[Ji] = C + 8. We take the derivative of h twice and get that,

Zaz (671 )2

h" (z Zae (1+e*)(1 — oe®)™3

We note that h'(z) > 0 and h”(z) > 0 for all 2 so h is a monotonically increasing convex
function, and h'(0) = 2?21 Var[Y;] < Zle 2u; = 2(C + p).
If 8 > C then again using that h is convex we get that,

h(=1) = h(0) = §h'(0) > C+ 5 —24(C+8) > C.
Since h is increasing then it implies that A < — and we get that,

PriSi=C] Pr[E?:le'ZC]
Pr[SdZC—l]_e PT[Z?ﬂVi:C_l]

1
=e 8.

o=

1
> ede
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If B < C then using that h is convex we get that,

h(—%B/C) > h(0) — 13/CH'(0) > C + B —218/C(C + B)
=C+(1-21-2ig/C)p>C+(1-43)8>C.

Since h is increasing then it implies that A < —i /C and we get that,

Prsi—C] _ ., Pr[Sivi=C]

1 1 1
18/C _—3gB/C _ 3B8/C
e e 8 =e8 .
Pr(Sq=C—1] Pr[§:zc‘l:1ViZC—1]

v

We now focus on the upper bound. We use eq. (D.20) to get that,
d
PefSa=C—1] _ _\l[§ Pr[Sl Vi=C -1
DG R SR B

We start by lower bounding A. We first note that h'(x) < h(z) for all x. Using that h is
convex we get that,

C+p
C

C+ 3 =h(0) > h(=B/C) + B/CH(-B/C) > h=p/C) .

Py V;=C—1]

C

This implies that h(—5/C') < C and A > —3/C. Now we will bound .
e / e[

We will again use Lemma D.24.
Pr[y, Vi=C -1

PEvi=c 13[4

2
S W—S V) DR\ Ny <271 E[[Vi—EVi][’] )
V2r T4 VaifVi] (2, Varfv;])*?
T as[S]restiven g ( ?_1E[Vi—Ew3]>2
V2r L varvy) (>0, varv;))*?

1~ 1/@TL ValVi]) | 252Ko %

V2rC
- _ 17C72 d afV;
L. (+1] G/ @L, vaivi)) 252Kk

Now we note that since 8 > M+/C then we get that (1 + % {%1 )2/(2 Z?:l Var[Vj]) < &.
We then get that,

Pr[yl, Vi=C -1 B R

= 1 — T <

1/6
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The last inequality follows by C > ﬁ and choosing L small enough. We then get that,

PefSi=C-1] __ a3[g] Pr[yl Vi=C -1
e L B S
Seg%[%wel/ﬁ
< l/2+1/6

<2

D.6 The Number of Bins Visited During an Insertion

This section is dedicated to proving the part of Theorem D.3 concerning insertions, which
we restate below.

Theorem D.26. Let n,m € N and 0 < € < 1 with 1/e = n°M. Let C = (1 + &)n/m.
Suppose we insert n balls into m bins, each of capacity C, using consistent hashing with
bounded loads and virtual bins having k levels where k = ¢/ for ¢ a sufficiently large
universal constant. The expected number of bins visited during an insertion of a ball is

O@/f).

In fact, the proof uses only that the total number of non-full bins is O(f) with high
probability, not the concrete value of f. Therefore the complicated expression for f will
never occur in the proof of the theorem. All we will occasionally use is the fact that the
number of non-full bins is Q(e), which follows trivially from a combinatorial argument.

The section is structured as follows: We start by providing some preliminaries for
the proof of Theorem D.26 in Appendix D.6.1. In Appendix D.6.2, we use the results
from Appendix D.5 to provide a strengthening of Lemma D.13. Finally, we provide the
proof of Theorem D.26 in Appendix D.6.3.

D.6.1 Preliminaries For the Analysis

We start by making the following definition which will be repeatedly be useful in the
analysis to follow.

Definition D.27. Consider any distribution of n balls into m bins. We say that a bin is
close to full if it contains more than (1 + &£/2)n/m balls. Otherwise, we say that it is far
from full.

Suppose we distribute n balls into m bins each of capacity C' = (1 + ¢)n/m using
consistent hashing with bounded loads and virtual bins. By Theorem D.4, the number
of non-full bins is ©(fm) with high probability when k& = O(1/¢?) is sufficiently large.
We claim that it also holds that the number of far from full bins is ©(fm) with high
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probability. To see this, suppose that after distributing the n balls into the m bins of
capacity C' = (1 +e)n/m each, we reduce the capacity of each bin to Cy = (1 +¢/2)n/m.
This requires forwarding balls from the now overflowing bins and this forwarding can only
increase the number of bins containing (1 + €/2)n/m balls. By Theorem D.4, and with
€0 = €/2, the number of non-full bins after the relocating is ©(fom), where

€0Co, Co < log(l/so)
fo =} €04/Colog (ﬁ), log(1/e0) < Cp < ﬁ
1
1, & <G

But clearly, fo = O(f), so we conclude that the number of far from full bins before
modifying the system is ©(fm) with high probability.
Summing up, we have the following corollary to Theorem D.4.

Corollary D.28. In the setting of Theorem D.26, the number of far from full bins is
O(fm) with high probability, i.e., with probability 1 —n~" for every y=0(1).

Finally, recall Definition D.15: The run at a given level ¢ containing some virtual bin
b, is the maximal interval at level 7 which contains b and satisfies that all bins lying in [
gets full at level 1.

D.6.2 High Probability Bound on the Number of Bins Visited in an
Insertion

This section will be dedicated to prove the following strengthening of Lemma D.13.

Theorem D.29. Let n,m € N and 0 < € < 1 with 1/e = n°M) . Suppose we distribute n
balls into m bins, each of capacity C = (1+¢&)n/m, using consistent hashing with bounded
loads and virtual bins and k = c/&? levels for a sufficiently large constant c. Let b be a
bin at level i which may be chosen dependently on the hashing of balls and bins to level
1,...,9—1 and I the run at level I containing b. Let X denote the number of bins in I.
For anyt>1/f,

Pr[X > t] = exp(—=Q(tf)) + O(n~'?)

The same statement holds even if b is given an extra start load of A\t f[Ce/2] ’artificial’
balls before the hashing of balls and bins to level i, where X\ is a sufficiently small constant.

Note that it in particular follows that the number of bins visited at a given level during
an insertion is O(log(1/d)/f) with probability 1 — 4.

Proof. Let R denote the number of virtual bins in I. By Corollary D.28, the number of far
from full bins after inserting balls at level 1,...,7—1 is at least ¢y fm with high probability,
where ¢g > 0 is some universal constant. Furthermore, by a standard Chernoff bound, the
number of balls hashing to level i is at most 2n/k with high probability. Here we used the
assumption that 1/e = n°® son > klogn. Condition on those two events and consider
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the following modified process at level ¢ where (1) b and every bin which was close to full
after inserting the balls at level 1,...,i — 1 forwards every ball it receives at level i, i.e.,
has its remaining capacity reduced to zero (2) each far from full bin stores at most [Ce/2]
balls from level ¢ before it starts forwarding balls at level 4, i.e., has its remaining capacity
reduced to [Ce/2]. Let I' denote the run containing b with such modified capacities.
Letting R’ denote the number of virtual bins lying in I it then holds that R < R/, so it
suffices to provide a high probability upper bound on R'.

Let s € N be given and let A5 be the event that s +1 < R’ < 2s + 1. Define J
and J;" to be respectively the intervals at level i ending and starting at b and having
length s/(4m). Similarly, let J, and J;© be respectively the intervals at level i ending
and starting at b and having length 4s/m. We observe that if As occur then either of the
following events must hold.

By: Jy or J2+ contains at most 3s virtual bins.
By: Ji or Ji" contains at least s/2 virtual bins

Bsz: J; or Jfr contains at most ¢y fs/8 virtual bins which were far from full from levels
1,...,i—1

By: Jy U Jy contains at least [Ce/2] - ¢ofs/8 balls.

Indeed, suppose that Ag occur and that neither of By, B, B3 occur. We show that then
B4 must occur. To see this observe that if By does not occur, then since I’ consists of at
most 25+ 1 bins, I’ C J, UJ;". Since Bz does not occur, I’ must further fully contain J;-
or Jfr . Since Bs does not occur, I’ must then contain at least ¢gfs/8 virtual bins which
were far from full from levels 1,...,7 — 1. Finally any ball allocated to a bin of I’ must
also hash to I’. Since the at least cyfs/8 far from full bins from level 1,...,7 — 1 which
lie in I” each get full at level ¢ and has a total capacity of [Ce/2] - ¢ofs/8, it follows that
at least [C'e/2] - cofs/8 balls must hash to I’ C J; U J;7. This is exactly the event By.

As in the proof of Lemma D.13, we can use standard Chernoff bounds to conclude
that Pr[B1] = exp(—(s)), Pr[Bs] = exp(—€(s)) and Pr[Bs] = exp(—(fs)). For By, we
observe that the expected number of balls, ;1, hashing to J, U J2+ is upper bounded by
2n/k-8s/m = O(Cs/k). As f = Q(e), we may assume that k > ¢//(ef) for any constant
¢’. Thus, choosing ¢ sufficiently large, it follows that u < Csefcy/32. Using another
Chernoff bound, it follows Pr[By4] = exp(—Q(fs)). In conclusion, if s > 1/f, it holds that
Pr[As] = exp(—(fs)) and the desired result follows as in the proof of Lemma D.13.

Finally, it is easy to modify the constants in the above argument, so that it carries
through even when b is given an extra start load of At f[Ce/2] balls for a sufficiently small
constant A, and this gives the final statement of the Theorem.

O

D.6.3 The Proof of Theorem D.26

In this section, we provide the proof of Theorem D.26. In order to do so, we first require
a technical lemma which for a given virtual bin, b, bounds the number of balls that are
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either placed in b or forwarded from b at level 7. The technique used to prove this lemma
will be used for the final proof of Theorem D.26, but in a more sophisticated way. As
such, the lemma below serves as a nice warm up to the proof of Theorem D.26. We start
out by choosing s* = O(logn/f) sufficiently large, such that Theorem D.29 yields that
for a bin b at level ¢, the length of the run containing b at level i (see Definition D.15) has
length at most s* with probability 1 — 1/n'0.

Lemma D.30. Let A = O(1) be any constant. Let b be a virtual bin at level i that may
depend on the distribution of balls into bins at level 1,...,9i— 1. Let n; denote the number
of balls hashing to level i and suppose that n/(2k) < n; < 2n/k where k = O(1/¢?) is
sufficiently large (depending on X). Let Z denote the number of the n; balls hashing to
level i that either are placed in b or are forwarded from b. Define o = [Ce/2]. For any
¢ > 1/5 satisfying that of is an integer®, it holds that

Pr[Z > al] < e M +1/n'0,

Proof. We define A, to be the event that Z > af. When upper bounding the probability
of Ay we may assume that every bin which was close to full at level i — 1 forwards all
balls landing in it at level i. We may further assume that any bin which was far from
full at level i — 1 stores exactly a = [Ce/2] balls and then starts forwarding balls. Let
7' denote the number of balls landing in b or being forwarded from b at level ¢ in this
modified process. Then clearly, Z’ > Z so Pr[Z > al] < Pr[Z' > o).

b

Figure D.1: s bins that are far from full and as + af balls. The bins are represented as
boxes and the balls as disks.

Next note that if Z’ > «f, then there must an integer s > 0 and an interval of the
7’th level ending in b which contains exactly s virtual bins which are far from full and
exactly as + af balls. See Figure D.1. Indeed, of the ¢ balls landing or being forwarded
from b consider the one hashing furthest behind b at level ¢, call it z. Let s be the the
number of far from full bins hashing between x and b at level i. Aside from the af balls
landing in b or being forwarded from b, there must hash enough balls between x and s
to put « balls in each of the far from full bins between x and b, and thus the interval
between x and b contains exactly s far from full bins and as + af balls. We denote the
event that there exists such an interval by A, ¢ noting that we may then upper bound
Pr[A,] < Zi;o Pr[Ass] + 1/n'%. Here we used that the run containing b has length at
most s* with probability at least 1 — 1/n?. We proceed to upper bound Pr[A ] for each
0<s<s™ .

5The constant 5 is arbitrary.
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b9 b=

Figure D.2: We generate the number of balls hashing directly between b; and b;41 sequen-
tially. In each step the number of such balls is dominated by a geometric distribution with
parameter q.

So fix s > 0. We generate the sequence of the s+ 1 far from full bins b = by, by, ..., bsy1
leading up to b and the balls hashing between them in a backwards order. Starting at by
we go backwards along the cyclic order. At some point we reach a bin, by and we let Xg
be the number of balls met along the way in the between by and b;. We continue this was,
going backwards until we have met s+ 1 bins by, ...,bs41 and for each 1 <14 < s we let X;
be the number of balls met in the cyclic order between b; and b;11. See Figure D.2 for an
illustration of the process. Let f denote the fraction of bins which were far from full from
level 1,...,7i — 1. As we saw after Definition D.27, f > ¢/3. Now when going backwards
from b; until we get to b1, the probability of meeting a ball in each step is upper
bounded by nﬁ’;’;ffs < ni+$f*8* := ¢ regardless of the values of Xj,...,X;_1. Letting
X0, ..., X, be independent geometric variables with parameter 1 —¢, X =Y ; X;, and
X' =37, X! it follows tht for any ¢ > 0, Pr[X > t] < Pr[X' > ¢].

If Ay holds, then X > sa + fa, so we may upper bound

Pr[As 5] < Pr[X’ > sa + Lal.

The expected value of X/ is

q n; n o o

X =T = <k‘mf> (kfs> =%
Here Ao = O(1) is a sufficiently large constant which we will choose later. Here we again
used the assumption that 1/e = m°1) and moreover that k = O(1/£?) is sufficiently large.

It follows that E[X'] = %. Note in particular that we can ensure that E[X'] < L‘;rm?
so that

1
Pr[X’ > sa + (o] < Pr [X’ > BIX'] + SO‘; O‘} .
We apply Theorem D.12 to bound this quantity. If we are in the case, where we are to

use the second bound of eq. (D.7), we obtain that

sa+fa
4

+ Lo 1
Pr| X' > E[Xx]+ 22 <(1-__*
P\ X2 BX ]+ ] < 1+ 2a/% !
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(6
It is easy to check that (1 — m can be made smaller than any sufficiently small

constant, just by choosing Ay sufficiently large. Thus it follows that
Pr[X’ > sa + la] < e M+ (D.25)

where we can make A\; = O(1) sufficiently large. However, we may have to use the first
bound of eq. (D.7) and we investigate now which bound we obtain in this case. Relating
back to Theorem D.12, we define py = E[X]] < a/Ag, A = (1 + ﬁ) log (1 + ﬁ) and
t = Lyt We further define 02 = Var[X'] = (s + 1) Var[X]] = (s + L)uo(1 + po). If

402
po > 1, then A < 1/pg and 02 < (s + 1)2u3, so that

2 1 14
Ac? < 2(s+ 1)pug < (Sj\_ o < sa—;— e _ to?,
0

by choosing \g large enough. Thus, in this case we obtain the bound in eq. (D.25). If on
the other hand pp < 1, then

sa + lo Xo(s+4)

>
T 16(s+1)po — 16(s+1) Az

for a sufficiently large constant Ag. Then also Wy(t) can be made larger than any given
constant, so we obtain that the bound of eq. (D.25) holds in general.
We now sum over s to obtain that

* *

Pr(Ag < 1/n'0+ ) "Prdg ] < 1/n'0+ ) e MO <1/pl0 4 7N,
s=0 s=0

where again )\ can be made sufficiently large. This completes the proof. O

With this lemma in hand we are ready to proceed with the proof of Theorem D.26. To
guide the reader, we will start by providing a high level idea of how to obtain the result
as follows. First of all, it will be helpful to recall in details how an insertion of a ball is
handled using consistent hashing with bounded loads and virtual bins. When inserting a
ball, x, we uniformly hash x to a random point at a random level. Suppose that the hash
value of x, h(x), lies in the ¢'th level i for some i. Starting at h(x) we walk along level i
until we arrive at a virtual bin. If the virtual bin is filled to its capacity with balls hashing
to level 1,...,i, we forward a ball from that bin at level ¢ (it could be x but it could
also be another ball that hashed to level i of lower priority than x). We repeat the step,
continuing to walk along level ¢ until we meet a new virtual bin. The first time we meet
a virtual bin, b, which was not filled to its capacity with balls hashing to level 1,...,1,
we insert the forwarded ball and find the smallest level j > ¢ such that the virtual bin of
b at level j received a ball at level j. If no such level exists, the insertion is completed.
Otherwise b has an overflow of one ball at level j, and we continue the insertion walking
along level j starting at b. Theorem D.26 claims that the expected number of bins visited
during this entire process is upper bounded by O(1/f).



D.6. THE NUMBER OF BINS VISITED DURING AN INSERTION 319

The idea of in our proof of Theorem D.26 is to split the bins visited during the
insertion of x into epochs. An epoch starts by visiting [1/f] virtual bins of the insertion
(unless of course the insertion is completed before that many bins has been seen). The last
of these [1/f] virtual bins lies at some level i and we finish the epoch by completing the
forwarding of balls needed at level i. At this point, we are either done with the insertion
or we need to forward a ball from some virtual bin at some level j > i. The next epochs
are similar; having finished epoch a — 1, in epoch a, we visit [1/f] virtual bins. At this
point, we will be at some level £ if we are not already done with the insertion. We then
finish the part of the insertion which takes place at level £. Importantly, at the beginning
of each epoch, we have just arrived at a virtual bin at a completely fresh level.

The proof shows that during the first [1/f] steps of an epoch, the probability of
finishing the insertion in each step is 1 — (f). The intuition for this, is that when we
reach a bin b at some level, i, the probability that b is far from full from other levels than ¢
can be showed to be Q(f). Since the number of levels k = O(1/£?) is large, the contribution
from level i to b only fills b with probability 1—(1). Thus, the probability of not finishing
the insertion during the first [1/f] steps of an epoch is (1—Q(f))[V/71 = =21 = 1-Q(1).
Now conditioning on not finishing the insertion during the first [1/f] steps of an epoch,
we can still show that the expected number of bins visited during the rest of the epoch
is O(1/f). Letting £ denote the event of finishing the insertion during the first [1/f] of
an epoch and T, the total number of bins visited during the insertion, we have on a very
high level that

E[T] < PrlE][1/f] + PrlE(O(1/ ) + E[T]) = O(1/f) + Pr[EFE[T] = O(1/ f) +p]é‘3[T]v |
D.26

where p = 1—Q(1). Solving this equation, we find that E[T] = O(1/f). Here it should be
noted that the recursive formula (D.26) is a bit too simplified. In our analysis, the E[T]]
on the left hand side and on the right hand side of (D.26) will not exactly be the same.
The point is that after finishing epoch a, and being ready to start epoch a + 1 at a new
level 7, we will know a bit more about the hashing of balls to level 1,...,7 — 1 than we
did before the beginning of epoch a. However, using Lemma D.29, we know that it is only
a relatively small fraction of the system that we have any information about, and so we
can argue that the expectation does not change much.
With this intuition in mind, our next goal is to obtain Theorem D.26.

Proof of Theorem D.26. As described above, we partition the insertion into epochs where
an epoch consists of the following two steps.

1. We go through [1/f] bins of the insertion ending in a bin at some level £.

2. We continue the insertion at level £ until we arrive at some bin b which does not get
full at level 4.

After step 2. we will have to continue the insertion on some level j > i (if b gets full at
that level). Note that the insertion will complete during an epoch if along the way, we
meet a bin which does not get full on either of levels 1,..., k. We will prove the following
more technical claim which implies Theorem D.26.
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Claim D.31. Let D > 0 be any constant and 0 < t < Dlogn. Condition on the event
that the insertion has been through t epochs so far. Let £ denote the event that we finish
the insertion at one of the first [1/f] bins met during step 1. of epoch t + 1. Further
define R to be the random variable which counts the number of bins visited during step 2.
of epoch t + 1 (if the insertion completes before we get to step 2. we put R =0). Then

Pr&] > e, (D.27)

for some universal constant ¢ > 0 (which does not depend on D), and
E[R| & =0(1/f). (D.28)

Before proving the claim, we argue how the desired result follows. First of all, choosing
D = 2/c, it follows from (D.27) that the probability of not finishing the insertion during
the first D logn epochs is upper bounded by

(1 —¢)Plosn < exp(—2logn) < n~2
Conditioned on this extremely low probability event, the expected time for the insertion
is crudely and trivially upper bounded by mk, but mkn~2 < 1, so this has no influence
on the expected number of bins visited during the insertion, as we will now formalize.
For 1 < i < Dlogn, we let X; denote the expected number of bins visited during the
insertion starting from epoch ¢. If the insertion finishes before epoch i, we let X; = 0.
Let further & denote the probability of finishing the insertion during step 1. of epoch .

Finally, let R; denote the number of bins visited during step 2. of epoch ¢. Then, for any
0 <i < Dlogn, it holds that

E[X;] < Prl€] - [L/f] + Prl€{I(EIR; | £+ E[Xis)).
By the claim, Pr[€f] <1 — ¢ and E[R; | £/] = O(1/f), so we obtain that
E[X,] < O(L/f) + (1 - OE[X;11].
Solving this recursion, we obtain that
E[Xo] = O(1/) + (1 = ¢/ E[Xs11],
so putting i = D logn, we obtain that E[X¢] = O(1/f)+n 2 -E[Xc10gn+1] = O(1/f). But

E[Xo] is exactly the expected number of bins visited during an insertion. It thus suffices
to prove the claim which is the main technical challenge of the proof.

Proof of Claim D.31. We split the proof into the proofs of equations (D.27) and (D.28).
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Proof of Equation (D.27)

It suffices to show that for each of the [1/f] bins visited during step 1. of the epoch,
the probability of ending the insertion at that bin is Q(f). More formally, we let A;
denote the event that the i’th of these bins, 1 < i < [1/f] is still full, i.e., that we do
not end the insertion at the i’th bin, and show that Pr[A4;] < (1 — Q(f))? + im~1/2+e(),
The probability of not completing the insertion during step 1. of the epoch is then upper
bounded by (1 — Q(f)V1 4 [1/f]m=1/2He) < (1 — Q)T 4+ 0(1) < e 0D = ¢
which is the desired result. Here we used that 1/f < O(1/e) = m°(1).

We will condition on 4;_1 so start by making the conditioning more precise by describ-
ing exactly how the bins met before the i’th bin of the epoch at the given level received
enough ball to make them full. We then bound the probability of A; conditioned on this
history. So fix i with 1 <4 < [1/f]. The conditioning on 4;_1 means that we have already
seen ¢ — 1 full bins during the epoch. Suppose that the ¢’th bin, call it b, is at some level £.
We then in particular know that the number of bins we have already visited at level £ is at
most ¢ — 1 < 1/f. Let a > 0 denote the number of bins already visited on level ¢. Going
backwards from b := b,, we denote these bins b,_1,...,b9. Thus by was the first bin ever
visited at level £. Note that possibly b, = bg. The conditioning A;_1 especially implies
that after level ¢, all bins by, ..., be—1 got filled. We now describe how these bins got filled
at level ¢ as follows (see also Figure D.3 for an illustration of the process). Starting with
7 =0, if the remaining capacity of by after levels 1,...,¢ —1 is Cpy, we go backwards until
at some point we have met a set of bins of total remaining capacity C* and exactly C*+Cy
balls for some C*. After this sequence, we insert a question mark ?. This sequence of
bins and balls describes how by received its C balls, and the 7 indicates a yet unknown
history. We next go backwards from b; which has remaining capacity C, say. If we arrive
at by before having seen C'1 balls get we simply skip past the history of how by got fills
and continue the process after the 7. If we obtain the description of how by got filled at
level ¢ before reaching by, there might still be more balls hashing between by and by (but
no bins). In this case we insert a question mark, ?, after the sequence of balls leading up
to bi. More generally, for j =1,...,a— 1, we go backwards from b; generating a sequence
of balls. Whenever we reach a bin, we go back to the nearest 7 and start generating balls
at that point until we find a new bin or are done with describing the filling of b; — In the
later case we insert a new 7. The 7 before bin by has a special status. If we ever reach
it, and we still require C; balls to be filled, we go backwards until we have found a set
of bins of total remaining capacity C* and exactly C* 4+ Cj balls for some C*. It should
be remarked that there is nothing probabilistic going on here. We have simply explained
a way to find the positions of a set of balls and bins which certify how bins by, ...,bq_1
got filled at level £. See Figure D.3 for an example of how this description of how bins
bo, ..., be—1 got filled at level ¢ can look.

We let O denote the event that bin b receives more than [Ce/2] bins from level £. We
also let A/ denote the event that b receives at least (1 4 [Ce/2]) balls from the levels
different than /. We then get that,

Pr[A;] < Pr[Ai—1 A (OVN)] < Pr[A4;_1| Pr[O| Ai—1] + Pr[Ai-1 AO°AN] .
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@ © Ol
bo b1 b b3 by
Figure D.3: The filling of bins bg,...,b3 at level . The bins are represented as boxes

an the numbers within them describes their remaining capacity at level £. The balls are
represented as disks and the question marks 7 in circles.

We will next show that Pr[O | A;—1] = p, where p =1 — Q(1), and
Pr[A;_ 1 A O° AN] < Pr[A; 1] Pr[O°]| Ai1] (1 — eo f) +m—H/2Te)
where ¢p = €2(1) is a universal constant. This will then imply that,
PrA;] < PrlA; 1] (1= (1= p)eof) +m ™20 < (1 — (1 =p)eo )’ + im~ />0

We again split the proof into two parts.

Bounding Pr[O | A4;_1]: In the following we will omit the conditioning of .4;_; from the
notation to avoid clutter. We have described how bins by, ...,b,—1 got filled at level £.
This included a tail of balls behind each bin as well as some positions marked with ?. Let
s+ 1 be the number of such ?-marks including the mark behind bin by. (See Figure D.3).
Then s < a. Let Xy denote the number of balls being forwarded to b, from the backmost
? before by and let Xq,..., X, denote the number of balls forwarded to b, from the
remaining positions marked with a ?. The number of balls, n, , hashing to level £ lies
between n/(2k) and 2n/k with probability 1 — O(n~!%) by a standard Chernoff bound.

Moreover, the total number of bins lying in the history described so far is s* = O(lojgc")

with probability 1 — O(n~1%), by Lemma D.29 including those bins landing before by in
the description. Now conditioning on this history, for each 1 < j <'s

n

E[X;] < %5 = 0(C/k).

It follows that
E [ X;| = 0(sC/k) = O(C/(fk)) = O(C/(ck)).
j=1

If, we choose k = O(1/¢?) sufficiently large, it in particular follows that E {25:1 XJ} <
[Ce/2]/20. Thus, by Markov’s inequality,

Pr ZS:X]- > [Ce/2]/2| < 1/10. (D.29)
j=1

Next, we show that Pr[X* > [Ce/2]/2] < 1/10. From this it will follow that, Pr[O] < 1/5
which is what we need. For bounding this probability, we may use Lemma D.30. To get
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into the setting of that lemma, we may simply contract the interval of the cyclic order
from the most backwards ? to b, and remove all unresolved 7 in between except for the
most backwards one. That the other places marked with 7 now cannot receive any balls
only increases the probability that X* >t for any t. Now we are exactly in the setting of
Lemma D.30, which we apply with £ = 1/2 to conclude that if k = O(1/£?) is sufficiently
large, then

Pr[X* > [Ce/2]/2] < 1/10.

The reader may note that as an alternative to the reduction above (contracting the so far
described history of how the bins by, . .., b,—1 received their balls), we may simply reprove
Lemma D.30 in this a tiny bit more complicated setting. The arguments would remain
exactly the same.

In conclusion, we have now argued that Pr[O].A;_;] < 1/5.

Bounding Pr[A4;,_1 A O°AN]: We start by defining notation which we used in Ap-
pendix D.5.1. Let Y; be the number of balls which land in bin b or which are forwarded
by bin b on level i. We define Yo, =5, ,Y; and Y5, = >, ,Y;. With this notation we
get that

PI‘[.AZ‘_l A OF° /\N] = PI‘[Ai_l NONYp+ Yoy > %(1 + [08/21)

We let let £, be the sigma-algebra generated by the random choices on the first £
levels, and Ay will be the event as defined in Appendix D.5.1.

We recall the simpler system from Appendix D.5.1 which we will compare to. Let );
be the number of balls which land in bin b or which are forwarded by bin b on level ¢ in
the simpler system. We similarly define Yoy =3, _,V; and Yoy = >, , Vi

We will prove that,

Pr| A 1 AO°A Yoy + Yoy > %(1 + (05/21)] (D.30)

< PrlAi 1 A O [Veg + Vap 2 (1 4+ [Cef2])| +m 200 (D31)
This will imply the result since

n

k
Pr[y<g+y>g > %(H [Ce/2] } <Prlz 21+ [Ce/2))

3

Now wusing Theorem D.16 we get that Pr [Zle Vi > 21+ [05/21)] <
Pr [Zz Y > L1+ [08/21)} + m~Y2t°() and the discussion at the start of Ap-

pendix D.6.1 give us that Pr [ZZ Y > R(1+ [C’E/QD] < 1—c¢of. Thus we just need
to prove eq. (D.30).
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We start by noticing that,

Pr|Ai i AOCAY: + Yoy > %(1 +[Ce/2])

w(1+[Ce/2])—1

= Z Pr

s=0
+Pr [A,-_l ANOCAYoy > %(1 + [Ce/2])

—

A i AOCAYy = s A Yoy > %(1 +[Ce/2]) — s

[

We fix 0 < s < 2(1+4 [Ce/2]) — 1 and get that,

Pr[ At AO° A Yer =5 A Yor 2 %(1 + [Ce/2]) - 5|

= B[[Ai-1 A O A Yey = 5] Pr[Vay = (14 [C2/2]) = 5| £1]]

n
m
Now we use Lemma D.21 and get that Pr[Ys,> 2(1+ [Ce/2])—s ‘ L] <
Pr[Vep > 2(1+ [Ce/2]) — 8] + k [AS] + (1 + 2k)m~1/2+°(1). Using this we get that,

PI"|:A7;71 NOANYp+ Yoo > %(1 + [CE/Q-I):|

< Pr[ A A O° A Y+ Vor 2 (14 [Ce/2))]
%(1+[Cs/21)71

N ZO E[[A¢_1 NO°AYop = o] <k [AS] + (1 + 2k)mﬂ/2+o(1))]

Now we note that,

(1+[Ce/2])—1

3 E[[Ai—l ANOA Yoy = o] (k [A5] + (1+ 2k)m*1/2+o(1))}
=0

n
m

< kPr[AS] 4 (1 4 2k)ym~1/2+e)

< km™Y + (1 + 2k)m =1/

< - 1/2He()

The second last inequality uses Theorem D.16 and last uses that k = m°®.
We also want to also exchange Y., with V., and we will do this in similar fashion.

Pr [Ai_l ANOSAYep+ Yoy > %(1 ¥ [05/21)}
%(14—[05/2'\)—1

= Y P9 Pr[Al-,l ANO°AYoy > %(1+ [Ce/2]) — s
s=0

+Pr[Ai_1 AO°A Yoy > %(1 +[Ce/2))
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Again we fix s and get that,
Pr|A;i 1 A O° A Yoy > %(1 +[Ce/2]) — }
— Pr[A;_1 A O Pr [Yd > %(1 +[Ce/2]) — s ] Aili A 00}

< Pr[A;_ 1/\O]Pr[Y<g>£(1+[Ce/2 —s’Al LAOCA Ap 1} +PrAg ]

By Theorem D.16 we know that Pr [Aéf_l] < m~™7. Now similarly to Y., we define Y<(]£) to
be the number of balls which lands in j or which are forwarded by bin j on levels before
level . We know that b is chosen uniformly from the set [m] \ {bo,...,bs—1} so if we fix
the first £ — 1 then the probability that Y, > (1 + [Ce/2]) — s is equal to

S e\, b1} |YoF 2 (14 [Ce/2]) =

m—a

Since we condition on Ay_; then we have that,

2 jelm) [Y( D> 014 [Ce/2]) - 3}

m

—Pr [yd > %(1 + [Ce/2]) — 5] <~ 1/2+e(1)

This implies that,

2 jefm\{bovba—1} [Y(J)Z (1HCE/21)—8}

m—a

—Pr[ Ve 2 (14 [Ce/2]) — 5]
o T k), O
m—a m—a
Now we use Lemma D.13 to get that a < O(log(m)/e) = ) with probability 1 —m ™.
Here we use that 1/ = m°1). Combining this we get that
Pl”|:Y<g > %(1 + [06/21) — 8 ‘ Ai—1 ANO°A Ag_l}
mo(l)

= — _om L —1/240(1) TV —y
s {yd = m(l +1Ce/2]) 8} * m — mo(l)m + m — me() tm
< Pr[Ver = Z(1+ [C2/2]) — 8] 4+ V20

We then get that,
Pr[Ai_l/\OC/\Yd > %(1—1— [Ce/2]) — }

= Pr[A;i_1 A O Pr [yd > (14 [Ce/2]) — s ] Ail1 A 00}

< Prld; 1 A O (Pr[Yer > (14 [C/2]) — 5| +m 1200 4

< PrlAi g A O Pr[Veg > (1 + [Ce/2]) — ] +m /2o
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Using this we get that,
PriA; 1 NOAY_ g+ YVsp > %(1 + [06/2—‘ }

< Pr[A;_; A O] Pr [yd + Vo > %(1 + [05/21)]

%(14”'06/2“)71
+ Y Prag=slm VA0
s=0

< Pr[A;—1 A O] Pr [y<ﬁ +Vsr > %(1 + [Ce /21)} 4 m~1/2+o()

This finishes the proof eq. (D.30).
This concludes the proof that equation (D.27) of the claim holds.

Proof of Equation (D.28)
We restate what we have to prove, namely that
E[R|&T=0(1/f),

Where R is the number of bins visited during step 2. of epoch ¢ + 1 and £€¢ is the event
that we did not finish the insertion during step 1. of epoch ¢+ 1. Let bg, ..., b, denote the
bins that we have visited so far at the level where we are currently at, call it £. All bins
bo, - .., by got filled from levels 1, ..., ¢, and as in the proof of equation (D.27) of the claim,
we may again describe the history of how the bins by, . .., b, got filled to their capacity at
level £. See Figure D.4 for an example of such a history.

O feeetl b @ | @ H®
bo ba—2 bo—1 ba

Figure D.4: An example of how the conditioning on £¢ might look. Except for the ?
coming before by, the circled ?’s, are parts of the cyclic order which has not yet been
fixed, but which are known to consist solely of balls. The circled ? appearing before by,
which is the yet unknown history of how many balls by are to further forward, has a special
role. Indeed, this history does not have to consist solely of balls but can consist of a run
of balls and bins such that all of the bins in the run gets filled at this level.

Let s > 1/f. We wish to argue that the conditional probability
Pr[R > 5| £ = O(exp(—Q(sf))) + O(n™19). (D.32)
Ignoring the unimportant O(n~19) term, it will follow that

E[R|ET<1/f+) Pil2'/f <R< 27/ 120§
=0

=1/f+0 (ch Zexp(—n(zi))2i) = O(1/f).
=0
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and including the O(n~!%) term in the computation could only increase the bound with
an additive n8, say, as we can here use the trivial bound on the length of a run of mk.
Thus, this yields the desired result. For the bound on Pr[s < R < 2s | £, it clearly
suffices to assume that s > ¢/f where ¢ = O(1) is a sufficiently large constant.

We start by noting that with probability 1 — O(n~'), the number of balls hashing
to level ¢ is at most 2n/k which we assume to be the case in what follows. Let ¢ denote
the number of places marked with ? between by and b, and let Xi,..., X, denote the
number of balls landing at these positions. Then ¢ < a < 1/f. Let o = [Ce/2]. Let
A denote the event that X; + --- + X, > Asfa, where A = Q(1) is a sufficiently small
constant to be chosen later. We start by providing an upper bound on Pr[A]. For this,
we let X = >7 | X; and note, like in the proof of Lemma D.30, that for each i, X; is
dominated by a geometric variable with parameter g where ¢ = #fw Here ny = 2n/k
is the upper bound on the number of ball hashing to level £. Furthermore, this claim

holds even conditioning on the values of (X;);j<;. Let s’ = sA. Letting Y1,...,Y] ¢ be

independent such geometric variables and ¥ = Zzl i { Y;, we can thus upper bound

Pr[A] < Pr]Y > &' fal.

Note that o0 4
y «
Ey;] < — < —< —
il < m ~— k ~ ek
for 1 <i<1/f, sothat E[Y] < ;‘f—o‘k < a, were the last inequality follows by assuming that
k = O(1/€?) is sufficiently large. We may also assume that s’f is larger than a sufficiently

large constant, as described above, so we can upper bound
Pr[A] < Pr[Y > E[Y] + §' fa/2].
By applying the bound eq. (D.7) of Theorem D.12 similarly to how we did in the proof
of Lemma D.30 it follows after some calculations that
Pr[A] = exp(~Q(sf)).

Now condition on A¢ and let us focus on upper bounding Pr[R > s | £°N A¢]. For
this, we apply (D.29). To get into the setting of that theorem, we contract the part
of the history revealed so far between the back-most 7-mark before by and up til and
including b, into a single unified bin. By the conditioning on A€ this unified bin comes
with an extra start load of at most Asfa balls, where we can choose A = €2(1) to be any
sufficiently small constant. Thus, with the conditioning, we are exactly in the setting to
apply Theorem D.29, and we may thus bound

Pr[R > s | £°N A°] = exp(—Q(sf)).
It follows that
Pr[R > s | &) < Pr[A] + Pr[R > s | £°N A°] = exp(—Q(sf)),
which is the desired. This completes the proof of Claim D.31. O

As explained before the proof of Claim D.31, this completes the proof of our theorem.
O
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D.7 Insertions of Bins and Deletions of Balls and Bins

In this section, we prove the statements of Theorems D.2 and D.3 concerning the deletions
of balls and insertions and deletions of bins. Combined with the results of Appendices D.2,
D.6 and D.8, this proves the two theorems in full.

Deletions of Balls. By the history independence, a deletion of a ball is symmetric to
an insertion. The bins visited when deleting a ball x are the same as the bins visited if
x had not been in the system and was inserted. Thus, we can upper bound the expected
number of bins visited when deleting a ball by O(1/e) for Theorem D.2 and O(1/f)
for Theorem D.3. This also upper bounds the number of balls moved in a deletions.

Deletions of Bins. A deletion of a super bin is the same as reinserting the balls lying
in that super bin. We claimed that that the expected cost of deleting a super bin is
O(C/f) in Theorem D.3. At first, this may seem completely obvious, since the cost of
inserting a single ball is O(1/f). However, this cost is for inserting a ball which is selected
independently of the random choices of the hash function. Now, we are looking at the
balls placed in a given super bin b, and those are highly dependent on the hash function.
However, we do know that the expected average cost of all balls in the system is O(1/f).
Moreover, all bins are symmetric, so the bin b behaves like a random bin amongst those in
the system. Thanks to our load balancing, the balls are almost uniformly spread between
the bins, so a random ball from a random bin is almost a uniformly random ball, so a
random ball from b has expected cost O(1/f). There are at most C balls in b them, so the
total expected cost is O(C/f). A similar argument applies in the case of Theorem D.2.

Insertions of Bins Again, by the history independence an insertion of a bin is sym-
metric to its deletion. The balls that are moved when inserting a bin are thus the same
as if that bin was in the system but was deleted. Thus we can use the result for deletions
of bins to conclude the bound of O(C/f) on the number of balls moved when inserting a
bin. A similar argument applies in the case of Theorem D.2.

D.8 Faster Searches Using the Level-Induced Priorities

In this section we make the calculation demonstrating that giving the balls random pri-
orities, we obtain the better bounds on the number of bins visited during an insertion as
claimed in Theorems D.2 and D.3. This is not a new idea but is in fact an old trick [AK74;
Knu73]. What we need to do is verify that applying it, with the particular formula for f
in eq. (D.1), we obtain the stated search times. In fact, what we require for the analysis
is only the fact that if two balls hash to different levels, the ball hashing to the lower level
has the highest priority of the two. Within a given level, the priorities can be arbitrary.
This is important for the practical version of our scheme described in Appendix D.1.3
where the priorities are not uniformly random and independent of the hashing of balls,
but where the hashing of the balls in fact determines the priorities, with higher hash values
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implying lower priorities. We start by arguing about the expected number of bins visited
during a search as stated in Theorem D.2.

Number of Bins Visited During a Search: Theorem D.2. We encourage the reader
to recall the setting described in the theorem. Define X to be the number of bins visited
during the search for some ball . Importantly, if x hashes to level i, then all virtual bins
visited during the search of z also lie on level 7. For i € [k], we let A; denote the event that
x hashes to level 4, so that Pr[A;] = p;. By a standard Chernoff bound, the number of balls
hashing to the first i levels is np<; £ m!/2t°0) = pp_;(1 + m~1/2t°W) with probability
1 —O(n~19), say. Here we used that 1/ = m°!). Condition on this event and define n;
to be the number of balls hashing to the first ¢ levels. Finally letting ¢; be such that that
(14+&i)n<;i/m = C, we obtain from the part of Theorem D.2 concerning insertions (which
was proved in Appendix D.2) that E[X; | A;] = O (1/e;). Moreover, Pr[4;] < 27! for
each i. It finally follows from the Chernoff bound above that ; > 1/2%, and so

E[X] = Y E[X | A Pr[A;] = O(k) = O(log 1/e)
1€[k]

as desired.

Number of Bins Visited During a Search: Theorem D.3. We now perform a
similar calculation to the one above, in the more complicated setting of Theorem D.3.
Let us for simplicity assume that the number of balls hashing to each level is exactly
n/k. It is trivial to later remove this assumption. We also assume for simplicity that
k > 1/e? is a power of 2, k = 2¢ for some a. Let £ = [log(1/e)] noting that £ < a. We
partition [k] = Ip U --- Iy, where I; = [2% — 207171\ [22 — 297 for 0 < i < ¢ — 1 and
I = [29]\ [2¢ — 2°7%]. Let A; be the event that the given ball to be searched x hashes to
some level in I;, so that Pr[A;] = 27! for 0 <i </ —1 and Pr[4,] =27% For 0 <i </
we define n<; to be the number of balls hashing to some level in Ip U --- U I;. Finally, let
e; be such that (1 + ¢;)n<;/m = C and note that Pr[4;] = ©(e;).

We partition [¢ + 1] into three sets, [( + 1] = J; U Jo U J3 where

Ji={iell+1]:C<logl/e}, Jo={i€[l+1]:logl/s; <C < 2%},
i

1
and ng{i€[€+1]:2—£2<0}.

(2

It then follows from the part of Theorem D.3 dealing with insertions (proved in Ap-
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pendix D.6) that

E[X]=0 Z P;[gl] + Z PriAi + Z Pr[A;]
i€y i€l2 g;4 | Clog ( i 1 ) i€J3
—o|1+ 0y > !

We have the trivial bound |Ji| < £+ 1 = O(log1/e). Moreover, for i € Ja, it holds that

1
—C

< g < —
€ =E=\

and since ¢; = ©(27%), it follows that

1 o L
iezf:'z Clog(gi}@) \/ai=

In conclusion,

E[X] =0 <1 + logé/‘g) :

and splitting into the cases, C' <log1/e and C < log1/e, we obtain the desired result.

D.9 The Practical Implementation.

In this section we sketch why our results continue to holds when using the practical
implementation described in Appendix D.1.3 even when the hashing is implemented using
the practical mixed tabulation scheme from [DKRT15]. Let us call the implementation
from Appendix D.1.3 the practical implementation.

We first discuss the practical implementation with fully random hashing. For this,
recall the definition of a run (Definition D.15). Using a similar argumentation to the
one used in the proof of Lemma D.13, it is easy to show that in this implementation,
for any constant v = O(1), the maximal number of bins in a run is O((logn)/e) with
probability 1 —n~7. Denote this high probability event £. The number of balls lying in a
run consisting of ¢ bins is trivially upper bounded by C'(¢+1), so if £ occurs, the maximal
number of balls hashing to a fixed run is O(C(logn)/e). It follows that the number of
balls that are forwarded past any given point is O(C(logn)/e). In particular for any level
i, the number of balls that are forwarded from level i to level i41 is O(C(logn)/e) and the
total number of such balls over all levels is O(kC(logn)/e) = m°1). One can now modify
our inductive proof of Theorem D.4 to check that its statement remains valid even with
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the influence of these extra balls. Recall that in Theorem D.4, X; ; denoted the number
of bins with at most j balls after the hashing of balls to levels 0,...,7 — 1. Intuitively,
in the inductive step, these m°1) extra balls can only affect m°®) bins which does not
affect the high probability bound stating that | X; ; — p; ;| < m!/2to() T exclude the bad
event £¢, we simply use a union bound and that £ happened with very high probability.
Once we have a version of Theorem D.4 which holds in the practical implementation, we
can repeat the proof of Theorem D.26, again using union bounds for the event that the
insertion interacts with the run of size m°) entering the given level from below.

Let us now discuss the implementation with mixed tabulation. A mixed tabulation
hash function h is defined using two of the simple tabulation hash functions from [PT12],
hi:X¢ — %% and hy : £t% — R. Here ¥ is some character alphabet with ¢ = [u] and
¢,d = O(1) are constants. Then for a key x, h(z) = ha(x, h1(z)). An important property
of mixed tabulation, proved in [DKRT15], is the following: Suppose X is a set of keys,
P1,...,Pp are output bit positions and vy, ..., v are desired bit values. Let Y be the set of
keys € X for which the p;’th output bit h(z),, = v; for all . If E[|Y|] < |3|/(1+ Q(1)),
then the remaining output bits of the hash values in Y are completely independent with
probability 1 —O(|%|*~l9/2]). Another important property is that mixed tabulation obeys
the same concentration bounds as simple tabulation on the number of balls landing in an
interval [PT12].

For the implementation with mixed tabulation, we use k independent mixed tabulation
functions, hq, ..., hg, to distribute the virtual bins, and a single mixed tabulation function
h* for the balls (independent of hi, ..., h;). We moreover assume that |X| = u!/¢ = n®1)
which can be achieved using a standard universe reduction. To obtain our results using
mixed tabulation, the idea is essentially the same as above. Again, we first need to prove
an analogue of Theorem D.4, and we would do this using induction on the level, bounding
| Xs,; — pi | with high probability for each level i. To do this, we partition level ¢ into
dyadic intervals where we expect at most |X|/2 balls or bins to hash. Then we can use
the concentration bound from [PT12] (which also holds for mixed tabulation) to obtain
concentration on the number of bins of a given capacity from the previous levels hashing
to each interval. Moreover, we can use the result of [DKRT15] to conclude that restricted
to such an interval the hashing of balls and bins is fully random. Again, we can prove a
version of Lemma D.13 with mixed tabulation (by using that mixed tabulation provides
concentration bounds) and conclude that the total number of balls that are forwarded
from one interval to another is O(C(logn)/e) = m°M) = |x|°M). Essentially, the good
distribution of the X;_; ; ensures that we also obtain a good distribution of the number
of bins with each capacity in each of the intervals of level ¢ (using that the influence of the
|2|°) balls passing between intervals can only affect |%[°() bins), and this gives a good
distribution of the X; ;. For this, it is important to be aware that there are now more
intervals, essentially n/|%|, but since |X| = n*(1) we still obtain that the total number
of balls that are forwarded from one interval to another is n!~®®)_ The high probability
bound we obtain on |X;; — y; ;| then instead takes the form |X;; — p; ;| = n'=Y but
this still suffices for our purposes. Finally, we may prove a mixed tabulation version
of Theorem D.26, again using the fully random hashing within each interval and using
union bounds to bound away the probability that we interact with the |X[°() balls that

=N
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are forwarded between intervals. As such, showing that our results hold using mixed
tabulation uses essentially the same ideas as is needed to show that the implementation
in Appendix D.1.3 does, but with a finer partitioning into intervals.
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On Sums of Monotone Random Integer Variables

Anders Aamand* Noga Alonf Jakob B. T. Knudsen*
Mikkel Thorup*

Dansk resumé

We say that a random integer variable X is monotone if the modulus of the
characteristic function of X is decreasing on [0, 7r]. This is the case for many commonly
encountered variables, e.g., Bernoulli, Poisson and geometric random variables. In this
note, we provide estimates for the probability that the sum of independent monotone
integer variables attains precisely a specific value. We do not assume that the variables
are identically distributed. Our estimates are sharp when the specific value is close to
the mean, but they are not useful further out in the tail. By combining with the trick
of exponential tilting, we obtain sharp estimates for the point probabilities in the tail
under a slightly stronger assumption on the random integer variables which we call
strong monotonicity.

E.1 Introduction

In this note we provide sharp estimates for the probability that the sum of independent
(not necessarily identically distributed) integer-valued random variables attains precisely
a specific value. Our estimates hold under a fairly general assumption on the properties of
the random variables, which for example is satisfied for Bernoulli, Poisson and geometric
random variables. The bounds on the point probabilities derived in this paper have been
used to understand the distribution of balls in capacitated bins [AKT21]. In the cleanest
combinatorial variant of the problem, where the balls arrive sequentially and each ball
picks a uniformly random non-full bin, they just needed the point probabilities of sums of
i.i.d. Bernoulli variables. However, for a more dynamic distribution system, they had to
apply the bounds for sums of a mix of Bernoulli and geometrically distributed variables.

Recall that for a real random variable X, the characteristic function of X is the map
fx : R — C given by fx(\) = E[e**]. We say that a real random variable X is monotone
if |fx| is decreasing on [0,7]. In the first part of this note (Section E.2), we provide
estimates for the point probabilities of a sum, X = ) jelk] X, of independent monotone
random integer variables'. To be precise, for any given t € Z, we estimate the probability

*Basic Algorithms Research Copenhagen (BARC), University of Copenhagen, Denmark. Emails:
aa@di.ku.dk, jakn@di.ku.dk, and mikkel2thorup@gmail .com. BARC is supported by the VILLUM Foun-
dation grant 16582.

fDepartment of Mathematics, Princeton University, Princeton, New Jersey, USA and Schools of Math-
ematics and Computer Science, Tel Aviv University, Tel Aviv, Israel. Email: nalon@math.princeton.edu.
Research supported in part by NSF grant DMS-1855464, BSF grant 2018267 and the Simons Foundation.

'We define [k] = {0,...,k — 1}
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Pr[X = t]. Our estimates are sharp whenever t is close to the mean E[X], but they are
not useful further out in the tail. To handle point probabilities in the tail, we require a
slightly stronger assumption on the random variables which we now describe.

For a random integer variable X we define Ix = {# € R : E[e?*] < o0}, to consist of
those 8 € R for which the moment generating function of X is defined. We note that Ix
is an interval with 0 € Ix. For 6 € Ix, we may define the exponentially tilted random
variable Xy by Pr[Xy = t] = Pr[};[(eiﬁ(]]eet for t € Z. We say that X is strongly monotone
if (1) Ix # {0} and (2) Xy is monotone for each # € Ix. In the second part of this
note (Section E.3), we use the trick of exponential tilting to provide estimates for the
point probabilities of a sum of independent strongly monotone random integer variables,
X = Zje[k} X, which are also sharp in the tail.

It follows by direct computation that Bernoulli, Poisson, and geometric random vari-
ables are monotone, and moreover, that exponentially tilting these variables again yields
Bernoulli, Poisson and geometric variables. In particular, these variables are all strongly
monotone, so our results give sharp estimates for the point probabilities of the sum of (a
mix of) such variables. In Section E.3, we provide examples of the estimates that can be
obtained for such a sum using our results.

In the note we will consider the following setting. Let k be an integer and (X});ex
independent integer-valued random variables with E[X;] = p; and Var[X;] = O'JQ- for
j € [k]. Let X =37,y Xi, and further =3y 0 and o? = 2 ek JJZ be respectively
the expectation and variance of X. The main result of the note is the following theorem.

Theorem E.1. There exists a universal constant ¢, such that if X is monotone, then for
every t for which u + to is an integer, the probability that X is precisely u + to satisfies,

2 jelk] E[|Xj - Mjﬂ

o3

1 e_t2/2
\V2mo

Remark E.2. We note that if each X; is monotone, then X is as well. Indeed, the
characteristic function of X can be factorized as fx(A) = [];ep fx,;(A). In particular,
Theorem E.1 holds when each of the variables (Xj) ;e is monotone.

Pr(X = pu+to] — <c

(E.1)

Our result is reminiscent of the Berry-Esseen theorem, but instead of bounding the
distance between the cumulative function of X and the cumulative function of the normal
distribution as the Berry-Esseen theorem does, our result bounds the distance between
the density function of X and the density function of the normal distribution. This setting
has been studied before in the context of large deviation theory, e.g., by Blackwell and
Hodges [BJ59] and by Iltis [I1t95] in the d-dimensional case. They do not require X to be
monotone but they only consider the case where (X;) jelx) are identically distributed and
are interested in the asymptotical behavior when k& — co. In particular the distribution of
the variables (Xj) e[ cannot depend on k. McDonald [McD79] considers variables that
are not necessarily identically distributed but again in the limit £ — co and with certain
extra assumptions on the distribution of the variables. In this work we are not interested
in such asymptotic bounds and our result is a uniform bound for monotone variables.
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Another line of related work is the asymptotic expansions in the local limit theorem.
See for instance [GK54] (Section 51) or [IL71] (Theorems 4.5.3 and 4.5.4) which for any
given r provide expressions for the point probabilities of a sum of k i.i.d. random integer
variables (X;);eck up to an additive error of o(k~"). Again, these results holds asymp-
totically as k — oo and the distributions of the (X;);c cannot depend on k. The case
of different distributions is considered in [DH22] which provide expansions of the point
probabilities using regular and trigonometric polynomials up to an additive error of o(c™")
(without any assumptions of monotonicity).

E.2 Point Probabilities Near the Mean

The goal of this section is to prove Theorem E.1, but before diving into the proof, we pro-
vide some examples of random variables for which the condition of the lemma is satisfied.
Let p € [0,1] and A > 0. Let Y be a Bernoulli variable with Pr[Y = 1] = 1-Pr[Y = 0] = p,
let Z be geometric with Pr[Z = k] = p¥(1 — p) for k € Ng, and let W be Poisson with
Pr[W = k] = Me*/k! for k € Ng. Let fy, fz, fw be the characteristic functions for Y,
Z,and W. Then for A € R,

) 1— ;
fr(A) =1—p+pe?, fz(A)zﬁ, and  fir(\) = ML),

Thus,

P = (1= p 4 pe)(1 = p+ pe=™) = 14 2p(1 — p)(cos A — 1)
1-p 1-p (1-p)?
2 pu— pu—
F2zNF = (1 —pe“‘) <1—pe‘“‘> 14 p? —2pcos\’ and
|fW()\)| :eA(cos)\—l)7

which are all decreasing functions on [0, 7].
We will need the following simple Lemma on random integer variables.

Lemma E.3. Let X be an integer random variable X with third moment. Then?
E[|X — E[X]*] > Var[X]/2.

Proof. Let ;= E[X]. We may clearly assume that 0 < p < 1 by replacing X with X —a
for an appropriate integer a. Define Zp = [X < 0] and Z; = [X > 1] =1 — Zj. Then,

0=E[X —u] =E[Z1 - |[X — p|] - E[Zy - | X — pl],
and,

E[|IX — ul] = E[Z1 - X — ul) + ElZo - X — u].

2Originally, our bound was E[|X — E[X]|®] > Var[X]/10, which sufficed for our purposes. We thank
Ahmad Beirami [Bei] for pointing out how we could replace the constant 10 with 2 which is optimal as
can be seen by letting X be a Bernoulli variable with parameter 1/2.
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It follows that

Var[X] = E[Z1 - (X — u)?] + E[Zo - (X — p)?]

> (L ) BLZ - |X ] 4 pEZo - 1X - ) = DX ()

Now finally,
Var[X]? < E[[X — p] - E[[X — pf’] < 2 Var[X] E[|X — pf],

where the first inequality is by Cauchy-Schwartz and the second is an application of (E.2).
The desired result follows. O

Proof of Theorem E.1. We start by noting that we may assume that o2 > C for a suffi-
ciently large constant C. Indeed, by Lemma E.3,

2
c(Zje[k]EHXj_Mj|3]> > c

o3 402’

so (E.1) is immediate when o2 < C' (by choosing c sufficiently large).

Now the proof proceeds, similarly to proofs of the Berry-Esseen theorem and uses
simple properties of the Fourier transformation of X. Let f; be the characteristic function
of X; — pj for j € [k] and let F' be the characteristic function of X — p. Then

FOO) =[] £(0) =D Pr[X =n]elmmr,
J€K]

neL

For non-zero integers s, it holds that % ffﬂ e d\ = 0 whereas i ffﬁ e\ =1if s = 0.
It follows that for any integer n € Z,

Pr[X = n] ! / F(A)e {m=mAgy

:% .

In particular, if y + to is an integer, then

1 7 ;
PriX =p+to] = 27r/ F(\)e g .

—T

e B3
We define 7 — Z3€I4 ‘93 s 1] noting that we may assume that 7 < ¢ for a sufficiently
small constant ¢y as otherwise the result is trivial. Split the interval [—m, 7| into three

\/8logl/T

o )

parts, I; = [—¢,¢|, Iz = [e,7], and I3 = [—m,—¢|. We will prove that if ¢ =
then

’F()\)e’“‘”‘ = |[F(\)| <72 forall A € I, U I and, (E.3)

: e HtIA g\ — 1 e t2/2 72
/ F(Ne ) = —— +0(), (E.4)

e 2o
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log1 1
og(;TQ/T < og(SU)7 and o

We note that we may assume that ¢ < 7. Indeed, by Lemma E.3, < =
is assumed to be sufficiently large. The desired result thus follows immediately from (E.3)
and (E.4).

We start by proving (E.3). It is a general fact that the characteristic function fy of a
random variable Y is Hermitian, i.e., fy (—=t) = fy(t). In particular, |F(\)| = |F(=\)], so
it is enough to prove that |F(\)| < 72 for A € I. As |F| is decreasing on [0, 7], it in fact
suffices to prove that |F(g)| < 72. Now another standard fact about the characteristic
function fy of a random variable Y is that for any n,

(A | o AT E(Y
A) — E[Y’]| < E.
By Jensen’s inequality, O'JZ < (E[|1X; — i >])*/3, so it follows that
2/3
ot < [N B|IX -l | = (P <8log(1/n)r < 1, (E.6)

JElk]
where the last inequality used that 7 < ¢g for a sufficiently small constant c¢g. We may
thus apply (E.5) with n = 2 to conclude that
2 3 2 3
€ 3] € e 2RI X — s3] e
HEI 1= S + B[l -yl S < e TNl
Thus, for A\ € I,

3

2
‘F(A)e’“‘” = |FO)| < |F(e)] < e 27 (Siew BN G = =e*o*1/2-0er/6)

As oeT = 74/8log1/7 < 3/2, it therefore follows that for A € I,

which proves (E.3).
Turning to (E.4), we again use the Taylor expansion formula to get

)\2
i) =1~ 30]2- + E[!Xj - ujﬂ Agi(N),

for some (complex-valued) function g;(\) with |gj(A\)] < 1/6 for all A\. As in (E.6), for
Al <e,

B[1X; - wl*] WP <1, (E.8)

and

Not < (APEIX; — i PDY < APEIX; -yl < 1. (E9)
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It follows that |f;(A)—1| < 5/6. Now for z € C with |2| < 5/6 it holds that 1+ 2z = exp(z+
O(2?%)). Also, if a,b € C satisfy that |a|?> < |b| < 1, then |a + b]? < 2(|a|? + |b]?) < 4[b].
Combining these observations with (E.8) and (E.9) we find that
£00) = e~ oI lood),
It follows that
F(\)e oA = e~ T (X em B[NG5 )OON?)  —ito A

We then get that

F()\)e—ita/\ _ efﬁau(zje[k] E[|Xjfuj|3])0(x3)e_iwx

2 , (E.10)
—e 5 |1 + Z E[|Xj — ‘ujﬂ O()\3) o itoA
J€lk]
for [A\] < e. Now we get that
L[5 3 3\ —ito
w ) ¢ ZE[IXj—ujI } O(A?)e "M dx
Jelk]
1 € a2
= ZE[’XJ —Mj\S] / e~ O(N)dA
|\ 0
JElK]
1 SoemBlI% - wl]\ pvEReE (E.11)
- 1 / e 20(s”)ds
T o 0
3
2jet E“Xj = 5 }
=0 I
o
= 0(r)

Here we used the substitution s = Ao, and the last step uses Lemma E.3. Again using
the same substitution we get that

1 5 \2 o 1 \/8logl/T 2 "
— e” 27 eI\ = — e ze "ds
2 J . 2mo —+/8logl/T

Note that for any u > 0,

o0 2 1 o0 2 1 2
/ e ? /2d5</ s-e ? /st:—e_“/2,
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so we can bound

4
.
ds <

~ moy/8logl/T N

52
Calculating the Fourier transform of function of e™ 2 we get that

1

270 J)s|>+/8log 1/7

2
e—%e—its

O(r?). (E.12)

1 2 1 2
e~z e—ztsds _ 76_t /2

210 J_o V2ro
Combining (E.10), (E.11), (E.12), and (E.13) proves (E.4). This finishes the proof. O

(E.13)

E.3 Point Probabilities in the Tail

As is, Theorem E.1 is only useful when |to| is not too large. Indeed, for large [¢|, the

term —2—e—"/2 will typically be much smaller than the error term on the right hand side

ag
of (E.1). We now show that if our variables satisfy the stronger property of being strongly
monotone, we may also obtain precise estimates for the point probabilities in the tail by
combining with the trick of exponential tilting.
Recall that we defined a real random variable X to be strongly monotone if Iy # {0}
and Xy is monotone for each § € I'x. Here, Ix = {# € R : E[e?X] < oo} consisted of those
0 for which the moment generating function of X is defined, and Xy was the exponentially

tilted random variable defined by Pr[X = t] = "L for t € .
Many commonly encountered random variables have the property of being strongly

monotone:

Lemma E.4. Let X be Bernoulli, Y be geometric and Z be Poisson. Then X,Y and Z
are each strongly monotone.

Proof. We already saw that the classes of Bernoulli, geometric, and Poisson variables
consists of monotone variables. The result follows by calculating the point probabilities
of the tilted variables (when they exists) and observing that each class is closed under
exponential tilts. O

Now suppose X = Zje[k;} X is a sum of independent random integer variables and
moreover that X is not almost surely equal to a constant. We are interested in estimates
for the probability Pr[X = t] for some t € Z. Let I; = {# € R : E[e%] < oo} and
I={0ecR:E[X] < oo} = Njeklj- We note each I; and I are intervals containing
0. We define? A = essinf X and B = esssupX. Let further ¥y : I — R be the
cumulant generating function defined by 1 x : 0 — log(E[e?X]). Tt is well known that ¢ x
is strictly convex and infinitely often differentiable for 6 lying in the interior of I with

P (0) = EE[’[ZZZ](] For t € R, we define ¢(t) = supyc;(0t — x(6)). Now it is a standard

3Recall that the essential infimum and supremum of a random variable X are defined by essinf X =
sup{t : Pr[X < t] =0} and esssup X = inf{¢ : Pr[X > t] = 0} which are values in R U {—o00, c0}.
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fact about the cumulant generating function that if I contains a non-empty open interval
(i.e., consists of more than a single point), then infge; ¢y (6) = A and supge; ¢y (0) = B.
If in particular A < t < B, there exists a 6 in the interior of I with ¢’y (6p) = t. Moreover,
this 6y is unique since ¥ x is strictly convex.

Now let (Y;) ;e be independent random variables obtained by tilting each X; by 6 as
above. Let further Y =3 .. Y;. For s € Z, we define Ay = {z € ZF iz 4+ 2 =)
Then for any t € Z,

Pr[X Z H Pr[X; = z] Z H Pr]Y; = zj] = E[:::tX] Pr[Y =t],

2€A¢ je[k] 2€A¢ je(k]

90X

so Y is simply the variable obtained by tilting X by 6y. Moreover, by the choice of 6y,

Z Pr[X = z]e®?z  E[Xef0X]

E[Y] = E[eeOX] = E[egox] = wa<90) =t.

2€7Z

Now the fact that E[Y] = ¢, suggests using Theorem E.1 to estimate the probability that
Pr[Y = t]. Doing so, we immediately obtain the following result.

Theorem E.5. Assume that X is strongly monotone and mot almost surely equal to a
constant. Moreover assume that I # {0}. Let t be an integer with with A <t < B and 0

be the unique real in the interior of I having ' (0) =t. Let Y be the exponential tilt of
X by 0. Then E[Y] =1 and

Pr[X —f] E[:;tx] (\/%UY +0 (;Y)) , (E.14)

where 02, = Var[Y] and ny = > e EIIY; — E[Y;]3].

Remark E.6. We note that if either A = essinf X # —oo or B = esssup X # oo, then
[0,00) C I or (—o0,0] C I, respectively, and we can therefore always apply the exponential
tilt in the lemma. We moreover note that for t < A and ¢t > B, it trivially holds that
Pr[X =] =0 and it is an easy exercise to show that

= H Pr[X; =essinf X;], and Pr[X =B]= H Pr[X; = esssup Xj],
S

whenever A # —oo and B # oco. Even though the lemma does not provide estimates for
these probabilities, they are therefore usually easy to determine for concrete families of
random variables.

To apply Theorem E.5, for X = Zje[k] X, a concrete sum of strongly monotone
random variables, say geometric variables, we would calculate ¢x and find the unique 6
with ¢’y (§) = t. We would then determine the tilted random variables (Y;) c[x)- Typically
Y; comes from the same family of random variables as X, e.g., an exponential tilt of
respectively a Bernoulli, geometric, and Poisson variable is again Bernoulli, geometric and
Poisson. We would then determine the quantities 7y and ¢ and plug into (E.14).
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Example E.7. Let X = 37, X, where (Xj);e are independent Bernoulli variables
with Pr[X; = 1] = p;. We want to estimate Pr[X = t] for some 0 < ¢t < kK — 1. For
this, we define 6, (Y;);c and Y as in Theorem E.5. Then each Yj is again Bernoulli.
If Pr[Yj = 1] = g;, then E[|Y; — E[Yj]]] = ¢;(1 — ¢;)(¢; + (1 — ¢;)*) < Var[Y¥}], so that
ny < 0}2,. Thus, the bound of (E.14) becomes

0X
Pr[X —f] = —— E[ee ] <1i0 (1)> ,
V2roy e oy

The bound on the error term can be shown to be asymptotically tight using known results.
We in particular note that if oy = w(1), the bound on Pr[X = t] is within a factor of
14o0(1) of the true value. Consider as a very simple example?, the case where the Bernoulli
variables (Xj);¢cy) are identically distributed. Then the same holds for the (Y;),c, and
since E[Y] = ¢, we must have that o3 = ¢(1 — ¢/k). In particular, the bound is within a
factor of 1+ o(1) of the true value as long as w(l) <t < k —w(1).

Example E.8. Let X = Zje[k] X, be a sum of independent geometric variables such
that for some probabilities (p;)jex) and each s € No, Pr[X; = s] = p(1 — p;). Let
pi = E[X;] = 12]@- for j € [k] and p = E[X]. Assume that p; = O(1) for j € [k]. We want
to estimate Pr[X = ¢ for some integer ¢ > 0 using Theorem E.5, and we define 0, (Y}) e
and Y accordingly. For simplicity, we will assume that ¢t = O(E[X]). By Lemma E.4,
each Yj is again geometric, say with Pr[Y; = s] = q; (1 —g;) for s € Ng. Moreover, since
E[X;] = O(1) for j € [k] and t = O(E[X]), it follows that also E[Y;] = O(1) for j € [k].
Now simple calculations yields that Var[Y;] = ©(E[Y;]) and E[|Y; — E[Y;]]]] = ©(E[Y}]).
Plugging into (E.14), we thus obtain that

1 B[’ 1
Pr[X =] = [eat ] (H:O()),
V2moy e Y
where puy = E[Y] = t. In particular, the bound is within a factor of 1 + o(1) of the true
value as long as t = w(1).
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