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Abstract

Introduction: Map theory (MT) is a seamless integration of a programming
language and a classical axiomatic theory. The language is Turing complete
and the theory has power like set theory. The version of MT presented here is
substantially simpler than the original version from 1992.

Contents: The paper contains e a short overview of MT, e a comprehensive
presentation of MT and its fundamental proof techniques, and e 380 kilobytes
of handwritten formal proofs suited for getting started with MT on automatic
proof systems. Among other, the formal proofs prove the consistency of ZFC
set theory within MT.

Aims: Some aims of MT are listed in the following.

Correctness proofs: The ability to express programs and properties about
programs in the same formalism simplifies correctness proofs. The classical parts
of MT allow to use direct classical proofs in place of roundabout intuitionistic
ones.

Semantics: The ability to quantify over non-countable sets simplifies defini-
tions of distributed, parallel programming languages.

Numerical analysis: The ability to quantify over the continuum of real num-
bers simplifies the formulation of properties and correctness proofs for numerical
algorithms.

Physics: Work is in progress on formalizing quantum electrodynamics (QED)
in MT, the aim being to have QED and simulation programs for QED expressed
in the same framework. The situation today is that QED is ultimately expressed
in set theory whereas simulation programs are expressed in Fortran and similar
languages.

Mathematics: The free combination of recursion and choice in MT simplifies
mathematical proofs that have an algorithmic flavor. As an example, one can
well-order any set by recursive choice. Also, the development of mathematical
analysis is expected to benefit from the ability to mix in algorithms in formal
proofs.

Foundations: MT draws its power from the concept of “classicality”, which
is a defined concept in MT. The definition of classicality says at least as much
about the universe of ZFC as all the axioms of ZFC together. As opposed
to ZFC, MT makes the “limitation of size” concept explicit. This leads to a
strengthening of transfinite induction and might lead to new insight into set
theory.

Teaching: MT has been used for teaching mathematics to first year com-
puter science students at the University of Copenhagen in place of a traditional
discrete mathematics course. Using MT as a foundation allows the students
to learn more mathematics relevant to computer science with less effort. The
students do not learn MT, but they learn to manipulate programs in ways that
are impossible in set theory.
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Chapter 1

Introduction

Physics and computer science are two fields that push the development of math-
ematics. The needs of physics have pushed the development of structures like
differential manifolds and measure theory whereas the needs of computer science
have pushed the development of structures like reduction systems and program-
ming languages. The structures needed in physics fit well into set theory whereas
set theory is less convenient for the structures needed in computer science.

For that reason, mathematics has broken in two parts. One part is based on
set theory and is mainly studied in mathematical institutes. The other part is
mainly studied in computer science institutes and has no common foundation.

One purpose of map theory (MT) is to allow a seamless integration of the
two parts of mathematics. MT allows programs, theorems, and proofs to be
expressed within a single system, which is small, homogeneous, and powerful.
Formally, MT has the same power as set theory, but it enhances set theory in
that it has a computer programming languages as a natural subset.

The present paper presents a new version of MT which enhances the original
version from 1992. The new version has simpler axioms. Furthermore, the new
version has some new axioms.

Essentially, ZFC set theory is a theory of finite sets which has been general-
ized to transfinite sets: The power set of a finite set is finite; hence, ZFC has a
power set operator. The complement of a finite set is infinite; hence, ZFC has
no complement operator.

MT is constructed the same way except that it starts with the computable
functions instead of the finite sets.

Later chapters will give a traditional bottom up presentation of MT. Among
other, later chapters will do the following;:

e Present the syntax, axioms, and inference rules of MT.
e Represent mathematical structures like numbers and sets in MT.

e State and prove elementary theorems of MT.
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e Establish convenient proof techniques like the deduction theorem.

e Prove all axioms and inference rules of ZFC within MT.

A consistency proof for the new version of MT is outside the scope of the
present paper. A consistency proof can be formulated in ZFC+SI where SI is
the assumption that there exists an inaccessible ordinal.

For a comparison with related work see [3].

Before diving into the details it may be convenient to get a preview of what
MT looks like for the working mathematician. Working mathematicians can
easily base their work on ZFC without knowing the details of the axioms, and
the same is true for MT.

1.1 Acknowledgements

My thanks are due to Chantal Berline for many useful comments on the 1996
version of the present paper and the developments after that. My thanks are
due to Sebastian Skalberg for his port of Appendix A to the Isabelle system.

1.2 Preview of MT

ZFC is a theory about sets and nothing but sets. To deal with numbers in
ZFC one has to represent numbers by sets. As an example, one may represent
natural numbers by finite von Neumann ordinals. Likewise, MT is a theory
about so-called “maps” and nothing but maps. To deal with numbers in MT
one has to represent numbers by maps.

For reasonable definitions of numbers and addition,

[2+42=4]

is a theorem of MT. The sign [ =] is the equal sign of MT. The theorem says
that the terms [ 2+ 2] and [ 4 ] have the same value.

To deal with truth values in MT one has to represent truth values by maps.
ZFC treats truth values as something special whereas MT treats truth values
as ordinary data. From now on, [ T ] denotes a map that represents truth and
[ F ] denotes a map that represents falsehood. For reasonable definitions of the
membership relation [ € ] and the set [ N ] of natural numbers,

[2eN=T]

is a theorem of MT. The theorem says that the terms[2 € N ] and [ T ] have
the same value. In other words, the theorem says that [ 2 € N ] is true. As
another example, for reasonable definition of [V ],[V ],[ < ], and [ z2 ],

[VzeN:z <2V <z2=T]
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is a theorem of MT. The theorem says that the terms [ VzeN:z < 2V z < 22 ]
and[ T ] have the same value. In other words, the theorem says that [ VzeN:z <
2V < 22 ] is true. Note that [ VzeEN:z < 2V z < 22 | is a term. In ZFC it
would have been a well-formed formula. The parenthesis in

[(VzeN:z <2Vz <2?)=T]

emphasizes the structure of the theorem. See Appendix C for the priority of the
operators of MT.

In general, all formulas (i.e. well-formed formulas) of MT have the form
[s=t] where[s]and[t] areterms. To prove that some statement [ s ] is true
one has to prove[ s =T ].

For reasonable definitions of [ =],

[VeeN:VyeN:z+y=y+x=T]

is a theorem of MT.[ 2z =y ] has value [ T Jif [ # ] and [ y ] represent the same
number. [ 2 = y ] and [ z = y ] differ in several ways:

e If [s] and [t] are terms then [ s = t] is a term whereas [z = y ] is a
formula.

e [ s =t ]is a defined concept, [ s = t ] is built into MT.

A formula is said to either hold or fail (all words and phrases in italics occur in
the index at the end of this paper). As examples,

[2+2=4] holds, and
[2+2=5] fails.

That [ 24+ 2 =4 ] holds means that [ 2+ 2 = 4 ] holds in the “standard model”
(a precise definition of the “standard model” is outside the scope of the present
paper). This may also be written

[E2+2=4].
That [ 2 + 2 = 5] fails may be written
[F2+2=5].

A formula with free variables holds if it holds for all values of free variables and
fails otherwise. As an example,

[E2+z=4]

because [ 2 + x = 4 ] fails for at least one value of [ z ].

hold
fail
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That [ 2+ 2 = 4] is provable in MT will be written
[F24+2=4]
and that [ 2+ 2 = 5] is disprovable in MT will be written
[F2+2=5].

The notion of disprovability will be elaborated later.

A formula with free variables is disprovable in MT if it is disprovable for at
least one assignment of values to the free variables. As an example,[2+z =4]
is disprovable in MT:

[f2+z=4]

The power of MT forces it to be incomplete by Gddels incompleteness theorem.
Therefore, one can find formulas[ A ] of MT for which neither[ - A Jnor[ }f A ].
In contrast, any formula either holds or fails. Here are some relations between

[FLIELIY] and [~ ]:

[FA = EA ]
[ A = FA ]
[EA & -FA ]

It is possible to define a model of MT in ZFC+SI where SI is the assumption
that there exists an inaccessible ordinal. Hence, the three statements above
about [F],[E], [ /], and [ £ ] are theorems of ZFC+SI. The consistency of
MT follows from the three statements above, so the consistency of MT is also
a theorem of ZFC+SI. A definition of a model of MT and a consistency proof
for MT is outside the scope of the present paper.

Recursive definitions are legal in MT. As an example,

[ 1
l=n=
nl=mn O{n-(n—l)!

defines the faculty function. The construct

of 4
z

satisfies the equations
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The construct

o{ 1
z

is typically written

[if  then y else z ]

in programming languages.
The definition of [ n! ] allows to prove theorems like

[VneN:n!l€e N=T] and
[VneEN:n! >n=T]

in MT. The proofs are by induction in n.
Computation of [ (—1)! ] proceeds thus:

[ (1) (2t B () (2 (=31 5 -]

where [ 5 ] reads “reduces to”. The computation never ends. Likewise, com-
putation of [ (—2)! ] never ends:

(215 (-2)- (=915 (=) - (-3)- (-1 5 -]
Two terms whose computation never end are equal in MT. As an example,

[F (-D!=(-2)]

Hence, in MT, all terms whose computation never end have the same value.
That value is denoted [ L ]:

[E(-1!=1], and

[E(-2)i=1]

Actually, [ (-1)! = L ] and [ (—=2)! = L ] are provable in MT.

The convention to equate terms whose computations never terminate is
counter-intuitionistic. MT is classical of nature because of this convention.
However, lots of phenomena of intuitionistic logic occur in MT because, infor-
mally, [ L ] of MT resembles falsehood in intuitionistic logic. However, MT is
classical of nature because it has only one value for never-ending computations.

If [ B ] is the set of truth values (Booleans), then

[FVzeB:zV -z =TI
The theorem expresses the law of excluded middle. In contrast,

[fazV-2=T]
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because[ zV -z =T ] differs from [ T ] when [ z = L ]. The value of [ L V=L ]
is[ L]

[FLlv-l=1]

MT has finitely many fundamental constructs and infinitely many variables. All
terms of MT are built from variables and fundamental constructs. Some of the
fundamental constructs are computable. All terms that are built from variables
and computable, fundamental constructs are said to be computable. [2 + 2]
and [ 4] and [ (—=1)!] are examples of computable terms. [ Vn€EN:n = n ] is an
example of a non-computable term. For computable terms [ A ] with no free
variables,

[((EA=T)=(F A=T)] holds in ZFC+SI.
In contrast,
[((FA=1)= (- A= 1) ] fails in ZFC+SI.

The universal quantifier is an example of a non-computable term of MT. Another
one is Hilberts epsilon operator [7]. Under reasonable conditions,

[ex.A]

denotes a value of [ x ] for which [ A = T ]. Non-computable terms can be used
freely in recursive definitions. As an example, if [ S ] is any set then

[ fle,S) =ex.x € S\ Upge, F(B:9) ]

defines a one-to-one mapping from an initial segment of the ordinals onto S. If
[ & ] is the least ordinal for which

[S\Upea f(8,5) =0]

then [ f(a,S) ] defines an isomorphism between [ d ] and [ S ] (in MT, the ex-
istence of [ § ] is provable by transfinite induction in [ S ]). In other words,
[ f(a,S) ] defines a well-ordering of [ S ].

As mentioned before, one purpose of MT is to provide a seamless integration
of two hitherto separate parts of mathematics. The seamless integration comes
into full play in the example above where the epsilon of classical mathematics
is combined with the free recursion from programming languages.

computable construct
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1.3 The basis of MT

As mentioned before, ZFC is a generalization of a theory of finite sets. Likewise,
MT is a generalization of a theory of computable functions.

To make a theory like MT one has to choose a theory of computable functions
to generalize. The choice made for MT is to base it on untyped lambda calculus

with ur-elements which wee shall denote [] (all mathematical constructs
in boxes occur in the index at the end of this paper).

One goal of MT was to make a theory based on computable functions with
at least the same power as ZFC. So far, AU is the only theory of computable
functions for which the generalization to a theory of that power has succeeded.

Once AU has been chosen as the basis for MT, one has to decide which ur-
elements it should contain. One could choose to include the natural numbers
as ur-elements or one could choose to include the truth values[ T ] and [ F ] as
ur-elements. Both choices generalize to theories with ZFC-power.

Concerning the power of the resulting theory it is unimportant which objects
are included as ur-elements, but the complexity of the axiom system increases
with the number of ur-elements. Therefore it is convenient to keep the number
of ur-elements as low as possible.

It is now time to apply Occams razor and minimize the number of ur-
elements. AU with two ur-element (e.g. [ T] and [ F ]) generalizes to a theory
with ZFC-power. AU with zero ur-elements (i.e. pure lambda calculus) does not
seem to generalize to a powerful theory, but AU with just one ur-element does.
Therefore, MT is based on AU with just one ur-element.

It may be a surprise that a theory based on functions needs ur-elements
when ZFC seemingly does fine without. ZFC, however, has two “hidden” ur-
elements, namely “truth” and “falsehood”. The universe of ZFC is built up in
stages starting with the empty set, and the empty set is just an abstraction of
falsehood. Without falsehood there would be no empty set and the universe of
ZFC would be void.

The universe of MT is also built up in stages. At the first stage one will
find the ur-element. At the second stage one will find the function that maps
anything to the ur-element. The stages of MT form a transfinite hierarchy.

The ur-element of MT has no meaning per se, but it certainly has a purpose:
It is the stating point in building up the universe of MT just like [ 0] is the
starting point for making natural numbers, the empty list is the starting point
for making lists, and the empty set is the starting point for making sets.

It is convenient to have a name for the ur-element, so let us call it nil and
let us denote it [@ ]

AU with one ur-element will be referred to as [ ] Chapters 2-7 present
the details of AN. Chapter 8 presents MT as a generalization of AN.

The elements of the universe of MT will be referred to as maps. The word
“map” is chosen because it is used more or less as a synonym for “function”

nil
map



16 Map theory with classical maps © 2001 Klaus Grue

in mathematical analysis. The ur-element is a map but it is not a function, so
“map” and “function” are not completely synonyms.

1.4 Definition of AN

The role of AN in MT is to “mediate” between computer science and classical
mathematics. For that reason, AN has features that computer scientists will
appreciate and mathematicians will find hard to follow and vice versa. At first
glance, AN is just an ordinary reduction system in the spirit of untyped A-
calculus, but at a crucial step, AN breaks with computer science tradition and
becomes classical of nature.

This is AN presented in computer science terms:

Syntax
variables V: [V = =z|ylz]| - ]
terms 7 (T == VIN|XNTI|T'T|if(T,T,7T) ]

Reduction rules

[N’z 5 2 ]
[(Az.y)’ =z X (y|z=z) ] P-reduction with a-renaming
[{N | u:=v) 5 u ]
[{(A\z.y | w:i=v) 5 v ]

Reduction order

Normal (i.e. left-most)

The above is completely in line with computer science tradition. The first sign
of deviation is a non-standard definition of “normal form”: A term [ ¢ ] is in root
normal form if it has one of the forms[ N ] or[ Az.y ]. As an example, reduction
of

[(Az.2’2)’(Ay.Az.y’y) ]
to root normal form proceeds thus:
[ (Azz’z)’(MyAz.y’y)

e
Ay Az.y’y) Ay A2y y) &
Az.(Ay Az’ y) Ay dzy’y) ]

Hence, the root normal form is| Az.(Ay.Az.y’y) ’(A\y.Az.y ’y) ] which is neither a
head normal form, nor a normal form in the usual A-sense. It is straightforward

root normal form
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to implement a computer program that reduces given terms of AN to root normal
form. Such a program will, of course, loop indefinitely if it receives

[(Az.2’z)’ (Az.x’x) ]

as input.

The second sign of deviation from computer science tradition is the introduc-
tion of a non-computable and undecidable relation [ ] on terms. [ s & t ]
is true in the following three cases:

(1) [s]and[¢] both reduce to [ N ]
(2) [s]and[¢] both reduce to terms of form [ A\z.y ]
(3) neither [ s ] nor [ ¢ ] reduce to root normal form.

[s ~ t]is false in all other cases. As examples, [ Az.x ~ Az.N ] is true and
[ Az =~ (Az.z’z)’(A\x.z’ ) ] is false.
The final break with computer science tradition is: Two closed terms [ s ]

and [ t ] are considered equal, written [ ], if

?

[r’s~7r’t]

for all closed terms [ r ] of AN. This notion of equality is a mathematical or
intensional or ontological notion of equality as opposed to the convertibility
relations normally used with A-calculus. Computer scientists who seek for a
notion of convertibility that corresponds to [ s = t ] will search in vain and will
be on the wrong track.

The decision to consider[ s ] and [ ¢t ] equal if[ s = ¢ ] has far reaching linguis-
tic consequences because it turns on referential transparency. As an example,
[ Az.xz ] and [ Ay.y ] are not just regarded as convertible terms. Rather, [ Az.x ]
and [ Ay.y ] are considered to be the same.

Likewise, if [ ¢ ] implements quick-sort and [ s ] implements shell-sort then
[gq] and [ s ] are equal. In other words, quick-sort and shell-sort are the same
as far as AN is concerned.

1.5 Axiomatisation of AN

Now that we have broken with A-calculus tradition by turning on referential
transparency, we haste to turn referential transparency off again, but we do so
the way it is done in axiomatic logic. In axiomatic logic, axioms, theorems and
proofs consider the shape rather than the meaning of terms. To turn AN into an
axiomatic theory we introduce the syntax class [ F ] of well-formed formulas:

[Fu=T=T1.

equal
mathematical
intensional
ontological
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Hence, the only thing AN can prove is that one term is equal to another.
The following rules (axioms and inference rules) of AN are rather obvious:

[ AN rule

Rl: a=blta=ckb=c ;
R2: b=cka’b=a’c ;
R3: a=bF Az.a=Az.b ;
R4: N’a=N ;
R5: c~{(a|z:=b)t (Az.a)’b=c ;
R6: if(N,b,c) =b ;
R7: if(A\z.a,b,¢c) =c¢ ]

Above, [ R5 ] says that [ (Az.a)’b = ¢ ] if [ ¢] is identical except for naming of
bound variables to the result of replacing [z ] by [b] in [ a ]. R1 says that if
[a=b]and[a = c] are provable then [ b = ¢ ] is provable. The above notation
is explained in more detail later.

As an example of a lemma and a proof, consider the following;:

[ AN lemma L1.5.1: Au.w’(N’v) = Auw.w’N ]

[ The AN proof of L.1.5.1 reads
Ll: R4> N’v=N ;
L2: R2pL1>» w’(N'v)=wu’N ;
L3: R3L2> Auau’(N’v) = uau’N ]

Line[ L1 ] says that [ N’» = N ] holds according to axiom [ R4 ]. Line[ L2 ] says
that [ u’(N’v) = u’ N ] holds because of rule [ R2 ] applied to Line [ L1 ] and so
on.

Now let [ L ] denote some term that has no root normal form:

[L=(zz’ z)’ (A\z.2’T) ]
[ L] allows to state two more rules:

[ AN rule
R8: L1l’a=1 ;
R9: if(L,b,c)=L ]

In addition to these rules, Chapter 6 and Chapter 7 introduce four more rules:
Quartum Non Datur (QND) says that every term [ ¢] satisfies [t = N] or
[t=Xxt’xz]or[t= L] Extensionality says that if [s’x1’---"x, &t 21’

-z, lforall[n > 0] and all [z1,...,z, ] then [ s = t]. Minimality says
that [ Y’ f ] is the minimal fixed point of [ f ] w.r.t. a certain relation [ z < y ].
Monotonicity says that [a < b F f’a <X f’b]. As far as axiomatic AN is
concerned, the relations [ 2 &~ y ] and [ z < y ] and the fixed point operator [ Y ]
are defined concepts that are defined on basis of the fundamental constructs of
AN. The definitions are stated later.
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1.6 Introduction to MT

AN is easy to introduce because it is based on a simple reduction system. Fur-
thermore, all theorems of AN say something about the behavior of computing
machines which makes the theorems rather concrete of nature.

MT is more complicated. An introduction of MT can be based on intuition
or models or axioms. This section describes a model [ M ] of MT in an intuitive
manner. The formal construction of [ M ] is outside the scope of the present
paper. We shall refer to [ M ] simply as “the model”.

MT is an extension of AN. Compared to AN, MT has two more constructs,
namely [ Ex ] and [ ez ]. Hence, the syntax reads:

variables V: [V = z|y|z]|--- ]
terms 7T [T VIN|XT|TT |if(T,T,T) | ET |eT ]
formulas F: [F == T=T ]

In AN, [s=t]if[r’s~ r’t] for all terms [r ] of AN. In contrast,[s =t ]
holds in MT if[r’s & r’t ] for all [ r ] in the model of MT. The point is that
there is no simple definition of [ s =¢ ] in MT.

The construct [ Ez ] is a simple and rather weak existential quantifier:

[ Ez
[ Ez

N ] ifJyeM:z’y=N
1 ] otherwise

MT has four axioms about [ Ez ] (c.f. Section 8.4).

[ex ] is the construct from which MT draws its power. [ex ] is related
to a subset [ L] of [ M ]. The structure of [ L ] resembles the structure of
the universe of ZFC: the elements of [ L ] are “well-founded” in a sense that
resembles well-foundedness in ZFC as expressed by the axiom of restriction.
Furthermore, the elements of [ L | are of “limited size” like the sets of ZFC are.
However, limitation of size is implicit in ZFC whereas it is explicit in MT (c.f.
the discussion of “inner hulls” in Section 8.6).

Elements of [ L ] will be referred to as classical maps. The properties of
[ex ] are:

o If[x’y = 1] for some classical [y ] then[ex = L ].
o If[x’y # L ]for all classical [y ] then [ex € L].

o If[x’y # L] for all classical [y ] and [ 2’y = N ] for some classical [ y ]
then[z’ex = N ].

The axioms about [ ex | are stated in Section 8.9 and again in Section 9.5. The
axioms are somewhat difficult to jump to because they rely on several defined
concepts (the universal quantifier [ Vz: a ], which is defined on basis of [ ex ], the
implication relation [ £ — y ], which is defined on basis of [ if(z,y, 2) ], and so
one).

classical map
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One of the defined concepts used in the axioms is the map [ £ ] which has
the following properties:
[ Oz
[ Oz
The definition of [ £] is complex and intricate (c.f. Section 8.6 and Section
8.10), but that seems unavoidable since [ £ ] gives a more precise description of

the universe of ZFC than all the axioms of ZFC together (c.f. Chapter 11 where
ZFC is modeled inside MT).

N ] if z is classical
1 ] otherwise



Chapter 2

Presentation of A\N in ZFC

2.1 Introduction

Chapter 2 presents AN inside the framework of set theory. Chapter 3 presents AN
as a programming language. Chapter 4 presents AN as a theory in its own right.
Chapter 8 and on generalize AN into full MT. The reader must have patience
until Chapter 8 concerning quantifiers and other issues where the power of MT
stand out. It is possible, however, to read Chapter 8 after Chapter 3.

2.2 Overloading

Conjunction in ZFC is denoted [ z A y ]. Conjunction in AN is also denoted
[z Ay ]. Here are some examples:

If{xz]and[y] are formulasof ZFC

then[z Ay ] is a formula of ZFC.

If[z]and[y] are terms of AN

then[z Ay ] is a term of AN.

Iffz]and[y] Dbelong to the term model of AN
then[x Ay ] belongs to the term model of AN.

Hence, [ x A y ] has at least three different meanings in this paper, depending
on context. In Chapter 2, however, matters are much simpler:

[xAy] is conjunction in ZFC
[xrVy] is disjunction in ZFC
[ -z ] is negation in ZFC
[x=y] isimplication in ZFC
[z < y] is biimplication in ZFC
[Vz: A] is universal quantification  in ZFC
[Jz: A] is existential quantification in ZFC
[xr€y] is membership in ZFC
[x=y] isequality in ZFC

21
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In general, all terms and formulas of this chapter are terms and formulas of
ZFC. All lemmas in this chapter are lemmas of ZFC.

2.3 Rigor

None of the lemmas in this chapter are proved. The lemmas are merely stated
for information. A formal consistency proof for AN and MT are outside the
scope of the present paper.

2.4 The syntax of AN

AN has a countable collection [ g, x1, 2, ... ] of variables. Let [ V ] denote the
syntax class of variables:

[V:Z=$0|Z’1 |.’E2 | ]
let [ 7 ] denote the syntax class of terms of AN. The definition of [ T ] reads:
[T ==V |N|XVT | T T |if(T,T.7) .

The definition is stated in Bachus Naur Form (BNF') [1].
We represent terms of AN by tuples in ZFC as follows:

[z = (0,4) ]
[N = (1) ]
[Az.y = (2,z,y) ]
[z’y = @3,z,y) ]
lif(z,y,2) = (4,7,9,2) |

The definition of the set [ V ] of variables of AN reads
[V={=z|i€cw}]

where is the set of finite von Neumann ordinals [9] of ZFC. In other words,
[ w]is the set of natural numbers.
The set [ T ] of terms is the smallest set that satisfies

[i€w = ;€T ]
[0=0 = NeT ]
[reVAyeT = MyeT ]
[reTAyeT = z’yeT ]
[2€TAYeTAzeT = if(x,y,2) €T ]

Let [ 2’y ] be left associative such that [ 2’y ’z ] means|[ (z’y) 2z ]. Let[z’y ]
have higher priority than [ Az.y ] such that [ Az.y’ 2 ] means [ Az.(y’z) ]. For a
complete list of priority and associativity rules see Appendix C.

BNF
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2.5 The intuitive meaning of terms

As mentioned in Section 1.3, @ denotes the ur-element.

Forall[z € V]and[ A € T], denotes the function that maps [ z ]
to[ A]. As an example,

[ Az.N ]
denotes the function that maps anything to[ N ]. As another example,
[Az.z ]

denotes the identity function.
If [ A ] denotes a function then denotes that function applied to [ B ].
As examples,

[ Az.z) N ] and [N] denote the same map and
[ Az.z)’(Ax.N) ] and [Az.N] denote the same map.

Finally, |if (A, B, C) |denotes the same map as[ B ]if[ A ] denotes the ur-element;
[if(A,B,C) ] denotes the same map as [ C ] if [ A ] denotes a function.

2.6 Some predicates and functions on terms

Let |free(z, A) | be a predicate of ZFC with the following property: For all

[z €eV]and[A € T ], [free(z,A) ] is true if and only if [ 2 ] occurs free in
[A]. Forall[i,j €w]andall[ A4 B,C € T ], the predicate satisfies:

[ free(zi, ;) & i=] ]
[ free(z;, ) & 0=1 ]
[free(;p“ )\:L'J ) S P#GA free(mi, .A) ]
[ free(z;, A’ B) & free(z;, A) V free(z;, B) ]
[ free(z;,if (A, B,C)) & free(x;, A) V free(x;, B) V free(z;,C) ]

A term of AN is closed if it has no free variables. Let denote the set of
closed terms.

For all[ A,B € T ]let denote that [ A ] and [ B ] are identical except
for renaming of bound variables.

Forall[z e V]andal[ A,BeT]let

[[(412:=B)|]

denote the result of replacing all free occurrences of [ z Jin[ A ] by [ B ] with re-
naming of bound variables in case of variable clashes. The precise procedure for

closed term
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renaming of bound variables is unimportant, but it will be assumed throughout
this paper that [ (A | z:=B) ] renames variables in some, definite way.
As examples of use,

[ {(Azo.xo’ x1 | T1:=20) ~ AT2.22 T |, and
[ (Azo.zo’ x1 | T1:=20) ~ Az7.27 0o |

are both true in ZFC.

2.7 The semantics of AN

The semantics of AN is based on a procedure which, given a closed term, decides
whether or not the term denotes the ur-element. The procedure is defined in
Section 2.8. The properties and use of the procedure are stated in the following.

When the procedure is applied to a closed term [ A ], then the procedure
either gives a result in finite time or the procedure never gives a result. If the
procedure never gives a result then [ 4] will be said to be undecidable. If the
procedure gives a result in finite time, then it either gives the result that [ A ]
denotes the ur-element or that [ A ] denotes some function. In the former case,
[ A]is said to be an ur-term and in the latter it is said to be a function term.

The procedure will be referred to as the trisection procedure because it di-
vides the terms of AN into three classes, namely the classes of ur-terms, function
terms, and undecidable terms, respectively.

Two closed terms [ A] and [ B] are said to be root equivalent, written
, if they belong to the same class. As an example, [ Azg.z¢ =~ Azgo.N ] is
true since [ Azg.zo ] and [ Azg.N ] both happen to be function terms.

The semantics of AN is defined by the relation on terms. If [ A]
and [ B ] are closed terms, then

[A=B&VCeT:C’AnC B

This is equivalent to one of the two common definitions of [ z = y ] in ZFC,
namely

[z=y&Vz(zezeoyez)]

There is also a definition of [ A = B ] which is equivalent to[ 2 =y & Vz: (2 €
z < z € y) |. That definition is stated in Section 2.11.
If[ A]or[ B]or both are not closed, then

[A=Be ... \Wwp. A= Ay ... Av,. B ]

undecidable
ur-term
function term
root equivalent
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where [ v1,...,v, | are the free variables of [ A ] and [ B ].

It is undecidable in general whether or not a term is undecidable. Therefore
the relations[ A ~ B ] and [ A = B ] are undecidable, and AN is an undecidable
theory.

2.8 The trisection procedure of AN

In short, the trisection procedure of AN is: Given a term, apply the reduction
rules

[N’ A 5 N ]
[ (Az.A)’B 5 (A|z=B) ]
[if(N, B,C) 5 B ]
[if(A\z.4,B,C) 5 ¢C ]

to the term until the term has one of the forms [ N] or [ Az.A ].

If the term ends having form [ N ], then the term is an ur-term. If the term
ends having form [ Az.A ] then the term is a function term. If the reduction
never ends, then the term is an undecidable term. If a term can be reduced in
more than one way, use “normal order” reduction [2].

A more elaborate definition of the trisection procedure is given in the fol-
lowing. The definition uses an auxiliary function [ R(A) ] from terms to terms
which performs zero or one reduction of [ A]. Let [ R ] be the function from
terms to terms given by:

[R(z:) = m ]
[R(N) = N ]
[R(A\z.A) = lz.A

[R(N’A) = N ]
[R((\z.A)’ B) = (A|z:=B) ]
[ R(f(\z.A, B, C)) - C ]
[R((A’B)’C) = RA’B)’C ]
[R(if(A,B,C)’ D) = TR(if(A4,B,C))’D ]
[RGf(A’B,D,E)) — if(R(A’B),D,& ]
[R(f(if(A,B,C),D,€)) = if(R(if(4,B,()),D,&) ]

trisection procedure
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A term is said to be in root normal form if it has one of the forms[ N Jor[ Az.A ].

The trisection procedure now reads: Given a term [ A ], compute [ R™(A) ] for

increasing [ n ] until [ R™(A) ] is in root normal form. If [ R™(A) ] is [ N ] then

[ A]is an ur-term. if[ R™(A) ] has form [ Az.A ] then[ A ]is a function term. If

[ R™(A) ] never becomes a root normal form then [ A ] is an undecidable term.
As an example,

[ if(if(N, )\.Z‘O..’Eo, N), N7 /\Z’l.xl) ]
is a function term:

[ if(if(N, Azo.zo, N), N, Azy.21)
if(/\xo..’ﬂo, N, )\55'1.:111) i)
)\:1:1.:1:1 ]

As another example, define

[ = ()\.730..’110 ’.730) ’()\.’L'()..'L'(] 7.’170) ]

[ L ]is an undecidable term.

2.9 Properties of [z = y]

The relation [ z = y ] has the following properties.

ZFC lemma 2.9.1 Forall[z € V] and all[ A,B,C,A,B,Ce T |:

[0=0 = A=A ]
[A=B = B=A ]
[A=BAB=C = A=C ]
[A=A = . A=) A ]
[A=AAB=B => A'B=A'B ]
[A=AAB=BAC=C = if(4,B,0)=if(4,B,C) ]
ZFC lemma 2.9.2 Forall[z € V]and all[ A4,B,C € T I:
[N’B = N ]
[(Az.A)’B = (A|z:=B) ]
[L’B = 1 ]
[if(N,B,C) = B ]
[if(Az.A,B,C) = C ]
[if(L,B,C) = 1 ]

ZFC lemma 2.9.3 If[ A, Ac T ]and [ A~ A] then[ A= A].

As mentioned in Section 2.1, this paper does not prove lemmas stated in Chapter
2. To prove the lemmas above, prove that the reduction system in Section 2.8
has the Church-Rosser property [2].

root normal form
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2.10 The universe of \N
For all closed terms [ A ] define by

[e(A) = {BeT|B=A}).
Define [ M ] as the set of equivalence classes of [ 7 | under [ = ]:
[ M={c(A)|AeT}]

One may think of [ M ] as the universe of AN. If [ A € T ] then [ ¢(A) ] is the
map denoted by [ A ].

[ M ] is the underlying set of the term model of AN. This paper does not
present the term model formally.

2.11 Extensionality

For all sets [ S ] let denote the set of tuples [ (s1, 82,...,8n) ] of elements
of [ S]. As a special case, the empty tuple belongs to [ S<¥ ] for any set
[S]

Forall[ A€ T Jand all[ B € T<% ], define such that

[A(By,...,B,)=A"By"---" B, ]

forall[n €ew]and all[ A, By,...,B, € T ]. As a special case,
[A”()=A]

The trisection procedure of AN has the following property:

ZFC lemma 2.11.1 Forall[ A,B€ T |,
[VCET:C’Am=C' B YCET<W:A”C~B”"C].

This property is analogous to extensionality of ZFC which reads
[Vzi(zezoyez)oVa(zexz o zey) .

The definition of [ A = B ] reads
[A=B & VCeT:C’A~C B].

hence, the lemma may be stated

ZFC lemma 2.11.2 (Extensionality) For all[ A,B € T ],

[A=B&VCET<w: A”C~B”C].
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2.12 Graphical representation of maps

To develop an intuitive understanding of what a map is, we introduce a graphical
representation of maps. The graphical representation is based on the following
facts:

e Any closed term is either an ur-term, an undecidable term, or a function
term.

e [ A=N]if and only if [ A ] is an ur-term.
e [ A= 1]if and only if [ A ] is an undecidable term.
e [A=B&VCeT<“: A" C ~ B”C ] (Extensionality).

Maps will be represented by trees whose nodes are labelled [N],[ L ], or [ A]
and whose edges are labelled by closed terms. The map denoted by a closed
term [ A ] is constructed thus: If [ A ] is an ur-term, then the map denoted by
[ A] is represented by a tree with a single node and no edges. The node is
labelled [ N ]:

[N]

Similarly, if [ A ] is an undecidable term, then the map denoted by [ A] is
represented thus:

If [ A]is a function term then the graphical representation of the map denoted
by [ A ] is constructed recursively as follows: Draw a node labelled [ A ]. This
node will be referred to as the root node of the graphical representation. For
each closed term [ B ], draw the graphical representation of the term [ A’ B ] and
connect it to the root node by an edge labelled by the term [ B ]. As an example,
the graphical representation of [ Az.N ] may be constructed thus. First, the root
node is drawn:

The term [ (Az.N)’ L ] is an ur-term (i.e. [ (Az.N)’ L = N ]), so a node labelled
[ N]is to be connected to the root node by an edge labelled [ L ]:

[ (Az.N)’N ] and [ (Az.N)’(A\z.z) | are also ur-terms:

root node
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LN \\z.z

There are infinitely many closed terms, so it is impossible to complete the draw-
ing. Nevertheless, the graphical representation may provide a useful mental
picture of [ Az.N ]:

The graphical representation of a function is infinitely “wide” in the sense that
infinitely many edges descend from the root. The graphical representation may
also be infinitely “deep” like the one for [ Az.x ]:

The graphical representation of maps of AN may be “countably wide” and
“countably deep”. The more general maps of MT may be “uncountably wide”
but are still “countably deep”.

2.13 Comparison with pure [ A ]-calculus

The literature contains a vast body of results on pure lambda calculus. For that
reason it is tempting to try to understand AN as a slight perturbation of pure
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lambda calculus and to try to carry results from pure lambda calculus to AN.
That is not possible, however. Most of the results on pure lambda calculus that
have ever been published are meaningless or irrelevant or trivial in AN. Section
2.13 compares pure lambda calculus and AN in order to give an idea of what
does carry over and what does not.

The notion of convertibility is central to the study of pure lambda calculus.
As an example, let

[A=gB]

denote that [ A] and [ B ] are[ § ]-convertible. The central notion of AN is the
equality relation [ A = B ]. The relation between convertibility and equality is:

ZFC lemma 2.13.1 If [ A,B € T ] then
[A=3B=>A=8B].

As an example of use, if one defines
[Y = A0 f (@ 2) (o f (2" 2)) ]

then it is well known from pure lambda calculus that
(£ ) =5 f]

and, hence, by Lemma 2.13.1
Y H=EY"f]

Hence, the existence of fixed points carries over from pure lambda calculus to
AN.

As an example of a result that does not carry over, consider the following;:
If two terms are [ 8 ]-convertible, then they [ 8 ]-reduce to a common term:

[A=B=3C:A—=35CAB—=5C]
The closest one can get to this result in AN is:
[A=B=3C:A=CAB=C]
which is trivial. A statement something like
[A=B=13c:A5 cABS ¢ tails.

As an example of two terms that are equal without being [ £ ]-convertible, con-
sider

[a =Y’ AfAzde.f ], and

[b=Y’AfAzAzAz.f ).
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The two terms satisfy
[a = Az Az.a ], and
[b= Az )z z.b].
Hence, the terms satisfy
[a = Az Az z.)\x.--- ], and
[b= Az Az Az Az.--- ].

The terms are equal by extensionality and one can prove [a = b ] in AN, but
the terms are not in any way convertible. As another example, a function [ f ]
that does shell-sort and a function [ g ] that does bubble-sort are equal in AN
even though they are not even remotely connected by any sort of convertibility.

To sum up the differences between pure [ A ]-calculus and AN one may say
that the central concept of pure[ A ]-calculus is convertibility whereas the central
concept of AN is equality. Convertibility implies equality but equality does not
imply convertibility. The ur-element also makes a difference, but the major
difference is that between convertibility and equality.

One could make AN look more like pure [ A ]-calculus by replacing equality
by some sort of convertibility, but then AN seems to loose the power that allows
it to generalize to a theory that can compete with ZFC.

One could also go the other way and try to port equality to pure [ A J-
calculus. That is indeed possible, but not necessarily very useful. Inspection
of the trisection procedure will show that if [ A ] is a pure lambda term then
[ R(A) ] is also a pure lambda term. If the trisection procedure is applied to a
closed, pure lambda term, then the procedure will either give a result in finite
time or never give a result. If the procedure gives a result in finite time, it will
invariably give the result that the term is a function term. Hence, the trisection
procedure degenerates to a bisection procedure on pure lambda terms. The
definition

[A=B&VCeT:C’A~C B]

defines an equivalence relation on closed, pure [ A ]-terms. The resulting theory,
call it [ AD ], is consistent in the sense that one can find two [ A J-terms [ A ]
and [ B ] for which [ A = B ] does not hold. As an example, [ Az.L = 1 ] does
not hold since the left hand side is a function term and the right hand side is
undecidable.

If one uses [ A() ] as a programming language, one will get a language in which
the only thing that distinguishes one program from the other is whether or not
it terminates for given input. It is rather cumbersome to get meaningful output
from such a program. As an example, consider a computable function [ f ]
which, given some input [ z ], is expected to loop indefinitely or answer “yes”
or “no” in finite time. To implement [ f ] in [ AD ] one will have to implement
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two functions, [ fyes | and [ fuo ] for which [ fyes ] terminates on input [ z ] if and
only if the answer is “yes” and similarly for [ f,, ]. One may then run the two
functions in parallel until one of them, if any, terminates.

No attempt has been reported on trying to base a theory of ZFC power on
[AD].

The discourse on comparing [ AN ] with pure lambda calculus ends here and
the presentation of [ AN ] continues.

2.14 Elementary axioms and inference rules

AN has 13 axiom schemes and inference rules. Nine of these will be referred to
as elementary aziom schemes or inference rules and the remaining ones will be
referred to as advanced inference rules. Chapter 4 presents the axiom schemes
and inference rules formally.

AN has three elementary axiom schemes about selection, three elementary
inference rules on equality, and three elementary axiom schemes about applica-
tion. The elementary axiom schemes about selection read:

[if(N, B,C) = B ]
[if\2.A,B,C) = C ]
[if(L,B,C) = 1 ]

where [z € V] and [ A,B,C € T ]. Chapter 1 used unary turnstyle [ z ] to
denote that [ z ] is provable. This paper will avoid unary turnstyle from now
on.

The elementary inference rules about equality read:

[A=B + A=C + B=C ]
[A=B F Az A= Xx.B ]
[A=B F CCA=C’B ]

Binary turnstyle [ ] denotes that if [ z ] is provable then [ y ] is provable.
As stated in Appendix C, [ z F y ] is right associative such that [z - y F 2]
means [z F (y F 2) ]. As an example, [ A =B+ A=CF B=C]says that if
[A=B]and[A=C] are provable then [ B=C ] is provable. In[zF y],[ z ]
and [ y ] will be referred to as premise and conclusion, respectively.

The elementary axiom schemes about application read

[ N’B = N ]
[C~(A|z=B) + (z.A)’'B = C ]
1’B = 1 ]

elementary rules
advanced rules
premise
conclusion
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[] states that if [ z ] is true then [y ] is provable. In[z k- y ], [z ]is a
side condition. Side conditions must be computable by machine; otherwise the
theories they occur in are non-axiomatic.

The elementary rules above correspond to the lemmas in Section 2.9.

The advanced rules will be referred to under the following names:

e Quartum Non Datur (QND)
¢ Extensionality

¢ Monotonicity

e Minimality

The inference rule of extensionality is presented in Section 7.1. It expresses
the extensionality property stated in Lemma 2.11.2. The lemmas of ZFC that
correspond to the other three advanced rules are stated in the following.

2.15 Quartum Non Datur (QND)

The trisection procedure of AN (c.f. Section 2.8) divides all closed terms of AN
into ur-terms, function terms, and undecidable terms. The trisection satisfies
the following lemma:

ZFC lemma 2.15.1 (QND) Forall[ A€ T J:
[ A]is an ur-term ifand only if [A=N]
[ A]is a function term ifandonlyif [A=Az. A’ 2]
[ A]is an undecidable term if andonlyif [A= 1]

The Quartum Non Datur (QND) inference of AN says that every map [ m ]
satisfies

[m=N]Jor[m=Axm’z]or[m= 1]

there is no fourth possibility. QND is counter-intuitionistic. QND is stated as
an inference rule in Section 6.1.

2.16 Ordering of maps

The inference rules of monotonicity and minimality express properties of a par-
tial order [ A < B ] on closed terms. That partial order is introduced in the
following.

For all[ A,B € T | define by

[A<iot B A LVARB].

side condition
Quartum Non Datur
QND
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ZFC lemma 2.16.1 For all[ A,B,C € T |:
[ -A Sroot A ]
[A <io0t BAB <100t A A B ]
[ A Sroot BAB Sroot C = -A Sroot ¢ ]
The partial order has a property which is similar to extensionality:

ZFC lemma 2.16.2 For all[ A,B€ T |

[VCET:C’ A <root C'B & VCET<¥: A7 C <yoot B”C .

For all[ A, B € T ] define by
[A=B&VCET<“: A" C <10t B”C ].

If[ A]or[ B]or both are not closed, then
[A=XB& Avy... \wp. A < Ay ... Av,.B ]

where [ v1,...,v, | are the free variables of [ A] and [ B ].
[ A = B ] defines a partial ordering of all terms:

ZFC lemma 2.16.3 For all[ A,B,C € T 1

[AZA ]
[A<XBAB=<ASA=B ]
[A<XBAB=<C=A=<C ]

The fundamental constructs of AN are monotonic with respect to[ A < B ]:
ZFC lemma 2.16.4 For all[z € V]and [ A,B,C,A,B,C e T |:

[A= .A . = Az.A= /\:U.A ]
[ASAANB<B = ABA'B ]
[ASAAB=BAC=C = if(A4A,B,C)Xif(4,B,C) ]

[ N]is maximal, [ Az.L ] is a bottom element among function terms, and [ L ]
is a bottom element among all terms with respect to[ A <X B ]:

ZFC lemma 2.16.5 If [z € V ],[ A € T ], and [ notfree(z; A) |:
[N=<A & N=A ]

[Adz.Ll <A & A=)z A’z ]
[L<A & 0=0 ]
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2.17 Monotonicity

The inference rule of monotonicity of AN expresses the following lemma:

ZFC lemma 2.17.1 (Monotonicity) For all terms[ A ],[B], and[C ],
[AXB=C"A<C’B].

The inference rule of monotonicity is stated in Section 7.9.

2.18 Minimality
Define
[[Y]=Ar.02.f (2 2)) Qa.f (2 2)) .

The following lemma follows from the lemmas of Section 2.9 (or the discussion
in Section 2.13):

ZFC lemma 2.18.1 If[ f € T | then
[ Y H=Y ]I

Hence, for all [ f € T ],[ Y’ f]is a solution to
[frz=z]

Solutions to [ f’x = x ] are known as fized points of [ f ], and [ Y ] is known as
the fized point operator.

An equation like [ f’z = x ] may have several solutions. Among these
solutions, [ Y’ f ] is minimal:

ZFC lemma 2.18.2 If[ f,z € T ] then
[frfe=z=Y"fLz].

The following generalization also holds:

ZFC lemma 2.18.3 (Minimality) If[ f,z € 7 | then
[flez=>Y"fLz]

The inference rule of minimality of AN expresses this lemma. The inference rule
of minimality is stated in Section 7.11.

fixed point
fixed point operator
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2.19 Continuity

AN has a continuity property. That property will not be stated as an axiom
since it does not carry over to MT. The continuity property is stated here in
Section 2.19 for completeness. The rest of Section 2.19 can be skipped without
loss of continuity (no pun intended).

For all sets[ S ] let @ denote the set of infinite sequences [ (sg, 51, S2, - - .) ]
of elements of [ S ]. Let | (s; | ¢ € w) | denote [ (sg, 51, 82,---) |-

A sequence [ (Bo, B, ...) € T¥ | is monotonic if

[Bo*Bi =By =---1.

It is possible to construct a Scott model [ Mg ] of AN which is complete in
the sense that any monotonic sequence [ B € M% | has a least upper bound
[] That least upper bound will be referred to as the suppremum of
[ B]. The term model is incomplete.

The Scott model satisfies the following continuity property for all[ A € Mg ]
and all monotonic [ (Bo, By, ...) € M¥% |:

[A'sup(B; |i €w) =sup({A’B; |i € w)].
The corresponding continuity property in models of MT reads
[A’sup(B;|i€ k) =sup(A’B;|i€ k)]

where[ k] is a cardinal greater than[ w ] ([ k ] is a regular cardinal greater than
some inaccessible cardinal [ ¢ ]). The latter continuity property is referred to as
[ & ]-continuity [3].

2.20 Greatest lower bounds

From now on,

of ¥
z

will be used as shorthand for

[if(,y,2) ].

Furthermore, let [ | y ] be defined by the following recursive definition:

=) i@ N, 1)
wiy—w{ if(y, L, zx’zly’2) |

monotonic
complete
suppremum
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A more pedantic, non-recursive, ZFC definition of [ z | y ] reads:

L if(y, N, L)
Min = /\m.)\x./\y.x{ iy, L, A\zm (2’ 2) (y° 2))

[zly=Y’Min’z’y ]
In any case, for all[ z,y € T |, [z | y ] satisfies

_ J if(y,N, 1)
x,l,yzx{ if(y, L, \z.x’2z]y’2) |

The construct has the following properties:
ZFC lemma 2.20.1 For all [ z,y,z € T ]:

(zly =<z ]
[zly =<y ]
[z2zAz=2y=>2=2zly ]

In other words: [ = | y ] is a greatest lower bound of [ z ] and [ y ]. If two terms
[u] and [ v ] are both greatest lower bounds of [ ] and [y ] then [u = v ].
Hence, the greatest lower bound of any two maps is unique up to equality of
maps.

A lemma of particular interest reads:

ZFC lemma 2.20.2 For all[ z,y € T |:
[zyez=xlyl

This allows to define [ z < y ] inside AN. Section 7.3 defines [ x < y ] as short-
hand for [ x = x | y ]. This is convenient since it allows to state the inference
rules of monotonicity and minimality inside the language of AN.
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Chapter 3

Programming in AN

3.1 Introduction

Chapter 3 presents AN as a programming language. The chapter has three aims.
First aim is to give a better understanding of what maps are and how they can
be used. Second aim is to show how to represent quantities like natural numbers
and truth values in AN. Third aim is to give a number of definitions within AN
which are going to be used in axioms, lemmas, and proofs in later chapters.

There exist tricks that allow computer implementations of AN to perform
input/output and to compete on efficiency with programming languages like C
and even assembler, but such coding tricks are outside the scope of the present
paper. In the present paper we shall merely consider AN as a programming
language from a theoretical point of view.

3.2 Overloading

Section 2.2 stated that in Chapter 2,[ A A B ] stood for conjunction in ZFC. In
this chapter, all terms are terms of AN. As an example, in this chapter,[ AAB ]
denotes conjunction in AN. [ A A B ] is defined in Section 3.6.

3.3 The syntax of AN

The syntax of variables [ V ] and terms [ 7 ] of AN reads:

[V o= z|yl|z]|--- ]

The definition of [ V ] says that [x ], [y ],[ 2z ] and so on are variables. If AN is
implemented on a computer one of course has to be replace “and so on” with
something more specific.

The definition of [ 7 ] says that if [ z ] is a variable and [ A],[ B ], and [ C ]
are terms, then [z ], [N ],[ Az.A],[ A’ B, and [ if (A4, B,C) ] are all terms.

39
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3.4 The definition of | L]
The definition of [ L ] reads

[L=(z2’ z) (A2’ 2) ]

3.5 Representation of truth values

Whenever a concept like truth values is going to be represented in AN, it is
convenient to introduce two representations. The two representations will be
referred to as the canonical representation and the liberal representation, re-
spectively. For truth values, the following canonical representation is chosen in
this paper:

[N] canonically represents truth and
[ Az.N] canonically represents falsehood

The following liberal representation is chosen in this paper:

the ur-element liberally represents truth and
any function liberally represents falsehood.

The two representations fit together in the sense that the canonical representa-
tion of truth is also a liberal representation of truth and similarly for falsehood.
In general, a canonical representation assigns exactly one map to each con-
cept whereas a liberal representation may assign one or more.
The following two definitions express the canonical representation:

[T = N 1 and
[F Az.N ]

For any pair of representations, one may define the retract of the pair as follows:
The retract is a function [ f(z) ]. If[2 ] is a map and if [ 2 ] is a liberal rep-
resentation of some concept, then [ f(z) ] must be the corresponding canonical
representation of the concept. If [ x ] is not the liberal representation of some
concept, then [ f(z) ] must equal [ L ] (the map [ L ] should never be used as the
representation of anything). A retract [ f ] must satisfy [ f(f(z)) = f(z) ] for
all maps [ ¢ ]. The retract of the representation of truth values will be named

[[~2z]] and may be defined thus:
[~z =if(z, T,F) |

One should always choose representations such that the retract is expressible in
the theory.

canonical representation
liberal representation
retract
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In the following, representation will mean “liberal representation” unless
otherwise noted. As an example, [ Az.N ] and [ Az.z ] both represent falsehood.
Only [ Az.N ] canonically represents falsehood.

In principle, the choice of representation of truth values is arbitrary. In prac-
tice, however, it turns out to be very convenient to let the ur-element represent
truth, c.f. Section 3.13 and Section 5.11.

3.6 Logical connectives

As in Section 2.20 define:

y ..
:c{ L= if(z,y, 2) |

The usual logical connectives may be defined thus:

) = {5070
E = o rn )
=nE AR
AN
e - {180

One may of course also define the logical connectives simpler:

[lzAy| = if(z,y,F) ]
[lzVy| = if(z,T,y) ]
[|z=y| = if(z,y,T) |
[lz&Ey| = y=>z ]

However, the more complicated definitions lead to nicer mathematical proper-
ties. As an example,

[tAy=yAx ] holds, whereas
[zAy=yAzxz ] Mfails.

[zAy =y Ax]is proved in Section 6.3. [t Ay=y Az ] failse.g. for[z = F ]
and[y=L11.

representation
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Logical negation is defined the obvious way:

[[-z]=if(z,F,T) |

Logical negation has some properties which resemble the properties of negation
in intuitionistic logic:

[z =z ] fails, whereas
[ o = ] holds.

[ —z =z ] fails e.g. for [ £ = Az.z ]. [ -——x = -z ] is proved in Section 6.4.
As proved in Section 6.4, the retract satisfies

[~x =z ]

The construct [ !z ] equals [ T ] if [ # ] represents a truth value and equals [ L ]
otherwise:

[[lz]=if(z, T, T) ]
As an example of use,

[zV-z = T] fails, whereas
[zV-z = !z] holds.

[zV-z =T ]failsfor[z=11]. [
The construct [ jx ] equals [ F
[ L ] otherwise:

[[iz] = if(a,F.F) |

As an example of use,

x V —x = lz ] is proved in Section 6.4.
] if [ ] represents a truth value and equals

[tA-xz = F] fails, whereas
[tA-z = jxz] holds.

[tA—-x=F]failsfor[z =L ). [2 Az =jz]is proved in Section 6.4.

3.7 Conclusion on truth values

Now truth values have been introduced in AN in the sense that
e a canonical and a liberal representation have been chosen,

e the canonical representation has been implemented through the definitions
of[T]and[F 1,

e the liberal representation has been implemented through the definition of
[~z ], and

o the most common operators like [~z ],[zAy],[zVy],[z = y], and
[ z < y ] have been defined.
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3.8 Recursive definitions

As in Section 2.18 define

[Y=A.Qz.f(z’2) Qz.f(z" z)) ]

As mentioned in Section 2.18, [ Y ] satisfies

(Y r=(00)]

Section 2.20 demonstrated how recursive definitions can be converted into non-
recursive definitions using[ Y ]. From now on, recursive definitions are permitted
in the AN programming language. One should consider recursive definitions as
shorthand for non-recursive definitions that involve [ Y ].

3.9 Representation of natural numbers

Section 3.9 presents a representation of the natural numbers. The canonical
representation of the natural number [ n ] is chosen to be:

[ Ay Ay.---Ay.N
—_——

n

Accordingly, the number [ 0 ] and the successor function [ zt ] is defined thus:
[[0]=N]]
]2 o]

The first few natural numbers are:

[1=0%]
[2=0%+]
[350+++]

[ 4 = Qt+++ ]
[ 5 = Qtt+++ ]

Next step is to choose a liberal representation. To do so, we first define the
predecessor function [ z~ ] as follows:

[[e=]=2"n].
As an example of use, [ 3~ =2

[37 = WAy Ay.N)’N = Ay yN=2].
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A map is said to represent a natural number liberally if repeated application
of the predecessor function eventually yields [ 0 ]. Hence, a map [ z ] liberally
represents a natural number if an only if [ N’z = T | where

= )\w.w{ TN’(;U*) ]

[ N ] is the characteristic function of the set [ N ] of natural numbers. Char-
acteristic functions offer a primitive way of representing sets until Chapter 9
presents something better.

If [ N’z = T] then [ 2 ] liberally represents the least natural number [ n ]
for which

T =0

==
The retract [ ~n ] of the representation reads

s o

3.10 Natural numbers versus truth values

In the representations stated so far, [ N ] represents both truth and [ 0] and
[ Az.N ] represents both falsehood and [1]. In practical programming, such
“overloading” is inconvenient in the long run. See [6] for a more convenient but
more complicated representation. The representations above, however, suffice
for the present paper.

3.11 Equality, addition, and multiplication

The construct [z = y
number and equals [ F
construct equals [ L ]

Jequals [ T]if [ 2] and [ y ] represent the same natural
if[ z ] and [ y ] represent different natural numbers. The
if[z]or[y] or both do not represent a natural number:

characteristic function
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The construct [ 4+ y ] equals the canonical representation of the sum of [ z ]
and [ y ] if both represent natural numbers and equal [ L ] otherwise:

SN ,y
(= +y)*

x—i—yim{

The construct [ x - y ] equals the canonical representation of the product of [ z ]
and [ y ] if both represent natural numbers and equal [ L ] otherwise:

. {N’y
T-y=cz ~ .
T -y+y

One may of course also define the arithmetic operations simpler:

y
T=y==x F
- Yy
“y‘””{ (z= ¥yt
X =X 0
Y T Ty+ty

However, like in Section 3.6 the more complicated definitions lead to nicer math-
ematical properties. As an example,

y + z ] holds, whereas

[z +y t
y + x ] fails.

[z +y

3.12 Conclusion on natural numbers
Now natural numbers have been introduced in AN in the sense that

e a canonical and a liberal representation have been chosen,

e the canonical representation has been implemented through the definitions
of[0]and [zt ],

e the liberal representation has been implemented through the definition of
[ ~N ], and

e the most common operators like [z~ |, [z =y ],[z+¥y ], and [ -y ] have
been defined.
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3.13 Readability of conditionals
The right hand side of
[z +y=if(z,y, (2= +9)*) ]
consists of a conditional whose condition is
[z]
and whose two cases are
[y]
and
[@=+y)* ]

Conditionals tend to be most readable if the simple case is stated before the
complicated one as is done above. As an example of that, an expression of form

[ lf(Cla Al:
if (Ca, A2,
if (Cs, As,

.if(cnfh Anfla
if (Cn, An, B)) -+ +)))

is easier to read than an expression of form

[ if(C,
if(Cy,
if (Cs,

(A
if(Cp, B, Ayp),
-An—l);

| A

The former statement has form [ if(C1, 41, Z) ] where [ A; ] is simple and [ Z ]
is complicated, which leads to high readability. The latter statement has form
[if(C1, Z,.A1) ] which leads to low readability.

The conditional

[if(z,y,2) ]
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tests whether [ z ] is the ur-element or a function. The conditional equals [ y ] if
[ z ] is the ur-element and equals [ z ] if [ = ] is a function. Therefore, [z ], [y ],
and [ z ] will be referred to as the “condition”, the “ur-case”, and the “function
case”, respectively.

In recursive definitions, the function case normally is more complicated than
the ur-case, and that is why the order

[ if (condition, ur-case, function case) ]

has been chosen for [ if(z,y, ) ]. From a mathematical point of view, the order
of arguments is irrelevant, but from a readability point of view, the order is
important.

In conditions, however, it is customary (and convenient) to put the true case
before the false case as in

[ if (condition, true case, false case) .

Hence, to obtain readability and stick to convention at the same time, it is
convenient to let the ur-term represent truth and to let functions represent
falsehood. Hence, there is at least one good reason why ur-terms are chosen to
represent truth and functions are chosen to represent falsehood. Another reason
is stated in Section 5.11.

3.14 Pairs and tuples

Pairs may be introduced thus:

[ = A\zif(z,2,9) ]
[ head(z) |=z’N ]
[ tail(z) | = x’/\x.N}

Reduction of [ head(z :: y) ] proceeds thus:

[ head(z::y) ~
(Az.if (z,z,y))°N 5
if(N, z,y) 5
z]

In conclusion,
[head(z ::y) =z ].
Likewise,

[tail(z::y) =y ]
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Tuples may be introduced thus:

[iN],and

H(ml,:cg,...,:cn)‘ixl:::cg::---::wn::N}.

Tuples satisfy the following:

[ head(()) = (]
[ tail(()) = (]
[head(<$17 7-:Un)) = 1 ]
[tail((z1,...,2n)) = (@2,-..,%n)]

Now define

[ n1(z) | = head(z) ],
[ n2(z) | = head(tail(z)) ], and

[[75(2) | = head(tail (tail(z))) |

Tuples satisfy the following:
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Chapter 4

Presentation of AN

4.1 Introduction

Chapter 4 presents AN as an axiomatic theory. The reader is assumed to have
an intuitive understanding of what a map is from Chapter 2 and Chapter 3,
so inference rules and axiom schemes are stated with little or no explanation.
Rather, focus will be on proof techniques within AN.

AN is a subtheory of full MT, and all proof techniques presented in Chapter
4 carry over to MT.

Chapter 4 also presents the meta-language in which axiomatic theories are
presented in this paper.

4.2 Overloading

Section 2.2 stated that in Chapter 2,[ A A B ] stood for conjunction in ZFC. In
this chapter, all terms and formulas (i.e. well-formed formulas) are terms and
formulas, respectively, of AN unless otherwise noted. As an example, in this
chapter, [ A A B ] denotes conjunction in AN. [ A A B ] was defined in Section
3.6.

4.3 The syntax of AN
Let [ ], [ ], and [ ] denote the syntax classes of variables, terms, and

formulas, respectively, of AN. The statement

et v 75|

states that [V ], [ T ], and [ F ] are syntax classes. All formulas that are en-
closed in square brackets and decorated with an asterisk are intended to be
rigorous to the degree where they make sense to a mechanical proof checker. In

49
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contrast, [ syntaxclass W ] does not introduce [ W ] as a syntax class because of
the missing asterisk.
The statement

MES A3

says that [z ], [ v ], and [ 2 ] belong to the syntax class [ V ]. In other words,
the statement classifies [z ], [y ], and [ z ] as variables of AN. Variables of AN
will be referred to as concrete variables as opposed to metavariables that are
introduced in Section 4.7. The statement

[Vi=uvw]

adds [u], [v], and [w ] to the syntax class [V ]. There is no limit on the
number of variables.
The syntax class [ T ] of terms reads:

[T == ViN; AT T T3t (T, T, T) T

The definitions says: Every variable is a term; [ N ] is a term; if [ = ] is a variable
and [y ] is a term then [ Ax.y ] is a term and so on.
The syntax class [ F ] of formulas reads:

[Fa=T=TT7.

4.4 Relation to MT

The terms of MT form a superset of the terms of AN in that MT has two more
fundamental constructs. Those two constructs will be added to [ F ] in Chapter
9. Otherwise, the syntax of AN and MT is the same.

The inference rules and axiom schemes of MT form a superset of the inference
rules and axiom schemes of AN in that MT has eight more axiom schemes (c.f.
Section 2.14).

In consequence, all terms of AN are also terms of MT, all formulas of AN are
also formulas of MT, and all theorems of AN are also theorems of MT.

4.5 Definitions
As in Section 3.4, the definition of [ L ] reads
[L=\zz'z)' ONez’z) ]

A definition like the one above indicates that [ L ] is shorthand for [ (Az.z’ z)’
(Az.z’z) ]. In theorems and proofs, one has to replace all occurrences of [ L ]
by [ (Az.z’ z) ’(Az.z’ z) ] before checking the correctness of the proof.

concrete variable
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In mechanical proof checkers it may be more efficient to treat definitions as
new axioms, but the convention that definitions introduce shorthand notation
suffice for the present paper.

The definitions in Chapter 3 of [x Ay ], [ £+ v ], and so on are in effect here
in Chapter 4.

4.6 Axiomatic systems

From now on, the word rule will be used as a common name for axiom schemes
and inference rules. Until further, we shall use [ ] to denote the collection
of rules of AN. From Chapter 9, [ Map ] will be extended to cover MT. In any
case, [ Map ] is an axiomatic system:

[ ‘ Axiomatic system ‘Map ]*

[ Map ] is shorthand for [ Ry;---; R, ] where [ Ry;---; R, ] are the rules that
are stated in the following.

4.7 Metaquantifiers

The rule
[(B,CeT)if(N,B,C) =B]
states that [ if (N, B,C) ] equals [ B] for all terms [ B ] and [ C ]. In general, the

metaquantifier [W] states that [ z ] holds whenever [ x ] belongs to the

syntax class[ y ]. [ {u,v€w)z ] is shorthand for [ (u€w){vew)z | and [ (u€v; z€y)
z ] is shorthand for [ (u€v){xz€y)z ]. The construct [ (x€y)z | temporarily clas-
sifies [ £ ] as a metavariable regardless of what meaning [ 2 ] has outside the
scope of the metaquantifier. As an example,

[ (z€V; A, B,CeT)if(\a.A,B,C) =C ]

temporarily classifies [ x ] as a metavariable that can denote any concrete vari-
able. Outside the scope of the metaquantifier, [ z ] denotes a specific, concrete
variable.

4.8 Labels
[ Ty ] means the same as [ y ] but also introduces [ x ] as shorthand for [ y ].
Hence, as an example,

[ IENL: (B, CeT)if(N, B,C) = B ]
introduces [ IfNil ] is shorthand for [ (B,CeT)if(N,B,C) = B ].

rule
metaquantifier
metavariable
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4.9 Elementary rules about selection

As mentioned in Section 2.14, the elementary rules about selection read:

[ Map rule

IENil: (B,CET) if(N,B,C) = B ;
IfLambda: (zeV;A,B,CeT) if(Az.A,B,C) = C ;
IfBottom: (B,C€eT) if(L,B,C) = 1L T

[] states that the rules listed in [ y ] are rules of [  ]. The rules are

separated by semicolons. The statement above says that [ Map ] is shorthand for
[(B,CeTL(N,B,C) = B; (zeV; A, B,CeT)if(Az.A,B,C) = C;(B,CeT)if(L,B,
C) = L;---] where the dots [ - - - ] denote the remaining rules stated throughout
the rest of this paper.

4.10 Elementary rules about equality

The elementary rules about equality read:

[ Map rule
Trans: (A,B,C€T) A=B +F A=C + B=C ;
SubLambda: {(z€V;A,BeT) A=B + Xz A=Xz.B ;
SubApply: (A,B,CeT) A=B + CA=C’B T

[ ] states that if there exists a proof of [ ] then there exists a proof of [ y ].
[zt y]is right associative so that [z F y F 2z ] means [z F (yF2)]. [z F y ]
A

has higher priority than [ (z€y)z ] so that e.g. [ (A, BETYA =B+ B = A]
means [ (A, BETYA=BFB=A)].
4.11 Elementary rules about application

The elementary rules about application read:

[ Map rule
ApplyNil: (BET) N’B=N ;
ApplyLambda: (zeV; A,B,CeT)C~(A | z:=B)}+ (\.A)’B=C ;
ApplyBottom: (B€eT) 1’B=1 T

If[ ] is a computable term and [ y ] is a formula, then [] means that
[y]is provable if [z ] is true. In [z ¥ y ], [ 2 ] will be referred to as a side
condition.

As mentioned in Section 2.6, [] is true if [z ] and [y ] are Godel-
numbers of terms that are equal except for naming of bound variables (for
some, suitable Godel-numbering). As an example,

[ [Ay-Az.y] =~ [Av. w] ]

side condition
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is true where [ [A] ] denotes the Godel-number of [ A 1. [ (x| y:=2) ] also
operates on Gdédel-numbers.

In addition to the elementary rules, AN has four advanced rules. They will
be stated in Section 6.1, Section 7.1, Section 7.9, and Section 7.11.

In addition to the rules of AN, MT has eight more rules. They will be stated
in Section 9.4 and Section 9.5. Until further, [ Map ] denotes the collection of
rules of AN. From Chapter 9, [ Map ] will denote MT.

4.12 Lemmas of AN

The following is an example of a lemma of AN:
[ Map lemma L4.12.155: A\y.Az.y = dv.  w.v |

A lemma has exactly the same form as a rule except that “rule” is replaced by

“lemma”. In [ ], [ v ]is a list of statements separated by semicolons

which are claimed to be provable in the axiomatic system [ 2 ]. The lemma
above claims that [ Ay.A\z.y = lv. Aw.v ] is provable in [ Map ] and introduces
[ L4.12.1] as shorthand for [ Ay.Az.y = Av.Aw.v ]. In the lemma above, the
list of statements that are claimed to be true merely contains one statement.
Therefore, the list contains no semicolons.

[] has the same meaning as [ z: z ]. The subscript should be ignored

by mechanical proof checkers. In lemmas like the one above, the subscript
indicates the page number on which the proof of the lemma can be found.

4.13 Argumentations

The following is an example of an argumentation:

[L1: ApplyLambda > Aua)’(AyAzy) = My dzy
L2: ApplyLambda > Auw)’ My Azy) = wdwo
L3: Trans> LI>L2> Ay.Az.y = W ww T*

The argumentation has three proof lines. Line [ L1 ] uses [ ApplyLambda ] to
conclude [ (Au.u) ’(Ay.Az.y) = Ay.Az.y ]. Line [ L2 ] uses the same rule to con-
clude[ (Au.u) ’(Ay.Az.y) = Av. w.v | (recall that ApplyLambda allows renaming
of bound variables). Line [ L3 ] uses [ Trans ] to conclude [ Ay.\z.y = Av. \w.v ]
from Line [ L1] and Line[ L2].

The argumentation proves [ Ay.Az.y = Av.Aw.v ] within [ Map ]. If an argu-
mentation [ A ] proves a statement [ S | within an axiomatic theory [ Z ] then
[ S ] will be referred to as the conclusion of [ A ] within[ Z ] and will be denoted

[ AlZ } [ A/ Z ] equals the special constant [ ] if[ A ] contains a flaw.

argumentation
proof line
conclusion
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The operations [ 2>y ], [ EEX] ], [[#:9]]; and[[z:y]] allow to build up

argumentations.

If[ u ] does not have one of the forms[ > y |,[ 2>y ], [ #;y ], or[ 2:y ], then
[u/Z ] equals [ u]if [ u] belongs to the list [ Z ] of rules and equals [ Failure ]
otherwise.

[ :y ] means the same as [ y ] except that it introduces [ = ] as shorthand
for the conclusion of [y ]. Hence, locally in the proof, [ L1] is shorthand for
[ Quw)’ Ay Az.y) = Ay Az.y ]. [L2] and [ L3 ] are defined similarly.

[ (z;y)/Z ] equals [y/ 2" ] where [ Z']is[ Z ] extended with the conclusion
of [ ]. More precisely, [ (z;y)/Z ] equals [ Failure ] if [ 2/ Z ] equals [ Failure ].
Otherwise, [ (z;y)/Z ] equals [ y/(Z;(z/2)) ].

4.14 Instantiation

[z > y] states that [y ] is an instance of [z ]. [ (z > y)/Z | equals [y/Z ]
if [y/Z ] is an instance of [ x/Z | and satisfies all side conditions in [ z/Z ].
Otherwise, [ (z > y)/Z ] equals [ Failure ].

The instantiation operator [ z > y ] has lower priority than [z F y ] and
[zt y]sothateg. [z y > z] means[ (z F y) > z ]. Here is an example:

[C~(A|z:=B) I (Az.A)’ B=C > (Au.u)’(A\y.Az.y) = Ww.Aw.v ]

instantiates [z Jto[u ,[ AJto[u ], [ B]to[ Ay.Az.y ], and [ C ] to [ Av. w.v ].
This instantiates the side condition to

[ [Av.  w.o] ~ ([u] | [u]l:=[Ay-Az.y]) ]-

The side condition evaluates to [ T ] which makes the side condition disappear.
Hence, the instantiation succeeds and yields

[ Au.u)’(Ay.Az.y) = wdw.o .

4.15 Application of rules to premises

[z >y ] applies a rule to a premise yielding a conclusion: Suppose [ z/Z ] has
form [ A F B] (possibly prepended with metaquantifiers and side conditions).
Suppose [ y/Z ] has form [ A’ ] (possibly prepended with metaquantifiers and
side conditions). If[ A ]and[ A’ ] can be unified, then [ (z>y)/Z ] equals the re-
sult of applying the unification to[ B ] (prepended with suitable metaquantifiers
and side conditions). [ z > y ] never evaluates side conditions.

[z >y ] is left associative so that [z >y >z I means[ (zD>y)>2]. [zD>y ]
has lower priority than [z F y ] and [z I+ y ] so that e.g. [z F y > 2z ] means
[(xFy)>2z]. When [z >y ]is applied to two rules[ z ] and [ y ], the result is
either a new rule or the value [ Failure ]. Here is an example:

[(AB,CETMA=BF A=CFB=CD> (M2.2)’(A\z.\y.z) = Az y.z |
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unifies [ A ] with [ (Az.2) ’(Az.A\y.z) ] and [ B ] with [ Az.\y.z ], which yields the
rule

[{CeTY(Nz.2) Az y.x) =C+ Az y.x =C ).
Line [ L3 ] in Section 4.13 reads:
[L3: Trans > L1 > L2 > Ay.Az.y = Av.  \w.v ].

After replacing [ Trans |, [ L1 ], and [ L2 ] with their definitions and performing
the unifications and instantiations, the conclusion of Line [ L3 ] reads

[ Ay Az.y = v dwo .

4.16 Proofs in AN

The following is an example of a proof in AN:

[ The Map proof of 1.4.12.1 reads
L1: ApplyLambda > Auwaw)’(MyAzy) = My ey
L2: ApplyLambda > M)’y Azy) = wwoe
L3: Trans>LI>L2> Ay.Az.y = v ww T*

H A Z proof of x reads y ‘ ] states that [ y ] proves[ z ] within the axiomatic sys-

tem [ Z . In other words, [ A Z proof of x reads y ] states that [ z ] equals [ y/
Z ]| and that [ y/Z ] differs from [ Failure ].

4.17 Relative correctness

In AN, there are no axioms and inference rules that define the behavior of
[z Fyl, [z > y], and so on. Rather,[z F y], [z > vy ], and so on are
fundamental constructs of a meta-language for stating axioms and inference
rules. These fundamental constructs can be implemented in any programming
language yielding a program that can distinguish a mathematically correct text
from an incorrect one.

A mathematical text will be said to be absolutely correct if every lemma in
the text has a correct proof. Absolutely correct texts are rare because most
texts leave out large, trivial proofs.

A mathematical text will be said to be relatively correct if every lemma in
the text either has a correct proof or no proof. The present text aims at relative
correctness. In a relatively correct text, any lemma can be used in any proof,
even lemmas for which no proof is given.

proof
absolutely correct
relatively correct
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Chapter 5

Proof techniques of AN

5.1 Equality
The following meta-lemmas state that [ x = y ] is an equivalence relation:

[ Map lemma

Reflexivity;: (A€T) A=A ;
Commutativitysg: (A,BeT) A=B F B=A ;
Transitivityg: (A,B,CeT) A=B + B=C + A=C T

[ Reflexivity ] is a meta-lemma rather than a concrete lemma because it contains
a meta-quantifier. In general, lemmas that contain the constructs [ (z€y)z ],
[zFy],or[ x F y] are meta-lemmas. The meta-proof of [ Reflexivity ] reads:

[ The Map proof of Reflexivity reads

L1: IfNil > if(N,AN) = A ;
L2: TNl > if(N, AN = A ;
L3: Trans> LIDL2> A=A 1*

The proof has two identical lines, so it may be stated one line shorter.

There are two different ways to treat meta-proofs like the one above. The
first approach is to regard the meta-proof as a proof procedure which takes a
term [ A ] as input and produces a proof of [ A = A ] as output. With this
approach, a mechanical proof checker will have to execute the proof procedure
each time [ Reflexivity ] is used in another proof. The second approach is to
program the proof checker such that it checks the meta-proof once and for all.
For some of the meta-proofs stated later on, only the first of the two approaches
is possible.

The next proof contains a [ ]

meta-lemma
concrete lemma
meta-proof
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[ The Map proof of Commutativity reads
L1l: Premise > A=B ;
L2: Reflexivity > A=A ;
L3: Trans>LID>L2>»> B=A T

[ Commutativity ] says that if [ A ] and [ B ] are terms and if there exists a proof
of [ A = B ], then there also exists a proof of [ B = A ]. The meta-proof above
indicates how to construct such a proof of [ B = A ] given a proof of [ A = B ]:
Replace[ A ] and [ B ] by the actual terms, and replace line 1 of the meta-proof
by the given proof of [ A = B ].

There are two different ways to treat meta-proofs with premises. The first
approach is to regard the meta-proof as a proof procedure which takes a proof
of [ A = B ] as input and produces a proof of [ B = A ] as output. With this a
approach, [ Premise ] declares a parameter of the proof procedure. The second
approach is to program the proof checker such that it checks all of the proof
except the premises. With this approach, a mechanical proof checker merely
has to check the proof of [ Commutativity ] once.

[ The Map proof of Transitivity reads
L1: Premise >
L2: Premise >
L3: Commutativity > L1 >

A
B
B
L4: Trans>L3p>L2 > A

(T [ {1
aOx O

5.2 Side conditions

The following lemma has a side condition:
[ Map lemma Renamesg: (A, BET)A~ B+ A=BT1

[ The Map proof of Rename reads

L1: ApplyLambda >> Mx)’ A=A
L2: ApplyLambda > (Mx)’A=B
L3: Trans>L1>L2> A=B T*

Mechanical proof checkers are unable to check proofs of lemmas that contain side
conditions. Rather, one is forced to regard the proof above as a proof procedure
which is expected to generate a proof of [ A = B ] whenever[ A ~ B ]. Whenever
a mechanical proof checker meets a proof line of form [ Rename > X = ) ] it
should first evaluate [ X ~ ) ] and reject the proof line if [ X ~ ) ] fails. After
that it should replace [ A ] and [ B ] in the proof of [ Rename by [ X Jand [ Y ],
respectively, and insert the result in place of [ Rename > X = ) ]. Finally, the
proof checker should check these new proof lines in the given context.

5.3 Repetition

The following peculiar metatheorem turns out to be handy:
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[ Map lemma Repetition;g: A = BF A=BT

[ The Map proof of Repetition reads
L1: Premise > A=B ;
L2: Commutativity>L1> B=A4 ;
L3: Commutativity>L2> A=B T

The metatheorem allows to repeat a previous proof line, which may enhance
the readability of a proof.

5.4 Algebraic blocks

Proofs of form[ A= A1 F A1 = Ak - F A, 1 = Ay - Ag = A, ] are very
common. For that reason, the construct

[a: Block > Begin
bp: Algebra > Ao
bi: Ri> A

bn: Rp> A,
:  Block > End ]
is introduced as shorthand for
[ bo: Reflexivity > Ao=A0
bi: Transitivity > bg > R1 > Ao = Ay ;
a:c:by:  Transitivity > b, 1 DR, > Ag=A, ]

For [i=1,...,n ], unification requires [ R; ] to conclude [ A;—1 = A; ].
Proof lines inside an algebraic block contain terms whereas lines outside
algebraic blocks contain formulas. Algebraic blocks cannot contain other blocks.

5.5 Substitution

Let HRep(A,B,C,D) H be defined such that [ Rep(A,B,C,D) ] is true iff [ D ]
arises from [ C ] by replacing [ A] by [B] or [B] by [ A] zero, one or more
times. As an example,

[ Rep([2-3],[6],[2-3+9],[6+9]) ]

is true. The following lemma allows substitution of equals:

[ Map lemma
Replace: Rep(A, A, B, B)+ A= A+-B=8 ;
Replace’;o3: Rep(A, A, B,B) ARep(A, A,C,C) i
A=ArB=CHB=C T
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It is easy to prove [ Replace’ ] on basis of [ Replace ].

[ Replace ] follows by structural induction from the lemmas below. More
precisely, [ Replace ] is a meta-lemma whose proof procedure constructs a proof
of [ B=C] by recursion on the structure of [ B] and [ C ].

This paper does not introduce a notation for proofs that require structural
inductions. Therefore, [ Replace ] has no formal proof in this paper, c.f. the
notes on relative correctness in Section 4.17. The auxiliary lemmas for the
structural induction read:

[ Map lemma
L5.5.1123: (a,a€T)a=at Az.a=)\z.a ;
L5.5.2123: (a, a,b, l_)ET>aEQI‘bEb|‘ a’b=a’b ;
L5.5.3124: (a,a,b,b,c,ceTra=atb=btc=c+ if(a,b,c)=if(a,b,c) '

5.6 Parameterized lemmas

When a meta-lemma, is used in a proof, one may use the procedure of unifica-
tion to deduce what the meta-variables in premises and conclusions stand for,
but unification cannot deduce what meta-variables in side conditions stand for.
Hence, if a meta-variable merely occurs in a side condition, then that variable
has to be instantiated explicitly each time the lemma is used in a proof. Such
variables will be referred to a parameters of the lemma. The following is an
example of a parameterized lemma:

[ Map lemma L5.6.1(z, C)go: (A, A,B,BETYA ~ (A | 2:=C) AB ~ (B | z:=C) F
A=BFA=BT

[ The Map proof of L5.6.1(z,C) reads

L1: Premise > A=B ;
L2: Block > Begin ;
L3: Algebra > A ;
L4: Commutativity > ApplyLambda > (M. A)°C
L5: Replacer> L1 > (M.B)’C
L6: ApplyLambda > B :
L7: Block > End T

The proof above illustrates three things:

First, the proof is parameterized by [ 2 ] and [ C ]. Each time [ L5.6.1(z,C) ]
is used in a proof, a mechanical proof checker needs to know what[ z ] and[C ]
stand for in order to expand the proof above.

Second, Line [ L4 ] shows how it is possible to combine [ Commutativity ]
with [ ApplyLambda ] to show [ A = (Az.A4)’C]. In Line [L4 ], unification
forces [ ApplyLambda ] to verify [ (Az..4)’C = A |.

parameters
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Third, the proof illustrates that a proof can stop inside an algebraic block.
When expanding the algebraic block as specified in Section 5.4, Line [ L7 ] dis-
appears and Line [ L6 ] becomes [ A = B ], so [ A = B | becomes the conclusion
of the proof as required.

Now let

[(Al20:= B[ 20 = Ba)]]

be shorthand for
[ (- (A z1:=B1) - | zn:=By) |
The following lemma illustrates a use of [ L5.6.1(z,C) |:

[Map l.emma L5.6.2(.’L‘1,Cl,$2,CQ,$3,C3)61:A ~ (.A | I1 : Cl l.’L’g = C2 | I3 =
C3)/\B’Z<B|SE1 ::Cl|$2 IZCQ|IL‘3 :C3)H‘AEBF.AEB]*

[ The Map proof of L5.6.2(x1,Cy,x2,C2, x3,C3) reads
L1: Premise > A=B ;
L2: L5.6.1(x1,Cq) > L1 > (A|z1:=C1) = (B|z1:=C1) ;
L3: L5.6.1($2,62) >L2 > (A|a:1::01|a:2::62) = <B|Z’1::Cl|$21262) ;
L4: L5.6.1(23,C) > L3> A=B I
5.7 Instantiation

If{ A= B]is aformula, if [ 21,...,2, ] are variables, if [ Cy,...C,, ] are terms,
and if

[A~(A|z1:=C1| |2 :=Cn)] and
(B (B2 :=Ci || 2 :=Cn) ]

then [ A = B ] will be said to be an instance of [ A = B ]. Let

—

Instance(A, B, A, B) ]

denote that [ A = B | is an instance of [ A = B ].
[ Map lemma Instantiation: Instance(A, B, A,B)+ A= B+ A=BT

A proof procedure for [ Instantiation ] must extract [ 21,C1,...,2n,Cpn ] from
[A],[B]1,[A], and [ B] and then apply [ L5.6.1 ] repeatedly. The proof pro-
cedure will not be stated in this paper.

instance
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5.8 Reduction

Section 2.8 introduced a reduction system with four reduction rules. In this
section we consider a reduction system with two more rules:

[N’B 5 N ]
[ (\z.A)’B 5 (A|2=B) ]
[L1'B 5 1 ]
[if(N, B,C) 5 B ]
[if(\e.4,B,C) 5 ¢ ]
[if(L,B,C) 5 1 ]

Section 2.8 considered normal order reduction. In contrast, this section considers
arbitrary reduction.
Let H Reduction(A, B) H be true iff [ A ] and [ B ] reduce to terms that are

identical except for naming of bound variables in the reduction system above.

[ Map lemma Reduction: Reduction(A4,B) + A= B 1"

[ Reduction ] Follows from [ Reflexivity ], [ Commutativity ], [ Transitivity ] and
[ Replace ]. No formal proof procedure will be stated.

Note that the side condition in Reduction is not decidable. If decidability
is required, one has e.g. to put an upper bound on the number of reductions
needed to reach a common term. Lack of decidability may cause a mechanical
proof checker to loop indefinitely when applied to an incorrect proof.

5.9 Pairs

As an example of use of Reduction, recall the following definitions from Section
3.14:

[ = \z.if(z,2,y) ]*,
[ head(z) |=z’N ]*, and
[ tail(z) |= z’ Ax.N ]*

In[ A :: B] it is understood that [ z ] in the definition of [ :: ] denotes some
variable that is not free in [ A ] and [ B]. The main lemmas about pairs read:

[ Map lemma
Headgs: head(z ::y)
Tailgz:  tail(z :: y)

e
<@
=t
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Reduction of [ head(z :: y) ] proceeds thus:

[ head(z::y) ~
(Azif(z,2,9))’N 5
if (N, z,y) 5
x ]

The first step above is not a reduction step; it is just a repetition of the same
term written in two ways. The term[ x ] is irreducible, so the reduction sequence
for [ z ] merely contains the term [ z ] itself. Hence, [ head(z :: y) ] and [ z ]
reduce to the common term [ 2 ]. This allows to prove [ Head ] by reduction:

[ The Map proof of Head reads
L1: Reduction>>» head(z::y)=z T

The treatment of [ Tail ] is similar:

[ The Map proof of Tail reads
L1: Reduction>> tail(z::y)=y T

Note that[ z ] and [ y ]in [ Head ] are concrete variables. Applications of [ Head ]
typically have the form [ Instantiation > Head ] where Instantiation allows to
replace [ z ] and [ y ] with arbitrary terms.
The definition
[z::y = Azif(z,2,9) "

means that [ A :: B] is shorthand for [ \C.if(C, A, B) ] where [ C ] is chosen in
some, deterministic way such that [ C ] is not free in [ A] and [ B]. A general
proof of [ head(A : : B) = A ] cannot assume that [ head(A :: B) ] is shorthand
for [ Az.if(z, A, B) ].

5.10 The fixed point operator [ Y |
Recall the following definition from Section 3.8:

[[Y]2 A0 2) O f (2 ) |.
[ Map lemma FixedPointgs: Y’ f = f(Y’ f) T*

[ The Map proof of FixedPoint reads
L1: Reduction> Y’f=f(Y'f) T

A reduction sequence of [ Y’ f ] reads:
[ Y'f
AfQz.f(z’ 7)) (A2 f (2 7)) |

Az.f(z’x))’ (Ae.f ' (x " x))
[((Az.f(z’z) (A2 f (2 2)))

AR



64 Map theory with classical maps © 2001 Klaus Grue

A reduction sequence of [ f’(Y’ f) ] reads:

[ FY)) ~
PO f (@7 2) O f (27 2)) f) %
F(Oz.f (@’ 7)) . f (2 2))) ]

This verifies that [ Y’ f ] and [ f’(Y’ f) | reduce to a common term.

5.11 Terms that represent formulas

Whenever a term [ A ] occurs in a position where a formula is expected, [ A ]
is shorthand for [ 4 = T ]. As an example, if a lemma reads[ 2+ 3 = 5], then
that lemma states that [ (2+3=5)=T |:

[ Map lemma L5.11.14:2+3 =57

[ The Map proof of L.5.11.1 reads
L1: Reduction>>» 2+3=5 T

The lemma says[ (2+ 3 =5) =T ] and Line [ L1 ] says the same.

Statements about terms being true are frequent, so it is convenient to have
a simple convention like the one above for stating that a term is true.

As mentioned in Section 3.5 it is convenient to let the ur-element represent
truth and let functions represent falsehood. One benefit of this choice is that
truth merely has one representation so that the convention above makes sense.
If truth had more than one representation, one would need a more complicated
convention than the one above. Another benefit of letting the ur-element rep-
resent truth was stated in Section 3.13.



Chapter 6

Quartum Non Datur

(QND)

6.1 Presentation of QND

As mentioned in Section 2.15, the Quartum Non Datur (QND) inference of AN
says that every map [ C ] satisfies

[C=N]or[C=AyLC’y]or[C=1]

there is no fourth possibility. Another formulation reads: Every map [ C ] satis-
fies

[C=N]Jor[C=AC]or[C= 1]
where
[AC = Az y.z’y)’C .

The latter formulation is the most convenient one to formalize because it allows
[ C ] to be a term with arbitrary free variables:

[ Map rule QND: (A, B,CETYA’'N=B’NF A’AC=B’AC+ A’ L=B"1+F
A'C=BCT

Here is an example of use:

[ Map lemma L6.1.1¢¢: =~z = —z T*

Quartum Non Datur
QND
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[ The Map proof of L6.1.1 reads

L1: Reduction > (Az.——=z) N = (Az.—~z) N
L2: Reduction > (Az.~——z)’ Az = (\z.—z)’ Az
L3: Reduction > (Az.~——z)’ L = (A\z.~z)’ L
L4: QNDp>Ll>L2>L3 > A.—~—zx)’ 2z = (A\e—z)
L5: Transitivity

> L4 > ApplyLambda > (Az.———z)’ 2 = -2 ;
L6: Trans

> ApplyLambda > L5 > -2’z = -z T*

b
?

6.2 QND applied to a variable

The following version of [ QND ] turns out to be handy:

[ Map lemma Q(z)124: (A, BET)(Az.A)’N = (Az.B) N+ (Az.A)’ Az = (Az.B)’
Azk (OzA) L=(\zB) LFA=BT

The proof resembles that of [L6.1.1]. [ Q(z) ] allows to state the proof of
[ L6.1.1] a bit shorter:

[ The Map proof number 2 of 1.6.1.1 reads

L1: Reduction > (Ax.~—==z)’N = (Az.—z) N ;

L2: Reduction > (Az.m——zx)’ Az = (Az.—z) Az

L3: Reduction > Ae.—~——z)’ L= (Az—x)’ L ;

L4: Qz)plipl2pl3>» ——z=-w T*
Now define

[ = Reduction ]*.

This definition allows to give a rather short proof of [ L6.1.1 :

[ The Map proof number 3 of L6.1.1 reads
Ll: Q@)P>R>PRB>R>» -——ax=-z [

The parameter [ z ] was included in [ Q(z) ] in order to allow terse proofs like
the one-liner above. A mechanical proof checker is able to construct the three
premises of [ Q(z) ] from the conclusion and this parameter. When the premises
are given explicitly like in the four line proof above, the parameter serves no
purpose.

6.3 Two levels of QND

The following lemma illustrates that [ QND ] can be used in two levels:

[ Map lemma L6.3.1g7:z Ay =y Az ]*
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[ The Map proof of L6.3.1 reads

a: R> (Ay.(Az.zAy) N N = (Ay.(Az.yAz) N N
b R> (My.(Az.zAy) NYAy = (Ay.(Az.yAz) N)Ay
e R> (My.(Az.zAy) NY L = (Ay.(Az.yAz) N L
d R> M. (Az.zAy)Az) N = (Ay.(Az.yAz)Az)’ N ;
e R> M- (Az.zAy)Az)Ay = Qy-(AzyAz)Az)Ay
f: R> M. (Az.zAy)Az) L = (Ay.(AzyAz)Az) L
g R> My.-Qz.zAy) L)Y N = (OQw.(AzsyAz) L) N
h: R> My-Qz.zAy) LYAy = OQw.-QzyAz) LAy
i R> My-(Az.zAy) L)Y L = (Ay.(Az. y/\x)’ 1y L
Jj: Qy)>adb>ce>  (Az.zAy)’ N = (A\z.yAz)’ N ;
kE: Qy)pdoexf> (Az.xAy)Az = (Az. y/\:z:)’A:z: ;
I Qly)>gbh>i>» (Az.aAy) L = (Azynz) L ;
m: Q(z)>jk>Il>  zAy =yAzx T*

A shorter version reads:

[ The Map proof number 2 of L6.3.1 reads
Ll: QW)>R>R>R> Mz Ay)’N = (QzyAz)’N ;
L2: QW)>PRB>R>R> MxAy)’Az = (AzyAz)’ Az
L3: QW)>PRB>PRD>R> MzxzAy)’L = (QoyAz)’ L
L4: Q) LipLl2pL3> =zAy = yAz T

The proof may also be stated as a one-liner:

[ The Map proof number 3 of L6.3.1 reads
Ll: Q@) > Q) >Qy>Ql) > zAy=yAz T

where

[Qu) =Qu)>PR>R>RT.
The definition

[ Qu,v) = Q(u) > Q(v) > Qv) > Q(v) |
allows to state the proof even shorter:

[ The Map proof number 4 of L6.3.1 reads Q(z,y) > zAy=yAz]*

6.4 Tautologies

Let [ A = B] be a formula whose free variables are exactly [ 21, ...

logical instance of [ A = B ] is a formula

[(A'Zl :=Cl|"'|zn::Cn)E<B|21 ::Cl|---|zn:=Cn)]

) Zn 1
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where each [ C; ] is one of the terms [N ], [Az; ], or [ L]. As can be seen,
[ A = B] has exactly [ 3" ] logical instances. Repeated application of the QND



68 Map theory with classical maps © 2001 Klaus Grue

inference gives the following result: If all logical instances of a formula[ A = B ]
are provable then [ A = B ] itself is provable.

A formula[ A = B ] is a simple tautology if each logical instance is provable
by [ R ]. Hence, all simple tautologies are provable. [ Q(z) ] and [ Q(z,y) ] are
special cases of this result which allow to prove simple tautologies with one and
two free variables, respectively. Some examples of simple tautologies read:

[zAz =Rz [zVz=rz]
[tAy=yAz] [tVy=yVz]
[(@AY)Az=zA(yA2)] [(@VYy)Vz=zV(yV2)]
[z Az =iz ] [zV -z =2]
[~(@Ay)=-zV-y] [~(@Vy)=-zA-y]

[~ =z ] [ 2 = o]

[ AT =~ ]

A formula [ A = B ] is a tautology if it is an instance of a simple tautology. The
simple tautologies form a proper subset of the tautologies. As an example,

[~ =y)=-(z=y)]

is a tautology but not a simple tautology. Let [ Tautology(z) ] denote that
[ 2 ] is a tautology. The following lemma will be stated without proof:

[ Map lemma, Logic: {A, BeT)Tautology(A=B)+- A=B T

6.5 Non-monotonic implication

Equality of AN is non-monotonic in the sense that a map [ f ] would be non-
monotonic if it satisfied [ f’2’y = T] if and only if [z = y]. To see this,
notethat [ L = 1L ],so[ f’L L =T]. If[ f] were monotonic, then [ T = f’
1’1 < f’x’y] which implies [ f’x’y = T ] for all [z ] and [ y ]. Hence, no
monotonic function [ f ] can satisfy [ f’z’y =T ] if and only if [z =y ].

Consequently, no map [ f ] satisfies [ f’2’y = T ] if and only if [z = y ]
since all maps are monotonic (c.f. Section 2.17).

Put another way, there are things that formulas can express which terms
cannot express. Among other, the non-monotonicity of equality allows to ex-
press an implication concept [ x — y ] that is more powerful than [z = y ].
[x = y]is aterm, so it is monotonic in [ x ] and [y ].

For all terms [ A ] and for all formulas[ S ], define by the following

convention:
[A— (B=C)]is shorthand for [AAB=AAC].
Let [ A = B ] have higher priority than [ A — S ] so that
[A— B=C]isshorthand for [ A — (B=C) ].

simple tautology
tautology
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Furthermore, let [ A — S ] be right associative so that
[A— B — S]isshorthand for[ A — (B — S) ].

As stated in Section 5.11, if a term [ B ] occurs in a position where a formula, is
expected then [ B ] is shorthand for[ B =T ]. Hence, if[ A ] and [ B ] are terms,
then

[ A— B]is shorthand for[ A - B=T].

Informally, if [ A], [ B], and [ C ] are terms, then [ A — B = C ] expresses “if
[A=T]then [ B=C]". To see this informally (or in the framework of ZFC),
consider the following three cases:

1. f[A=T]holds and [ B=C] holds, then[ A A B
[A— B=C]holds.

2. If[A=T]holdsand [ B=C] fails, then [ AAB=BZC=AAC]s0
[A— B=C]fails.

3. If[ A =T ] fails then [ A ] is either [ L ] or a function. In the former case,
[AAB=_L]and[ AAC= L]. In the latter case,[ A A B =F] and
[AAC=F]. In both cases,[ A AB=AAC] holds.

B=C=AAC]so

Due to the right associativity of [ =+ ], [ A1 — --- = A, — B = C ] expresses
“Uf[ Ay,---,An ] are all true then[ B=C 7.

6.6 Modus Ponens

The theorem of Modus Ponens reads:
[ Map lemma ModusPonensgg: (A, BETYA+FA—-B=C-B=CT
To save space, [ Rev ] is introduced as shorthand for [ Commutativity ]:

[ = Commutativity ]*

[ The Map proof of ModusPonens reads

L1: Premise > A ;
L2: Premise > A—=B=C ;
L3: Repetition > L1 > A=T ;
L4: Repetition > L2 > AAB=AAC ;
L5: Repetition > L4 > if(A, B,F) =if(A,C,F) ;
L6: Block > Begin ;
L7: Algebra > B ;
L8 Rev > IfNil > if (T, B, F) ;
L9: Rev > (Replace > L3) > if(A, B, F) ;
L10: Repetition > L5 > if(A,C,F) ;
L11: Replacer> L3 > if(T,C,F) ;
L12: TNil > C :
]

L13: Block > End
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In Line [L1] above, the term [ 4] occurs in a position where a formula is
expected, so Line [ L1 ] is shorthand for [ A = T ]. To enhance the readability of
the proof, Line [ L1 ] is repeated in Line [ L3 ], but this time the line is written
out. Likewise, Line [ L2 ] is shorthand for the formula in Line [ L4 ] which in
turn is shorthand for the formula in Line [ L5]. A mechanical proof checker
would see Line [ L1 ] and Line [ L3 ] as identical after elimination of shorthand
notation and similarly for Line [ L2 ],[ L4 ], and [ L5 ].

Line [L3 ], [ L4 ], and [ L5 ] are superfluous in principle, but may enhance
the readability of the proof.

Note that

[AFA—>BFB]

is a special case of [ ModusPonens ]. It is the special case where [C Jis[ T ].

6.7 Logical consequences

The following definition may enhance the readability of proofs:

[ = ModusPonens > y > x ]*

As an example of use, consider the following:
[ Map lemma L6.7.170: (z,yeT)z Ay ~yF z T*

[ The Map proof of L6.7.1 reads

Ll: Premise > TNy
L2: Premise > Y ;
L3: LogicLID>L2> =z T

In Line [ L3 ], unification forces [ Logic ] to verify
[zAy =y =]

which happens to be a tautology.

If[ A —»--- > A, - B=C]is a tautology then [ B = C ] will be said to
follow logically from [ Ay, ..., A, ]. As shown above, [ Logic ] allows to conclude
[B=C]from[ Ay,..., A, ]if the former follows logically from the latter.

6.8 Deduction

The deduction theorem of classical mathematics more or less says that if [ A -
B] then [A = B]. The corresponding theorem of AN (and MT) more or
less says that if [ A F S ] then [ A4 — §]. Or, written out in more detail, if

follow logically
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[A=TFB=C]then[ A — B =C]. This section illustrates the notation that
will be used when deduction is used in proofs.

[ Map lemma CommuteHyp,,:{A,B,CETYA—->B—-C+FB—-A—-CT

[ The Map proof of CommuteHyp reads

L1: Premise > A=-B—=C ;
L2: Block > Begin ;
L3: Hypothesis > B ;
L4: Block > Begin ;
L5: Hypothesis > A ;
L6: L1>L5> B—>C
L7: L6>L3 > C ;
L8: Block > End ;
L9: Repetition > L7 > A—=C ;
L10: Block > End ;

L11: Repetition>l9> B-o>A->C T

In the proof,[ B = T ]is a deduction hypothesis; it is assumed from Line 2 to 10.
The deduction hypothesis [ A = T ] is assumed from Line 4 to 8. The premise
[ A— B — C]is assumed throughout the proof and is unrelated to deduction.

The proof above is shorthand for a formal proof that merely uses the premise
[A— B — C]of[ CommuteHyp ] and the axioms and inferences of AN. Section
6.11 describes how to transform shorthand proofs into formal proofs.

The transformation defined in Section 6.11 will be referred to as shorthand
elimination. Shorthand elimination applied to the proof above produces a proof
with the following skeleton:

[ The Map proof of CommuteHyp reads

L1: Premise > A= B—=C ;
L3: ---> B—B ;
L5: ---> B—oA—> A ;
L6: ---> BoA—->B->C ;
L7: ---> B—>A—-C ;
L9: Repetition>L7> B—o>A—>C ;
L11: Repetition>1L9> B—-A4—-C ]

Shorthand elimination deletes lines that say “Block Begin” and “Block End”.
Furthermore, shorthand elimination prepends each remaining proof line with

shorthand elimination
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all deduction hypotheses that are in effect at the given line. Finally, shorthand
elimination adds extra proof lines and expands metatheorems like Repetition.
To save space, Repetition is not expanded in the skeleton above.

The skeleton above shows why the use of Repetition in Line 9 and 11 are
legal.

6.9 A false deduction proof

Like in classical logic, the deduction theorem of AN imposes a restriction on
the use of some of the inferences: In each proof line, the deduction theorem
forbids use of SubLambda and Extensionality on a variable that is free in any
hypothesis that is in effect in the given proof line. As an example, the following
false proof of [ Ax.x = Az.T ] illustrates abuse of deduction:

[ Map lemma FalseLemma: Az.z = Az.T ]

[ The Map proof of FalseLemma reads

L1: Block > Begin ;
L2: Hypothesis > T ;
L3: Repetition > L2 > x=T ;
L4: SubLambda > L3 > Az.x = Az.T ERROR! ;
L5: Block > End ;

L6: Repetition > L4 > T = Ar.x = AT ;
L7: Instantiation>L6> T — Az.z = Az.T ;

L8: Reflexivity > T=T ;
L9: Repetition > L8 > T ;
L10: L7>L9 > Az.x = Az T ]

Line 4 is in error because
1. [ ] occurs free in the hypothesis in Line 2,
2. the hypothesis in Line 2 is in effect in Line 4, and

3. SubLambda(3) in Line 4 is used on [ z ].

In classical logic, the deduction theorem merely puts a restriction on one of
the inference rules. The deduction theorem of AN puts a restriction on both
[ SubLambda ] and [ Extensionality ]. If it is desirable that the deduction the-
orem of AN merely puts a restriction on one of the inference rules rather than
two, then one has to reformulate [ Extensionality ].

6.10 Lemmas for shorthand elimination

Shorthand elimination as described in Section 6.11 makes use of two lemmas
which will be referred to as [ Ded:Hyp ] and [ Ded:Import ]. In addition, short-
hand elimination makes use of one lemma for each inference rule of AN. The
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lemmas that correspond to [ Trans ], [ SubLambda ], [ SubApply ], and [ QND ]
will be referred to as [ Ded:Trans ], [ Ded:SubLambda ], [ Ded:SubApply ], and
[ Ded:QND ], respectively. The lemmas read:

[ Map lemma
Ded:Hyp;o,: (HETYH - H ;
Ded:Import;o,: (A,B,HETYA=BFH > A=B ;
Ded:Transa4: (A,B,C,HeT)

H—->A=B
H—-A=C
H—-B=C
Ded:SubLambday2s: (A, B, HeT)—free(z, H)
H—-A=B
H— Az. A= Az.B ;
Ded:SubApplys: (A,B,C,HET)
H—-A=B
H—-C'A=C'B ;
Ded:QND) y4: (A,B,HET)
H—->A'N=B’N
H—A'AC=B’AC
H—-AL=B"1
H—-AC=8B'C

T T

T T F -

— T T T

The lemmas that correspond to the remaining inferences of AN are stated in
Section 7.1, Section 7.9, and Section 7.11, respectively.

6.11 Shorthand elimination

Proofs that do use deduction are shorthand for proofs that do not. The following
procedure specifies how to translate shorthand proofs into pure formal proofs.
The procedure will be referred to as shorthand elimination.

The procedure given in the following is simple but the number of proof lines
it produces is exponential in the number of nested blocks. For actual use with
mechanical proof checkers one has to modify the procedure slightly in order to
reduce the number of produced lines.

Shorthand elimination is a recursive procedure. Given a shorthand proof,
shorthand elimination does as follows:

Step 1

Expand all shorthand notation (algebraic blocks, defined concepts, lemmas, and
so one) except deduction blocks. The resulting proof uses nothing but axioms,
inference rules, and deduction blocks. If the resulting proof has no deductions
blocks, stop. Otherwise, proceed with Step 2.

shorthand elimination
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Step 2

Identify the last occurrence of “Block End” and the matching occurrence of
“Block Begin”. Apply shorthand elimination to the lines before “Block Begin”
(eliminating deduction blocks in this area). Then apply shorthand elimination
to the lines between “Block Begin” and “Block End” (eliminating deduction
blocks in this area). The resulting proof uses axioms and inference rules and
contains exactly one deduction block.

Step 3
The remaining deduction block has form
[a: Block > Begin ;
bo: Hypothesis > A ;
bi: Z1> Bi=C; 3
c:  Block > End ]

Within the block, do the following and then proceed with Step 1: Delete line[ a ]
and [ ¢]. Prepend [ A — ] to the lines [ bg,...,b, ].- Replace [ Hypothesis | by
[ Ded:Hyp ]. In[ Z; ], replace references[ z ] to proof lines outside the deduction
block with [ Ded:Import >z ]. In[ Z; ], replace references [ z ] to axiom schemes
with [ Ded:Import > 2z ]. In[ Z; ], replace references to [ Trans ] by [ Ded:Trans ]
and similarly for the other inference rules.

6.12 References in and out of blocks

Shorthand elimination converts the following shorthand proof into a correct,
formal proof. The example illustrates references in and out of blocks.

[ Map lemma 16.12.174: (A, B,C,DeTYA—-B—-C—>D—>CT

[ The Map proof of 1.6.12.1 reads
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L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8:
L9:
L10:
L11:
L12:
L13:
L14:
L15:

Block >
Hypothesis >
Block >
Hypothesis >
Repetition > L2 >
Block >

Block >

Block >
Hypothesis >
Block >
Hypothesis >
Repetition > L5 >
Block >

Block >

Begin
C
Begin
D
C
End
End
Begin
A
Begin
B

75

C—->D-—>C ;

End
End

Repetition>L12> A —->B—->C—->D—->C ]

6.13 Proofs that end inside a block

A proof may end inside a block:

[ Map lemma InsideBlockrs: (A, BETYA — B — A"

[ The Map proof of InsideBlock reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:

Block >
Hypothesis >
Block >
Hypothesis >
Repetition > L2 >
Block >

Block >

Begin
A
Begin
B
A
End
End

Shorthand elimination will transform the proof above into one in which Line 5
is the last line. After shorthand elimination, Line 5 will read [ A =& B — A 1.
Hence, the proof proves InsideBlock.

6.14 Blocks with several hypotheses

Until further, each hypothesis has occurred as the first line of a block. From now
on, whenever a hypothesis occurs in any other position, then it is understood
that there is a block that starts right before the hypothesis and ends at the
end of the smallest enclosing block. If there is no enclosing block, then the
understood block ends at the end of the proof. With these conventions, the
proof of InsideBlock can be stated the following two ways:

[ The Map proof number 2 of InsideBlock reads
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L1: Block > Begin
L2: Hypothesis > A ;
L3: Hypothesis > B ;
L4: Repetition> L2 > A ;
L5: Block > End T
[ The Map proof number 3 of InsideBlock reads

L1: Hypothesis > A

L2: Hypothesis > B ;

L3: Repetition>L1>» A T

6.15 Blocks with no hypotheses

Blocks with no hypotheses have no effect except that they delimit the scope of
local definitions (c.f. Section A.3) made within them.

6.16 QND again

The following lemma follows immediately from [ Q ].

[ Map lemma Q’(z)126: (A, A', A", A", B,B',B",B"€T)
A~ (A|z:=T)AB =~ (B|z:=T) A

A" ~ (A | z:=Az) AN B" ~ (B | z:=Az) A

A" ~ (A | z:i=L) ANB" ~ (B | z:=1) I
A=BFA" =B A" =B" - A= B

6.17 Tertium Non Datur (TND)

The following theorem expresses Tertium Non Datur: If [ 4] is a truth value,
then[ A > B=C]and [ ~A — B =C ] together imply [ B=C ].

[ Map lemma TNDys4: (A, B,CENMAFA - B=CF-A—-B=C+-B=CT

6.18 Indirect proofs
The following theorems justify the method of indirect proof:
[ Map lemma

Indirectior: (AeT)IAF-A—-FF A ;
Indirect’yo7: (A, BETMA - BF-B—>-A+A—-B T
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6.19 Classical deduction

The deduction theorem of classical logic more or less says that if [ A - B ] then
[ A= B]. That theorem does not hold in AN since [ A ] or [ B ] or both may
equal [ L ]. However, [ CDeduction ] combined with the deduction theorem of
AN allows to prove formulas of form [ A = B] (i.e. formulas of form [ (4 =
B) = T ]). [ Deduction” ] and [ Introlff ] present two further kinds of deduction.

[ Map lemma
CDeductionar: (A, BETYAFIBFA—-BFA=B ;
Deduction”125: (A, BET)AFA>BFA=SB ;
Introlff;g: (A,BETMAFB+FA-SBFBsAFAS B T

6.20 Anti-lemmas and anti-proofs

Like any other axiomatic theory, AN and MT have a number of rules. In addi-
tion, AN and MT have an anti-rule which reads:

[ Map anti rule Contradiction: L = T J*

[ L =T ]is an anti-rule in the sense that AN and MT are considered inconsistent
if the anti-rule turns out to be provable from the rules.

A statement [ R ] is an anti-lemma, written [ ], if the formula has an
anti-proof. An anti-proof of a statement [ R ] is a proof of [ R + Z | where[ Z ]
denotes the anti-rule.

In AN and MT, an anti-proof of [ R ] is a proof of [ R F L ]. Note that in
[RF L], the term [ L ] occurs in a position where a formula is expected, so
[ L ]is shorthand for [ L = T ] which is the anti-rule. Hence, in AN and MT, an
anti-proof of a statement [ R ] is a proof of [ R - L = T ]. Here is an example:

[ Map anti lemma 1.6.20.177: 2 +2=5T"

[ The Map proof of 1.6.20.1 reads

L1: Premise > 2+2=5 ;
L2: Block > Begin ;
L3: Algebra > L ;
L4: Reduction > if(2+2=5,T,1) ;
L5: Replace > L1 > if(5=5,T, 1) ;
L6: Reduction > T ;
L7: Block > End ;
L8: Repetition>L6> L T*

The formula[ 2+x = 5 ] is also an anti-lemma because [ 2+x = 5 ] is disprovable
for at least one [ z :

anti-rule
anti-lemma
anti-proof
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[ Map anti lemma 16.20.275:2 +xz =5 1"

[ The Map proof of 1.6.20.2 reads

L1: Premise > 24x=5 ;
L2: Instantiation>L1> 242=5 ;
L3: L6.20.1>L2> L T*

Anti-lemmas are convenient in connection with mechanical proof assistants.
Working mathematicians typically state many conjectures and succeed to prove
some of them. Invariably, working mathematicians state conjectures that turn
out to fail. If the mathematician deletes wrong conjectures, then the mathe-
matician or the mechanical proof assistant may repeat the failure and proclaim
the same false conjecture later on. Hence, it may be more convenient to keep
false conjectures in the form of anti-lemmas. In other words, the anti-lemma
formalism above is a formalism that allows to learn from failure.



Chapter 7

Further advanced rules

7.1 Extensionality
Recall Lemma, 2.11.2: For all [ A,B € T |,
[A=BoVXeT<“: A" X ~B” X ].

It is non-trivial to formulate this as an inference rule. To formulate extension-
ality, first note that

[A=B=>VXeT<Y: A" X = B” X ]

follows from [ Replace ]. Hence, the inference of extensionality merely has to
express

[VXET<W: A" X ~B"X => A=B].
The following turns out to be a reasonable formulation:

[ Map rule Extensionality: (u,veV; A, B, C€T )notfree(u,v; A, B,C)
AU =~B u)FAuwv=A(Cvv)FBuvwv=B(C"u’v)F
Au=Bul

The side condition of [ Extensionality ] requires [« ] and [v ] to be distinct

variables that are not free in[ A],[ B ], and [ C]. In general, if [ 21,...,Zm ]
are variables and [ Ay, ..., A4, ] are terms, then

Hnotfree(rcl,...,xm;Al,---;An) H

states that the variables are distinct and that none of the variables occurs free
in any of the terms.

To see how [ Extensionality ] works, suppose [ A ], [ B ], and [ C ] satisfy the
side conditions and premises of [ Extensionality ], and suppose[ u ],[ v1 ], [ v2 ],

79
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and [ vz ] are distinct variables that are not freein[ A ],[ B ], and [ C ]. Define
[uo],[u1],[u2], and [ us ] thus:

[ o = w ]
[ w1 = Clup’vr ]
[ up = C'ui’vy ]
[ ug = C'ux’vs ]

According to the three premises, the following holds:

[

raaraaeer

I
w
N—r
— NI

Hence, the premises infer
[~(A’u’ v ve ' v3) = =(B u’ v va v3) |.
In general, the premises infer

[

for all[ n > 0], which entails

(Au’ vy’ vp) =B u’vy 7 vy) ]

Q

[Au=B"u]

by Lemma 2.11.2. This is what [ Extensionality ] says.

7.2 Extensionality and deduction

Shorthand elimination depends on one lemma per inference rule. For Exten-
sionality, the lemma reads:

[ Map lemma Ded:Extensionality, 3,: notfree(u, v; A, B,C, H) i+
H—o A uw)==(B u) -

HoAwv=A(C’u’v)

H—-Buwv=B(C’u’v)

H—oAu=B'ul"
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7.3 Greatest lower bounds
As in Section 2.20 define

- ) if(y,N, 1)
zly —x{ if(y, L,dzx’ 2y’ 2)

[z | y ] denotes the greatest lower bound of [z ] and [y ]. [z | y ] allows to
define [ < y ] thus:
[z<y=z=zly].
The definition above defines [ z < y ] as shorthand for the formula [z = = |
y ]. The definition of [z < y ] above allows to state the inference rules of
[ Monotonicity ] and [ Minimality ] in Section 7.9 and Section 7.11, respectively.
In this paper, [ Extensionality | is merely used to prove four lemmas. One
of the lemmas is [ Ded:Extensionality ] which was stated in Section 7.2 to allow
use of [ Extensionality ] inside deduction blocks. The other three lemmas read:

[ Map lemma
L7.3.1128: r=x J, T 3
L7.3.2130: T J, y=yvy i, T ]
L733130: zdwld2)=@ly)dz T

The three lemmas above allow to prove that [ z < y ] is a partial order and to
prove a few more lemmas above [ z <y ].

7.4 Partial ordering
The following lemma states that [ z <y ] is a partial order (p.o.).

[ Map lemma
L7.41g1: (A€T) A< A ;
L7.4.2g5: (A, B€ET) ASBFBLAFA=B ;
L7.4.3g5: <A,B,C€T> A<LXBEFBLCFA=XC ]*

The lemmas follow directly from L.7.3.1, 1.7.3.2, and L7.3.3:

[ The Map proof of L.7.4.1 reads
L1: Instantiation>L7.3.1> A=Al A ;
L2: Repetition > L1 > A< A T*
partial order
p.o.
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[ The Map proof of L.7.4.2 reads

L7: Instantiation > L7.3.3 > (AlB)lcC
L8: Rev > (Replace > L1) > AlC
L9: Block > End T*

L1: Premise > A=<B ;
L2: Premise > B<A ;
L3: Block > Begin ;
L4: Algebra > A ;
L5: Repetition > L1 > AlB ;
L6: Instantiation > 1.7.3.2 > BlA ;
L7: Commutativity > L2 > B ;
L8: Block > End T
[ The Map proof of 1.7.4.3 reads
L1: Premise > A=<B ;
L2: Premise > B<C ;
L3: Block > Begin ;
L4: Algebra > A ;
L5: Repetition > L1 > Al B ;
L6: Replacer> L2 > Al BlC) ;

7.5 Monotonicity of abstraction

Later on, Monotonicity states that application [’y ] is monotonic. That ab-
straction is monotonic does not depend on Monotonicity; it merely depends on
the definition of [ z < y ] and rules that are already stated:

[ Map lemma L7.5.1y33: (z€V; A, BET)A X BF Az. A L \z.B "

7.6 Some minimal and maximal elements

The following lemma states that, with respect to [x =< y ], [ T ] is a maximal
element, [ L ] is the unique bottom element, and [ Az.L ] is the unique bottom
element among functions.

[ Map lemma

L7.6.1133: <./4€T>J_ <A ;
L7.6.2133: <A€T>.A <1l+FA=1 ;
L7.6.3133: (AETTAFA=T ;
L7.6.4133: (zeV; AeT)notfree(z, A) - dz. L <A+ A=d. A’z ;
L7.6.5133: (zeV; AeT)notfree(z, A) - A= . A’ zF Iz L <A T

[ L7.6.3 ] allows to prove a new form for Modus Ponens:

[ Map lemma MP’y33: (A, BET)A+A<LBF BT
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7.7 Greatest lower bounds again

The following lemma states that [ = | y ] actually is the greatest lower bound of
[z ] and [y ] with respect to[z <y [:

[ Map lemma
L7.7.1134: <A,B€T>A JB<A ;
L7.7.2134: <A,B€T>A BB ;
L7.7.3134: <A,B,C€T>A <XB;AXCFA<XBlC T

7.8 Order and implication

Let [ 7z ] be given by

m)=af 1|

[7z]equals[ T ]if [z Jequals[ T ] and [ 7z ] equals [ L ] otherwise. The follow-
ing theorem states some properties that relate order and implication:

[ Map lemma

L7.8.1134: <A,B€T>A - BF?24<78B H
L7.8.2134: <A,B€T>A -+ BF?A<B ;
L7.8.3135: <A,B€T)?A < "BFA—-B ;
L7.8.4135Z <A,B€T>A — B, -A—--BF=xA = ~B N
L7.8.6135: <A,B€T>%.A < ~BF-A— B )
L7.8.7135: <A,B,C€T>A—)BﬁCI_.A/~\Bj.A/~\C 3

7.9 Monotonicity

[ Monotonicity ] expresses Lemma 2.17.1:
[ Map rule Monotonicity: (4, B,CETYAXBFC’A=<C'B*

The following generalization of Monotonicity states that all constructs of AN
are monotonic:

[ Map lemma Mono: (A, A, B, Be T)Rep(A, A, B,B) - A< AFB=<BT

No formal proof of [ Mono ] will be given. [ Mono ] follows by structural induc-
tion in [ B ] from the lemmas below.

[ Map lemma
L7.9.1137: <b€T> b j b 3
L7.9.2137: (z€V;a,acT) a=<alt x.a<)z.a :
L7.9.3137: (a,a,b,beT) a<al b=<blFa’b=a’b ;
L7-9-4137: <a; a, b: b; ¢, Q€T> aj@ - bjb - ng - if(a7 b; C) jlf(ga I_)J Q) ]*



84 Map theory with classical maps © 2001 Klaus Grue

7.10 Monotonicity and deduction

Shorthand elimination depends on one meta-theorem per inference rule. For
Monotonicity, the meta-theorem reads:

[ Map lemma Ded:Monotonicity,s;: {a,b,c, h€eT)h - a <bFh—c’a<c’b]"

7.11 Minimality

[ Minimality ] expresses Lemma, 2.18.3:

[ Map rule Minimality: (a,b€T)a’b b+ Y’a <b]"

7.12 Minimality and deduction

Shorthand elimination depends on one metatheorem per inference rule. For
[ Minimality ], the metatheorem reads:

[ Map lemma Ded:Minimality,sg: (a,b, R€T)h = a’b b+ h—=>Y’a <b]*

7.13 Peano induction

In AN and MT, induction theorems are proved using Minimality. As an example
of that [ Peano ] below states the principle of Peano induction.

It is possible to develop quite a lot of Peano arithmetic in AN, but the devel-
opment is limited by the absence of quantifiers. Furthermore, the development
is rather tedious.

MT has quantifiers and allows to develop all of the Peano arithmetic (and all
of ZFC set theory, for that matter). In Section 9.13, the theorem of transfinite
induction, [ Transfinite ], is proved using Minimality.

The natural numbers are represented as in Section 3.9, and Section 3.11. In
particular, [ N’z | equals [ T ] if [ z ] liberally represents a natural number and
equals [ L ] otherwise. Section 3.9 states a recursive definition of [ N . A more
careful definition that uses [ Y ] instead of recursion reads:

[iY’N]* where
[N]= apreit (@, T, £ o)) ]

The principle of Peano induction reads:

[ Map lemma Peanogs: (z€V; A€T )notfree(z, A) i
A0F-z2—->5A(z") > A2F Nz 5> A’z ]

The conclusion of [ Peano ] says that [ A’z ] is true for all liberal representations
of natural numbers. The first premise says that [ A’z ] is true for all [ z ] that
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represent zero (there is only one such [ z ], namely the ur-element). The second
premise has form

[~z > A(z7) > A’z ).

That premise says that for all non-zero [z ], [ A’(z~) | implies [ A’z ]. That
[ z ] is non-zero is expressed as [~z ]. This is legal but may be seen as abuse of
notation because [ — ] is normally used on truth values.

Note that if the second premise was stated as

[A'z— A’(at) ]

then the premises would merely ensure that [ A’z ] was true for all canonical
representations of natural numbers.

It is possible to prove similar induction theorems for many other sets of
premises. As an example, it is still possible to prove Peano if the second premise
is replaced by

[N'z 5~z > Az )= A’z ]

However, a proof of [ Peano ] suffices to show how to prove induction theorems
from Minimality.
The proof of [ Peano ] uses two trivial auxiliary lemmas:

[ Map lemma
L7.13.1138: {(x€V; AeT)notfree(xz, A) - A0F -z - A'(x~) - Az +
if(z, T,?A4°(z7)) XA’ x ;

A more interesting proof is that of [ Peano ]:

[ The Map proof of Peano reads

Ll: Premise > A0 ;
L2: Premise > -z > A(z7) > A’a: ;
13: L7.131>L1>L23>  if(z,T,?2A°(z7)) < 74 :
L4: Mono> L3 > Azif(z, T,?2A4° (7)) < )\:c AT

L5: Replace’ > R>L4> N’ z.?4A’z < Az.?A’x ;
L6: Minimality > L5 > N4z ;

L7: Mono> L6 > IST’a:j()\x.?A’:c)’a: ;
L8: Replace’ b RB>LT> N’z<?A'z ;
L9: L7.13.2> L8> N'z— Az I

The crucial step is in Line [ L6 ] where [ Minimality ] is used to infer [N <
M.?A’z | from [ N’ Az.?A 2 < A\z.2A4 7z |.
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Chapter 8

Presentation of MT in
ZFC-4-SI

8.1 Introduction

Chapter 8 presents MT inside the framework of set theory. The presentation
will be kept informal.

To construct a model of MT inside set theory one has to assert axiom SI
which says that there exists a strongly inaccessible ordinal. This is why MT is
presented in “ZFC+SI” rather than just “ZFC”. No knowledge of inaccessible
ordinals is needed to follow the exposition, however.

All terms and formulas of this chapter are terms and formulas of ZFC+SI.
(ZFC+SI has the same terms and formulas as ZFC). All lemmas in this chapter
are lemmas of ZFC+SI. We shall not prove the lemmas stated in this chapter as
the purpose of this chapter merely is to give an intuitive understanding of MT.

The definitions in Chapter 2 are in effect here in Chapter 8.

8.2 The syntax of MT
As mentioned in Section 4.4, MT has two more constructs than AN:
[T :==eT;ET "

The definition above continues the definitions of [ 7 ] in Section 2.4 and Section
4.3. The effective definition of [ T ] reads:

[T == V;Ns VT T T5i(T, T, T);eT; ET .

87
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8.3 The intuitive meaning of [Ez |

The intuitive meaning of [N ],[ Az.y ],[ 2’y ], and [ if(z,y, 2) ] are as in Section
2.5. The intuitive meaning of [ ] is that for all [ = ],

[ Exz
[ Ex

N ] if{z’y=N]for some[y]
1 ] otherwise

In other words, [ Ex ] expresses a primitive notion of existence.

Let AN+E denote AN extended with[ Ex ] but not with[ ex ]. In AN+E, [ Ex ]
is a computable construct (but not a very useful one). In AN+E, the trisection
procedure has to be modified thus: When [ R(Ez) ] is to be computed, compute
[ R(z’y) ] for all terms|[ y ] in parallel. There are countably many terms, so one
has to arrange that all the countably many computations receive a fair share of
the cpu-time spent on computing [ R(Ezx) ].

In AN+E,[Ez = N ] if and only if [ 2’y = N ] for some term [y ]. In MT,
however, [ Ez = N ] if and only if [ z’y = N ] for some element [ y ] of whatever
model of MT is used.

The definition

[EngE)

allows to use[ E ] as a quantifier: [ Exz: A ] is true if there exists an [ z ] for which
[ A] is true.

8.4 Axioms about [Ez]

In MT, the axioms about [ Ex ] are needed to prove some fundamental theorems
about classicality, but otherwise they are probably of limited interest to the
working mathematician. The axioms are:

[ Map rule
Existence: ET=T ;
NonExistence: EL=1 ;

ImpliedExistence: E(xoy) — Ex
TruthExistence: Ex=E(?oz) T

[[zoy] = Az.z’(y’2) T*
[? = Agif(z,T,L1) T
[ Existence ] and [ Implied Existence ] allow to prove existence constructively and

[ NonExistence ] allows to prove non-existence. [ TruthExistence ] states that
[ Ez ] merely depends on whether or not [ z’y Jequals [ T ].

where
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8.5 The intuitive meaning of [ex ]

Suppose [ L ] is a minimal, transfinite universe, i.e. a set of maps that satisfies
a property which is stated in Section 8.18. We shall refer to elements of [ L ] as
classical maps. The intended meaning of [ ex ] is that it is a choice construct
with the following properties:

e If[2’y = L ] for some classical [ y ] then [ ex = L ].
o If[x’y Z L] for all classical [y ] then [ex € L].

o If[z’y # 1] for all classical [y ] and [ 2’y = N ] for some classical [ y ]
then[z’ex = N |.

8.6 Classicality

Section 8.18 defines the notion of a transfinite universe and thereby defines
what it means to be classical. To get an intuitive understanding of the concept,
however, consider the following example. Let

[f=X22’1°2°3A2’4°5].

The value of [ f’xz Jcanbe[ T Jor[ F Jor[ L ]. For that reason we shall say that
the non-classical outer range of [ f 1is[ {T,F, L} ]. Furthermore, we shall refer
to[{T,F, L} ] and any superset of [ {T,F, L} ] as a non-classical outer hull of
[ f]- Hence, [ S ]is a non-classical outer hull of a function [ g Jif[ g’z € S ] for
all maps [ z ]. Furthermore, the outer range of a function [ g ] is the minimal
non-classical outer hull of [ g ].

The value of [ f’z ] depends on the value of [ 2’1’2’3 ] and [z°’4’5]. On
the contrary, [ f’z ] is independent of the value of e.g.[ 2’6’7 ]. For that reason
we shall say that [ f ] depends on [ (1,2,3) ] and [ (4, 5) ] and is independent of
[(6,7) ]

[ f] is independent of all tuples outside [ {1,2,3,4,5}<¢ ] (for the sake of
clarity we ignore some messy details related to monotonicity here). For that
reason we refer to [ {1,2,3,4,5} ] as a non-classical inner hull of [ f]. Any
superset of a non-classical inner hull is also an inner hull. If a function [ ¢ ] has
a minimal non-classical inner hull then we refer to that hull as the non-classical
inner range of [ g 1.

The value of [ (Au.u)’z ] depends on the value of [ 2’m; ... m, ] for all
maps [ m1,...,m, |. For that reason the only inner hull of [ Au.u ] is the set
[ M ] of all maps. Since[ M ] is minimal among all inner hulls of [ Au.u ], [ Au.u ]
has an inner range. That inner range is of course [ M ].

classical map
non-classical outer range
non-classical outer hull
non-classical inner hull
non-classical inner range
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The key property of classicality is that a map [ g ] is classical it it has an
inner hull of limited size. There are some technicalities, however.

We shall now introduce classical versions of the above concepts. To give
illustrative examples it is necessary to reveal that [ L ] is non-classical:

[LgL].

Furthermore, [ T,F,0,1,2,...] are classical:
[T,F,0,1,2,...€ L.

Finally, if [ 2 ] and [ y ] are classical then [ 2’y ] is classical:
[Vx,yeL:x’y € L1].

If [z ] is classical then [£71°2’3 ] and [ 4’5 ] are classical according to the
properties stated above. Hence, if [ 2 ] is classical then [£’1°2°3] and [z’
4’5 ] differ from [ L ] (since [ L ] is non-classical). So, if [ z ] is classical then
[ f’x ] differs from [ L] (where[ f = Az.z’ 1’2’3 Ax’4’5 ] was defined in the
beginning of the present section). This allows to conclude that if [ z ] is classical
then[ f’x ] equals[ T Jor[ F]. For that reason we shall refer to[ {T,F} ] as the
classical outer range of [ f ]. We refer to any superset of [ {T,F} ] as a classical
outer hull of [ f ].
Next step is to introduce the classical inner hull:
If[ p C M ] weshall say that[ v ] and [ v ] are equal on[ p ], written| u ~p v ]
if
[Vzep<“:u”"z~v"z].
Extensionality says that two maps are equal if they are equal on [ M I:
[r=yers~myl

We shall say that two maps are classicaly equal, written [ ], if they are
equalon[ L ]:

[z~yez~Ly]l
Finally, we shall say that [ p ] is a classical inner hull of [ g ] if
[Vu,veL: (u ~pv =g’ u~g’'v) |

In other words: [ p]is a classical inner hull of [ g 1if[ g’ v ] is independent (up
to[z ~ gy ]) of tuples outside [ p<¥ ].
The definition of classicality is recursive:

classical outer range
classical outer hull
classical inner hull
equal on[ p ]
classicaly equal
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(1) [ T]is classical

(2) I [g’=] is classical for all classical [ ] and if there exists a set [p] of
classical maps such that [ p] is of limited size and such that [p] is a
classical inner range of [ g ], then [ g ] is classical.

The only problem in the definition above is the notion of “limited size”. A
set is of “limited size” if its cardinality is less than [ o ], where [ o] is the
inaccessible ordinal used for constructing the model of [ Map ]. However, axioms
and definitions in [ Map ] cannot refer directly to[ o ]. Fortunately, the following
holds:

(3) The outer range of a classical [ p] is of limited size.
Therefore, one can reformulate (2) thus:

(4) [ g’ x]is classical for all classical [ 2 ] and if there exists a classical [ p ]
such that the classical outer range of [ p ] is a classical inner hull of [ g ],
then [ g ] is classical.

This is a reasonable definition of classicality except that with this definition one
cannot prove the theorem that corresponds to the union set axiom of ZFC. To
make the union set axiom provable we define the second outer range of [ g ] to
be

[{g’z ylz,y € L} ].

The second outer range of a classical [ p] is also of limited size, so we may
reformulate (2) thus:

(5) [ g’ =] is classical for all classical [ 2 ] and if there exists a classical [ p ]
such that the second outer range of [ p ] is a classical inner hull of [ g ],
then [ g ] is classical.

Property (1) and (5) above together with a minimality property constitutes
the definition of classicality. A more formal definition is given in Section 8.18.
Section 8.10 defines[ £ ] such that [ £’x =T ] if [ 2 ] is classical and [ £’ 2 = 1 ]
otherwise.

8.7 Quantification

Define
[13 = wn(r’er) ]
[[Fz:y| = Fdzy ]
[|Vz:y| = —Fz:y ]

The construct [ Jz: y ] satisfies the following;:

second outer range
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e If [y = L ] for some classical [ x ] then [ dz:y = L ].

o If [y #£ L] for all classical [ ] and [y = T ] for some classical [ z ] then
[Ty =T]1.

o If [y Z L] for all classical [z ] and [y #Z T ] for all classical [ z ] then
[Fz:y=F].

The construct [ Vz: y ] satisfies the following:
o If [y = 1 ] for some classical [ x ] then [ Vx:y = L ].
o If[y=T] for all classical [ z ] then [ Vz:y =T ].

o If [y # L] for all classical [ ] and [y #Z T ] for some classical [ z ] then
[Vx:y =F].

8.8 Types and strictness

The term

[[z]=if(2,T,T) |

is true if [ x ] represents a Boolean value where [ T ] represents truth and all
functions represent falsehood. In other words, [ !z ] is true unless [ z ] equals
[ L]. Terms like [ !z ] will be referred to as type predicates. The statement

[lz = ly—=(zAy)]

states that if [ z ] and [ y ] are Boolean then [ z Ay ] is Boolean. Such statements
will be referred to as type rules.
A reverse type rule like

[l(zAy) = lz]

states that if [ I(z A y) ] is Boolean then [ z ] is Boolean. Such statements will
be referred to as strictness rules. The statement above is equivalent to

[LAy=1]

which is what the literature normally regards as a strictness rule. In the present
context, however, strictness rules are consistently presented as reverse type rules.
[’m ] is another type predicate. Section 8.10 defines [ £ ] such that

N] if[ ] is classical

(£
12 1] if[ 2z ] is non-classical

T
[£7x

type predicate
type rule
strictness rule
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In addition to the type predicates [ !z ] and [ £’z ], the following predicates will
be needed:

[fa = Vr:l'(a'z) T*
[lra = Ve:Vy:L(a’z’y) T
[ha = Vz:l(a’z) I*
[lha = Va:Vy:a’z’y) T*

8.9 Axioms about [ex]
[ € ] satisfies the following type and strictness rules:

[ha—0ex:a’z ]
[Lex:a’xz — 1a ]

The [ Strict TypeChoice ] axiom combines these two rules into one:

[ Map rule
StrictTypeChoice: £’ex:a’z=Ya T

[ V] satisfies similar type and strictness rules:

[lia = Vz:a’z ]
[Wz:a’z = ha ]

The [ Strict TypeAll ] axiom combines these two rules into one:

[ Map rule
StrictTypeAll: Wz:a’'z =!ia T

The [ ElimAll ] axiom says that if [ a’x ] is true for all classical [ x ] and if [ b ]
is classical then [ a’b ] is true:

[ Map rule
ElimAll: Vz:a’z - £'b—a’b T

In a proof, [ ElimAll ] allows to eliminate a universal quantifier [ Vx:a ] by re-
placing it with [ £’b —> a’b].

The axioms above follow from the definition of [ € ] stated in Section 8.5.
The [ Ackermann | axiom puts an additional requirement on [ £ ], namely that
it satisfies Ackermanns aziom ([4], p.244). The [ Ackermann ] axiom reads:

[ Map rule
AckermannChoice: ez:a’z=ex:l’zNa’z T

For any classical [z ], [’z A A]equals [T]if[A]equals [T], [’z AN A]
equals[ L Jif[ A Jequals[ L ],and[£’x A A ] equals[F ] otherwise. Hence, for

eliminate
Ackermanns axiom
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classical [ z ], the value of [ £’z A A ] merely depends on the label of the root of
[ A] (c.f. Section 2.12). In other words, when [ z ] is classical, the value of [ £’
z A A ] merely depends on which truth value[ A ] represents. When [ z ] is non-
classical, [ £’z A A] equals [ L ] regardless of [ A ]. Hence, the [ Ackermann ]
axiom says that [ ex:a’x ] merely depends on the truth value of [a’x ] and
merely depends on that value for classical [ x ]. This is somewhat analogous to
Ackermanns axiom.

8.10 The definition of [/]

Define

T
N F

F
y{ Yu:Vo:z’(p’u’v) =5y’ (p’uw’v)

T=py|==

[ =py] corresponds to [z ~, y ] in Section 8.6 and [z =,/ 22,1y pery ¥ | I
Section 8.18. Next define

[i Az y.x ]*
The set
[{K’u’v|u,v € L} ]

equals[ L ], so[ # =k y ] corresponds to [ z ~ y ] in Section 8.6 and [ z =, ¥ |
in Section 8.18. Finally define

ile] = Y \Aeif(e, T, (Vy: (@ y) A
Ep:f’p/\Vu:VU:(u:pv:>$=u:Ly7U)) ]*

[£’x ] equals [ T ] when [ z ] is classical and equals [ L ] otherwise.

8.11 Sets of terms and rules

The remainder of Chapter 8 explains the notion of classicality in more detail
within the framework of ZFC+SI. Presentation of a model of MT is outside the
scope of the present paper. The rest of Chapter 8 can be skipped without loss
of continuity.
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In continuation of Section 2.4 define

[ = (0,7) ]
[N = (1) ]
[Az.y = (2,zy) ]
[z’y = (3,7,9) ]
[if(z,y,2) = (42,9,2) ]
[ex = (5,x) ]
[ Ex = (6,z) ]
[z=y = (T,z,y) ]
[zhy = 2y ]
[ziy = 92y ]
[z;y = (10,z,y) ]
[(zeV)y = (1lL,z,y) ]
[(zeT)y = (12,z,y) ]

From now on, [] denotes the smallest set that satisfies
[iE€w = z; €T ]
[0=0 = NeT ]
[z€eVAYyeET = My€eT ]
[reTAyeT = z’yeT ]
(zeTAyeTAzeT = if(x,y,2)eT ]
[zeT = ereT ]
[zeT = EzxeT ]

[ Teomp | denotes the set of computable terms. i.e. terms that do not contain the

constructs [ ez | and [ Exz ]. The set [] of rules denotes the smallest set that
satisfies:

[zreTAyeT = (z=y)eR ]
[zeRAYER = (zFy)enrR ]
[2€ TeompANYER = (zhy)eR ]
[zeRAYER = (z;y) €ER ]
[teEVAYER = ({(zeV)y) eR ]
[zeVAYER = ((z€T)y) e R ]

8.12 Functions

For all functions [ f ] let [] and [] denote the domain and range of
[ f ], respectively. For all sets [ A] and [ B ] let [] denote the set of
functions [ f ] for which [ f¢ = Al and [ f" C B]. Let [A — B] be right
associative such that [ A - B — C Jmeans[ A —» (B — C) ]. Let [ z(y) ] be a
binary operator which applies a function [ z ] to an argument [ y ].

domain
range
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8.13 Nine-tuples

We shall represent models of MT by nine element tuples (nine-tuples)

[ <D’ﬁ7 é’NJ X’ AJ f? 57 E) ]'

The intended meaning is as follows:

e[Z2CDxD]. [(z,y) € =]is true when [z

o [ D ]is aset. [ D] denotes the domain of MT. Every closed term of MT

has a value which belongs to[ D ].

. [f) cC W - D) - D ] Every term of MT, open or closed, has an

interpretation which belongs to [D ] The interpretation [ f ] of a term
[ A ] has the property that [ f(e) ] is the value of [ A ] when the variables
[z € V] of MT have values [ e(z) ], respectively.

] and [ y ] denote the same
map. In other words, [ (z,y) € =] models [z = y]. A model of MT is
1

normal if [ =] is the equality relation on [ D

¢ [N € D). [N ]is the value of the term [ N ]. In other words, [ N | models

[N].

e[Ae DD D] [ ()( )]denotes[m]appliedto[y]. In other
mo

odels[z’y ].

y) ]
D — D= D].[I(z)y)(z) ] models [ if(z,y, z) ].

D]. [&(z) ] models [ ex ].
D |. [ E(z) | models [ Ex 1.

e[AeV 5D - D] [A2)(y)] models [ \z.y ]. Note that [ A(z)(y) ]

operates on interpretations rather than values.

nine-tuples
value
interpretation
normal
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8.14 Operations on nine-tuples

For all nine-tuples [ M =(D,D, = N,\A, IS, E) ] define

[| D = D ]
[| Du = D ]
[lz2Zmy] = (my)e= ]
[| Ny = N ]
[Duzy| = Mz)y) ]
[ An = A ]
[ T = T ]
[|Em = £ ]
En] = E ]

Furthermore, for all nine-tuples [ M ] define

[|EM| = V- Dun]
[|Dym| = Eum — Dy

[ Enm ] denotes the set of environments, i.e. the set of possible assignments of
values to variables. For models [ M ], [D M ] will satisfy [ Dy C Dy ]
Let [ =5/ ] be the relation

[ & VeeE:z(e) = yle) ]

If[ 2] and [ y ] are interpretations of terms [ A ] and [ B], then [z =57 v ] is
true if and only if [ 4 ] and [ B ] are equal in MT.

Let[flM € DM — EM — DM], [NM € DM], [fM € DM — f)M —
ﬁM—)DM],[éMEEM%DM],[EMG.DM%DM],and[XMGV—)DM]
satisfy the following for all [ z,y,z € D ],[e€ E],and[v e V ]:

[| Na(e) = Nu]
[Au@@)e)| = Au(w(e)(yle)) ]

[ In@ @) | = Tu(a(e)((e)(z(e)) ]
[[ém(@)(e)] = éu(a(e)) ]
[|En(@)(e) = Eu(a(e))

[| X (v)(e) = ()]

environment
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We shall represent models of MT by closed nine-tuple where a nine-tuple [ M ]
is closed if the following holds:

[D:M - l?M]
[Ny € Dy
[ém € Dy — Dyl
[Evy € Dy — Dyl
[Xy € V- Dyl

8.15 Models

Assume there is a one-to-one relation between concrete variables of ZFC and
concrete variables of MT. For all concrete variables [ ] of MT let [ Z ] denote
the corresponding concrete variable of ZFC.

In Chapter 8, concrete variables of ZFC are used as meta-variables of MT.
For all variables[ z ] and rules[ A ] of MT let [ A, ] denote the result of replacing
all occurrences of [z ] by [Z ] in [ A ] except that all [ z ] in side-conditions
are replaced by [ [Z]]. For all [z ]in [ T ], [ [z] ] denotes an element of [ T ]
whose value equals the Gédel-number of [ z ] for some, suitable Gédel-numbering
(recall that [ 7 ] is the set of elements of [ 7 ] which has no free variables, where
“variables” means “concrete variables of MT”).

For all rules [ A ] and all closed nine-tuples [ M ] we define the interpretation

[ Ty (A) ] by structural recursion as follows:

[VzeV: T () = PfM(x) ]
[ Tu(N) = Nu ]
[VA,BET: Iu(A’B) = Aum(@Tm(A)(Zm(B)) ]
[VA,B,CeT:  Im(if(A,B,C)) = Im(Iu(A)(Im(B))(Iu(C)) ]
[VAEeT: Trm(eA) = éM(IM(-A)) ]
[VAET: TIu(EA) = Em(Zm(A) ]
[VAETVBER: Im(AW B) & (Iu(A) =v Nu) = Iu(B) ]
[VA, BeR: Im(A;B) & Iu(A) NIy (B) ]
[VzeWAER: Iy({(zeV)A) & VzeV:Ty(Ag) ]
[VzeTVAER: Iy ({(zeT)A) & VzeT:Iy(Az) ]

Recall that [ Map ] denotes the list of all rules of MT separated with semi-colons.
A closed nine-tuple [ M ] is a model of MT if

[ Zn (Map) |

closed nine-tuple
model
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is true.

8.16 Cardinality and power sets

A set [ X ] is said to by [ Y ]-small, written [], if the cardinality of
[ X ]is less than the cardinality of [ Y ]. As an example, the set [ w ] of natural

numbers is [ R ]-small where [ R ] denotes the set of real numbers. As another
example, a set is finite if and only if it is [ w ]-small.

For all sets[ Z ], [ P(Z) } denotes the set of all subsets of [ Z ]; [ PY(Z) ]
denotes the set of [ Y ]-small subsets of [ Z ].

Let [[o]] be an inaccessible ordinal.

8.17 Strong QND

Let [ er ] denote the empty environment for which~[ em(z) = Nar| for all
[z € V]. Let [ Ly | denote [ Zps(L)(enr) ]. Let [ F' | denote [ Zpr(Ay.Az.y’
z)(enm) ] Define

[Dy = {z€Dmlz =y Ny} ]
[Dyy = {z€Dumlz =m Am(Fu,z)} ]

A nine-tuple [ M ] will be said to satisfy Strong QND (SQND) if
[ DN, UDY¥ UDs; =Dy |.

A nine-tuple [ M ] is classical if it satisfies SQND.

8.18 Transfinite universes

For all sets [ G ] let [] denote the set of tuples of elements of [ G ].
For all[ € Dy ] and for all [ y € Dy | define [ Ap(z,y) ] such that

[AM(.’L', <y1ay2a"'7yn)) = AM(AM(AM(.'L',yl),yQ) ,yn) ]

For all [ z,y € Dy | define

[meyc)(méMNN(:)yéMNN)/\(méMlNéyéMlN)].

[ z ]-small

finite

empty environment
Strong QND
SQND

classical
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For all[ G C Das ] and [ z,y € Dys | define
[z =mcy e V2€G<: Ap(n,2) ~ar Ap(y, 2) |-
A set [ L C Dy | is a transfinite universe if

[z2e€l & z=p NyV (yeL:Ay(z,y) € L)A

Y eP(L)Vu,veL: (u=m,yv = Am(z, u):M,LAM(a:, v))

Aset[ L C Dy ]is a minimal, transfinite universe if[ L ] is a transfinite universe
and, furthermore, [ L C L | whenever

[zel & mEMNA:[V(VyEL:AM(SU,y)Gf/)/\ .
Y eP(L)Vu,veL: (u=m,yv = Ap(z,w)=m,rAm(z,v))

A nine-tuple [ M ]is transfinite if [ M ] contains a minimal, transfinite universe.

transfinite universe
minimal, transfinite universe
transfinite



Chapter 9

Presentation of MT

9.1 Introduction

Chapter 9 presents MT as an axiomatic theory. The reader is assumed to have
an intuitive understanding of MT from Chapter 8, so inference rules and axiom
schemes are stated with little or no explanation. Rather, this chapter focuses
on proof techniques in MT. MT is an extension of AN, and all proof techniques
presented in Chapter 4 carry over to MT.

9.2 Overloading

Section 2.2 stated that in Chapter 2,[ A A B ] stood for conjunction in ZFC. In
this chapter, all terms and formulas (i.e. well-formed formulas) are terms and
formulas, respectively, of MT unless otherwise noted. As an example, in this
chapter, [ A A B ] denotes conjunction in MT. [ A A B ] was defined in Section
3.6.

9.3 The syntax of MT

The syntax of variables [V ], terms [ T ], and formulas (i.e. well-formed formu-
las) [ F ] of AN reads:

[V a= alylz]- ]
[T == VIN|X.T|T T (T, 7,T) | eT |ET ]
[F o= T=T ]

101
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9.4 Pure existence

Recall the following definitions from Chapter 8:

[Ez:y = Elzwy T*
[zoy = AXzz’(y’2) T*
[? = zif(z,T,L1) T

As mentioned in Section 8.4, the axioms about [ Ezx ] read

[ Map rule
Existence: ET=T ;
NonExistence: EL=1 ;

ImpliedExistence: E(xoy) — Ez
TruthExistence: Ex=E(?oz) T

The lemmas below express some intuitions about pure existence:

[ Map lemma

DomainPure;zg:  {z€V; A€T) Ex: A=Ezx:7A ;
RangePure, 4: (z€V; A€T) Ex: A=7Ex: A ;
ImplyPure(C)140: (z€V; A, B,BET) B~ (B|z:=C) I

Ez:AF A— BFEx:B ;
IntroPure(C)i40:  {(z€V;B, BET) B~ (B|z:=C)+ B = Ex:B ;
ElimPure; 49: (zeV; A, BET) notfree(x; B) i+

Ex:AFA— BFB T*

[ DomainPure ] says that [ Ez: A ] merely tests whether or not [ A ] equals[ T ].
In other words, [ Ez: A ] ignores any other aspect of [ A ]. Rules of this kind will
be referred to as domain rules.

[ RangePure | says that [ Ez: A Jequals[ T Jor[ L ]. In other words, [ Ex: A ]
cannot generate any other values than these two. Rules of this kind will be
referred to as range rules.

[ ImplyPure ] expresses Rule C (c.f. [9]); it allows to prove [ Ey: B ] from
[ Ex: A ] if it is possible to construct a[ y ] that satisfies [ B ] from [ z ] assuming
that [ = ] satisfies [ A ].

[ IntroPure ] presents a way to prove [ Ez: A]. Rules of this kind will be
referred to as introduction rules.

[ ElimPure ] presents a way to prove a statement that does not contain [ E ]
from one that does. Rules of this kind will be referred to as elimination rules.

domain rule
range rule
introduction rule
elimination rule
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9.5 Axioms about [ex ]

Recall the following definitions from Chapter 8:

[ex:y =
[Tz:y =
[Vz:y =

N Ny
N =
SIS
IR IE RIE

e
o
I

EAX.Y

~((Az.y) er:y)
—Jx: -y

T
A1
x

F

y{ Vu:Vorz’(p’u’v) =py’(p’u’v)

AT Y.
YuVv: (u=pv =2’ u =k 2’ v)
AfAzif(z, T,(Vy: f'(=’y)) ANEp: f'p Az € p)
Y’/!
Vz:l'(a’ x)
Va:Vy:£'(a’x’y)
if (a, T, T)
Ve:!(a’x)
Ve:Vy:'(a’z’ y)

As mentioned in Section 8.9, the axioms about [ ex ] read

[ Map rule
ElimAll:
AckermannChoice:
Strict TypeChoice:
Strict TypeAll:

Ve:a’z =5 £0’b—a’bd
ex:a’r=ex:l’rNa’x
Oex:a’x =a

)
)
5
Wz:a’z =lia T

9.6 Domain and range of quantifiers

* *

*

* *

*

AN ST T ST SN N SN Sy S
*
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The domain rules below state that [ ex: A ],[ Vz: A ] and [ Jz: A ] merely depend

on the truth value of [ A ].

The range rules below state that the value of [ £’

x ] is either [ T ] or[ L ] whereas the value of [ Vz: A ] or[ dz: A ] is either [ T ],

[Flor[L]. Therules are handy e.g. when proving [ -Vz: -4 = Jz: A ].

[ Map lemma
DomainChoice;41:
DomainExistsq4;:
DomainAll;4:
RangeEll, 4;:
RangeExists;4;:
RangeAll, 4;:

ex:a’r =exi~a’x
dr:a’x =3dx:~a’x
Vz:a’z =Vz:~a'zx
=%z

dx:a’x = ~3dz:a’x
Ve:a’z = ~Vz:a'z

L Ge Ge we ows ows
*
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9.7 Instantiation

Note that the variables in the lemmas of Section 9.6 are concrete variables. As
an example, [ a ] and [ z ] in [ DomainChoice ] are concrete variables. One may
use e.g.

[ Instantiation > DomainChoice ]
to conclude
[ ex: (Au.u+2=5)"z = ex: 8(Au.u+2=5)"z |.

To make lemmas with concrete variables more useful, [ Instantiation’ ] is intro-
duced such that e.g.

[ Instantiation’ > DomainChoice ]
allows to conclude e.g.
[ ex: x+2=5 = ex: =(z+2=5) ].

[ Instantiation’ > P ] enhances [ Instantiation > P ] in that it allows reduction
of redexes of form [ (Azy ... Az,.a) by’ --- b, | that occur in the premise [ P ].
Furthermore, [ Instantiation’ ] is defined such that it allows forward and back-
ward replacement in a context:

[ Instantiation’ > DomainChoice > 2 + ex: x+2=5 = 2 + ex: &(2+2=5) |

[ Instantiation’ > DomainChoice > 2 + ex: ~(z+2=5) = 2 + ex: x+2=5 ]

Let [ AL B ] be true if [ B ] arises from [ A ] by renaming of bound variables
and reduction of redexes of form | (Az1 ... A\2n.a) by 7+ -7 b, ] that occurin[ A ).

The transitive closure of [ AL B ] is identical to usual beta-reduction [2]. Let
[Instance'(A,B,.A, B) ] be true if there exists variables [ z1,...2, ] and terms
[C1,...,Cpn,D ] such that

[ DA | 21:=C1 | -+ | 20:=Cn) (B 21:=Cy | -+ | 20:=Cn) - A] and
[ DB | 20:=C1 | -+ | 20:=C) (A | 21:=C1 | -+~ | 2:=Cy) = B .
[ Instantiation’ ] reads:

[ Map lemma Instantiation’: Instance’ (A, B, A,B) - A= B+ A=BT*
The definition

z* | = Instantiation’ > i
[[*] ]

gives a convenient notation for instantiating lemmas with concrete variables. As
an example:

[ DomainChoice™ > 2+ ex:m~(z +2=5)=2+ex:z +2=5].
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9.8 Negation of quantifiers

The definition of [ Vz:a ] states that [ Vz:a ] equals [ =3z: —a ]. The following
three rules list the remaining combinations of quantification and negation.

[ Map lemma
AllNotq42: Ve:-a’x=-Jz:a’z
NotAllj49: —Vx:a’x =3Jx:-a’x
NotAllNoty42: —Vo:—a’z =3z:a’z T

9.9 Type and strictness of quantifiers

[ TypeChoice ] below says that [ exz:a’z ] is classical if [ a’ z ] is Boolean for all
classical [ z ]. [ StrictChoice ] says the opposite. Type and strictness rules for
quantifiers are used remarkably often in proofs. In general, type checking chores
take up a lot of proof lines. Type checking cannot be mechanized completely,
but a mechanical proof system for [ Map ] should definitely include facilities for
type checking.

[ Map lemma
Strict TypeExists 4o: Jz:a’z = la

TypeChoice, 45: ha—=lex:a’z
TypeExists; 45: ha —'3z:a’z ;
TypeAll, 45: ha = Wzia’z ;
StrictChoiceq4o: Ler:a’x = 1a
StrictExistsi4o: Hz:a’z = la ;
StrictAlli43: Wz:a’z — la ;
StrictElly43: War—0x 1"

The following conventions save space when formulating type rules:

[bx:y = Lxz—y T
[biz:y = biz—y T
[lxiy = bxz—=y T
[lz:y = lz—y T*
(ho:y = ho—y T
[y = bz—oy T

As an example, [ TypeChoice ] may be written
[a:€ex:a’x ].

Furthermore, notation like
[1a,b,c:d ]

will be used as shorthand for

|: !1(12 !1b: !1C:d ]
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9.10 Elimination of quantifiers

[ ElimExists ] and [ ElimExistsEll ] below say that if [a’z ] is true for some
classical [ x ] then [ ex:a’z ] is such an [ z ].

[ ElimAll2 ], [ ElimAll3 ], and [ ElimAll4 ] correspond to two, three, and four
applications of [ ElimAll ], respectively; they save a remarkable amount of proof
lines.

[ Map lemma

ElimExistsi43: dr:a’x —a’ex:a’x ;
ElimExistsElli43: Jz:a’z — 0’cx:a’x ;
ElimAll243: YuVv:a’u’v > £0’b—£L’c—a’b’c ;
ElimAll3143: YuVoVw:a’ v’ v’ w —

0’b—>Llc—0d—a’b’c’'d ;
ElimAll4,43: YuVoVwVz:a v’ v’ w’xz —

Cbslc>0d—le—a’bc’d’e T

9.11 Ackermann rules

[ Ackermann ] below is a formulation of Ackermanns original axiom ([4], p.244).
[ AckermannExists ] says something about the domain of [ 3z: a ], so it would
have been reasonable to call it [ DomainExists ]. That name, however, was used
for another lemma in Section 9.6.
[ AckermannAll ] is analogous to [ AckermannExists ].

[ Map lemma
AckermannExistsi44: Jz:a’z=3TJx:l’zANa’x ;
AckermannAlli44: Ve:a’z=Va:l'zANa’x ;
Ackermannjgq: Ve:(a’z < b’z) vex:a’z=ex:b’z 1

9.12 Introduction of quantifiers

[ IntroExists ] below allows to prove [ 3z:a’ z | by giving a concrete example[ b ]
of an object that satisfies[a’z ].

The rule for introducing universal quantifiers ought to be named “IntroAll”,
but the name[ Gen ] (for generalization) will be used instead. The rules[ Gen2 ]
and [ Gen3 ] correspond to two and three applications of Gen, respectively, and
save many proof lines.

[ Map lemma
IntroExistsi4s: l1a = €’b—a’b— Jxz:a’x ;
Genjys: (zeV; AeTYx - AFVz: A ;
Gen2145: (z,yeV; A€’z - L'y - AFVo:Vy: A ;
Gen3i4s: (z,y,2€eV; A€TW 'z - 0y > 02 - AFVo:Vy:Vz: A T

generalization



9 Presentation of MT 107

9.13 Transfinite Induction

The definition of [ £ ] is recursive and, hence, gives rise to an induction principle:

[ Map lemma
Transfinite147:  (z,y€V; A, Ar, Ay, Ay €T )notfree(y; A) A

At ~ (A | 2:=T) A
Agy = (A | z:=2"y) A
Ay ~ (A z:=y) I+
At F
T = Vy: Ay 2 Eyr Ay Az €y - A
Orx— A T

The proof of [ Transfinite ] does not use any of the axioms introduced here in
Chapter 9. Rather, the proof relies on the minimality of fixed points.

[ Transfinite ] has two induction hypotheses, [ Vy: Az, | and [ Ey: AyAz € y ].
The former, which we shall refer to as the outer induction hypothesis, corre-
sponds to the induction hypothesis of transfinite induction in ZFC. The latter,
which we shall refer to as the inner induction hypothesis makes [ Transfinite ]
more powerful than transfinite induction in ZFC. The outer hypothesis corre-
sponds to well-foundedness in ZFC. The inner hypothesis has to do with limi-
tation of size and avoidance of Burali-Fortis paradox.

The inner induction hypothesis is merely used in particularly intricate in-
duction proofs, so it is convenient to formulate the following simplified lemma:

[ Map lemma
Transfinite’1s9:  (x,y€V; A, AT, Azy, Ay €T )notfree(y; A) A
At~ (A 2:=T) AN Agy = (A | =z y) I+
Atk -z >0z > Vy: Ay > AV A T*

[ Transfinite’ | is a special case of the following more general induction principle,
which will be used when modeling the union set operator of ZFC:

[ Map lemma
Transfinite”148:  (z,y€V; A, A1, Asy, Ay €T )notiree(y; A) A

At = (A 2:=T) A
Ay =~ (A | z:=2"y) A
Ay ~ (A z:=y) I+
At F
x>0 VY Ay > Ep CyNAyhnc gy - AF
Vi: A I

9.14 Type and subtype rules

Another bunch of rules for type checking chores read:

outer induction hypothesis
inner induction hypothesis
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[ Map lemma
TypeT9: T ;
TypeK,49: 6K ;
TypelfBLL, 4o: lz: by, z: i (z,y, 2) ;
SubtypeLB 49: Oz —lx ;
SubtypeLLl,5,: £’a — lia ;
TypeApply;s50: La—=0b—>L(a’b) ;
SubtypeL1L2,.y: {10 — lra ;
SubtypeL2B2;5:  f2a — laa ;
SubtypeB1B;5: lia —la ;
SubtypeB2B1,5y: l2a — l1a ;
SubtypeLL2;5,: £’a — l2a ;
SubtypeL1B;5;:  fia—la T



Chapter 10

Classicality

This chapter investigates classicality. Or, rather, it establishes lemmas that
allow to prove[ £’a ] for a wide range of terms [ a ]. The chapter starts with a
systematic treatment of the auxiliary concepts that appear in the definition of

[4].

10.1 Rules about [z =) y]

[ Map lemma

TypeEquiv,s,:  lop:lz,y:1(z =, y) ;
ElimEquivysy:  fu,v:a=,b—a’(p’u’v) =, b’(p’u’v) ;
IntroEquiv,55:  {u,v€V;a,b, peT )notfree(u,v; a,b,p) -

gk bk lu,via’(p’u’v) =p b'(p'uv)Fa=pb ;
RefEquivyss: bplaza=pa ;
ComEquiv,s3:  fop:la,b:a=pb—>b=pa ;
TransEquivyszg:  fop:la,b,cca=p b= b=pc—oa=pc T*

10.2 Lemmas about [z ~, y]
[ ~p y] is a strict version of [z =, y ]; lemmas about [z ~, y ] tend to

have fewer premises than lemmas about [z =, y ] (c.f. [ ComEquivP ] and
[ TransEquivP ] below). The definitions and lemmas read:

[ié’p/\é’w/\ﬁ’y/\x:,,y]*.
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[ Map lemma
TypeEquivP5,: Ip,x,y:lx ~py :
StrictEquivPX5;: lz~py >0z
StrictEquivPY 5;: lz ~py =07y
StrictEquivPP157: 2 ~p Y = ¢ ’p

RefEquivP5;: Ip,a:a ~pa ;
ComEquivP, 5;: a~pb—=b~pa ;
TransEquivP,5:  a~pb—ob~,coa~,c 1

10.3 Lemmas about [z ~ y]

[z ~ y]is a strict version of [z =« y]. [ ~ y] corresponds to equality of
classical mathematics. Informally, if [ L ] is the class of classical maps then the
quotient [ L/ ~ ] resembles the universe of classical mathematics. See Chapter
11 for a model of ZFC in MT. See Section 10.6 for more on the quotient [ L/ ~ ].

[ié’x/\ﬁ’yl\mzKy]*.

[ Map lemma
TypeEquivK, sg: le,y:lx ~y ;
StrictEquivKX5e: lz ~y > 072 ;
StrictEquivKY5g: lz ~y > 07y ;

ElimEquivK,g: lura~b—=a’u~bu ;
RefEquivK,se: laza ~a ;
ComEquivK; 5y: a~b—=b~a ;

TransEquivK,;: a~b—b~c—a~c [

10.4 Lemmas about [z €/ p]

[z € p]is a strict version of [  €; p ]; it allows to state certain lemmas with
fewer hypotheses than the corresponding lemmas about [ z €; p ].

[z € p] and [z €; p] have little to do with membership. The relations
are neither reflexive nor irreflexive. Neither are they commutative nor anti-
commutative; and they are not transitive. The character [ € ] was used in the
name of [ x €; p] for the somewhat far fetched reason that membership does
not necessarily have any of those five properties either. Furthermore, some rules
stated later display a superficial analogy between membership and [z €, p].
The most notable one is [ SubInEll ] in Section 10.8 which says that if [z €, p ]
and if [ p ] is a subset of [ ¢ ] (in some sense) then [ z €, ¢ ]. The definitions are
lemmas read:

[ﬁﬁlm/\é’p/\m Elp]*.

[ Map lemma
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TypeLim,g: biz:lp:lz € p ;

TypelnEllgq:  liz:dp:lz €4 p ;

StI‘iCtIIlEHXlG(): lz Cop— lx

StrictInElleo: lz Cop— / ,p

ElimInEll¢0: TEPFIU~pUV T U~T Y

IntroInEll;¢;: (u, v€V; z, pe T )notfree(u, v; z, p) i+
Upru~pv—sz’u~z’vbz€rp

IntrolnEllTi61: £'p—TeErp T*

10.5 Lemmas about [/]

We shall refer to [ Zz ] as the inner range of [ z ] (as opposed to the outer range,
c.f. Section 10.7). All classical [ z ] have an inner range which is classical. The
definitions are lemmas read:
[Zx=ep:z g p].
[ Map lemma
ElimEllg2: £’z >z €, Ix 3
IntroEllg3: z€ip— L'z T*

10.6 Classical Extensionality

If[ f’x ] is classical for all classical [ z ], then [ f ] has the extensionality prop-
erty

[z~y—=fz~fyl

We shall refer to this property as classical extensionality (c.f. Section 10.3 which
stated that [ L/ ~ ] is a classical universe).

[ Ext ] expresses classical extensionality. Classical extensionality depends on
the monotonicity of [ f ] and the definition of classicality. Lemma [ EllOrderA ]
indicates how monotonicity comes into play.

[ Map lemma
IntroEquivK43: —a = -b—=0'a=>Vxia’'z~b'z—a~b
EllOrderAq43: z~y—=L(zly)

Exti64: bLfiz~y—> fre~fy ;
ExtBoolygs: !1f:m~y—>f’m(i)f’y ;
ExtBool’165: Wiz~sy— flz— fy ;
ExtBool” 165: Wio~y—> fly—> fx 7"

There is a twist in the proof of [ EllOrderA ]. The proof requires transfinite
induction, but the thing to prove by transfinite induction is
[VeVy: (z ~y Sz ~2 ]yl

inner range
classical extensionality
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Once the statement above is proved, [ £’(z | y) ] follows from [z ~ = | y ] by
strictness of [ ~ ].

10.7 Primitive membership

To investigate the nature of classicality, we need to introduce a primitive notion
of sets and membership. Chapter 11 will define a more advanced notion[ z € y ]
of membership that models the membership relation of ZFC. For the present,
we shall introduce a whole sequence [z €1 y,x €3 y,x €3 y,...] of primitive
membership relations:

[z€1y = 3s: T~Y’s T*
[ = ds,t: z~y’'s't T*
[resy = 3As,t,u: z~y’s’t’u T

In this paper we shall merely use [ x €5 y ], however.

We shall say that [ 2 ] belongs to the first range of [y ] if [z €1 y]. The
second range and so on are defined analogously. We shall sometimes refer to the
second range as the outer range. When there is no risk of misunderstanding,
we shall refer to the first range simply as the range.

The intuition is: The first and second range of any classical map [z ] is a
non-empty set of classical maps. The first range of [ Az.z ] and the second range
of [ K ] equals the class of all classical maps. The intuition can be made precise
in the framework of Chapter 8 in that the ranges of classical maps are sets with
essential cardinality lower than the inaccessible ordinal [ ¢ ] whereas the ranges
of maps that are not classical can be of essential cardinality equal to [ o ]. See
[3] for definitions of essential cardinality.

If[z € y]then [z ~y’s2(z,y) t2(z,y) ] where[ s2(2,9) ] and [ t2(,y) ]
are defined thus:

[|s2(z,y)| = es:It:z~y’s’t I
[ tg(l’,y)

et:x ~y’sa(z,y)’'t T

The elementary lemmas about primitive membership read:

first range

second range

outer range

range

essential cardinality
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[ Map lemma
TypeInTwo,44:

StI‘iCtInTWOXweZ
StI‘iCtInTWOYleet

ElimInTwog6:
ElimInTwoS;¢7:
ElimInTwoTg7:
IntroInTwoq¢7:
IntroInTwo’147:

IntroInTwoKg7:

IntroInTwoT;gs:
ElimEquiv’4:
IntroEquiv’;4:

Lx: bay:\x €5 y

Iz €y >l

Iz €2y = lay

T €y >~y s2z,y) t2(z,y)

x Exy — L s2(x,y)

x Exy — L ta(x,y)

by ls,t:x ~y’s’'t > x Exy
boy:ls,t:y’s’t €qy

lr:z €5 K

Te T

lr,y s =py s 2€p—=x’2=py’2
(2€V;z,y, peT)notfree(z; =, y, p) k-
bptF-zk-ykzepoc’z=y’'zFz=py
Tr~py H>2EPIT 2rpy’2

10.8 Lemmas about [z Cs y]

The subset relation [ z C; y ] is defined the obvious way:

[z C2y =

[ Map lemma
TypeSub,49:
StrictSubX169 :
StrictSubY169:
ElimSubwg:
IntI‘OSllb170:
TransSubq7g:
IntroSubKj7g:
IntroKSuby7g:
SubEquivy;y:
SubEquivP;5:
SubEquivK,;s:
SubInElll73 :

Vzi(z €22 =>262y) T

bz, y:le Coy ;
lt Coy = box ;
lx Coy — Loy ;
PCag—>TEIP>TE2Q ;
bLpFresporeqtbpCaq
PCag—2qCer—=apCor ;
bLp—=pCaK ;
lr,y:K'(z'y) Co x ;
lr,y:pCogqaro=gy2T=py ;
lppCoqgarx~yy =T ~py ;
lprx~y >z ~py ;
lgpCag—x€Ep—rT€rq I*

10.9 Extensionality lemmas

113

One way to prove the classicality of a term [ a ] is to prove [ a ~ a ] for some
term [ ¢ ] and then conclude[ £’ a ] by strictness of [ ~ ]. This seemingly round-
about approach is convenient when proving the classicality of terms that contain
lambdas (c.f. [ ExtLambda ] below). For an example of use, see the proofs in

Section 10.10.

[ Map lemma
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EXtT174: T~T ;
ExtKApplyP,7y: a€p—sa~a—z~pz—a’c~a’z ;
ExtPApplyK,,;: a€p—=z~yz—=a~a—z’a~pyz’a ;
ExtKApplyK 74y: a~a—b~b—a’b~a’b ;

ExtIfBKK;75: zoz—b~rboe~ce—if(z,bc) ~if(z, b, ) ;
ExtIfPKK;75: xr~pr—>b~b—oe~ce—if(z, b, c) ~if(z, b, c) ;
ExtIfKKK;75: a~a—>b~b—c~c—if(a,b,c) ~if(a,b,c) ;
ExtLambdagrs:  {x,2€V;a,a, peT )notfree(x; a) A notfree(z; a)
Oprx~yz—a~alkAza~Aza T*

10.10 Elementary type lemmas

Some elementary type lemmas are stated in the following.

The proofs of [ ExtKPairK ], [ TypePair ], and [ TypeCompose ] are stated
here instead of in the appendix because they illustrate how to use extension-
ality rules for proving classicality. Extensionality rules replace the monstrous
metatheorem of “totality” in [5] where “total” is an older name for “classical”.

[ Map lemma

ExtKPairKq14: a~a—>b~b—a::b~a::b ;
TypePair;q4: la,b:0’(a::b) ;

EXtF1762 F~F 3

TypeF, 74: ’F ;

TypeKa,;;: la:£’(K’a) ;
TypeCompose;4: £1f:£a:£’(foa) T

[ The Map proof of ExtKPairK reads
L1: Hypothesis > a~a ;
L2: Hypothesis > b~b ;
L3: TypeT > 0T ;
L4: Block > Begin ;
L5: Hypothesis > T~T T ;
L6: ExtIfPKK>L5>L1ID> L2 > if(z,a,b) ~ if(z,a,b) ;
L7: Block > End ;
L8: ExtLambdar> L3> L6 > Az.if(z,a,b) ~ Az.if(z,a,b) ;
L9: Rename[> L8 > a::b~a::b T*
[ The Map proof of TypePair reads

L1: Hypothesis > la ;

L2: Hypothesis > £’b ;

L3: RefEquivK > L1 > a~a ;

L4: RefEquivK > L2 > b~b ;

L5: ExtKPairK>L3>14> a::b~a::b ;

L6: StrictEquivKX > L5 > £’(a::b) I*

[ The Map proof of TypeCompose reads
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LO1: Hypothesis > b f ;
L02: Hypothesis > La ;
LO3: EImEI > L2 > a€pZla ;
L04: StrictInElIP > L3 > ¢’ Ta :
L0O5: Block > Begin ;
LO6: Hypothesis > T~ T ;
LO7: ElmInEND> L3> L6 > a’x~a'zx ;
L08: Ext>LI>L7 > fa’z)~ f'(a’z) ;
L09: Block > End ;

L10: ExtLambda>L4>L8> Az.f’(a’z)~Az.f'(a’z) ;
L11: StrictEquivKX D> L10>  £’Az.f’(a’z) ;
L12: Trans> R > L11> 0(foa) I*

10.11 Transitive maps

In ZFC, a set [ b] is transitive if [x € y] and [y € b] imply [z € b]. The
transitive closure of a set [ a ] is the minimal transitive set[ b ] for which[ a C b ].

We shall need a similar concept in [ Map ], but the transitive maps [ p ] we
shall need are “more closed” than those of ZFC in that they are closed in two
respects: they are closed under outer ranges in the sense that if [ z €5 p ] then
[z ’y €2 p] and they are closed under inner ranges in the sense that if [ €2 p ]
then [ z €y p]. Closure under outer ranges corresponds to closure in ZFC. The
predicate [ Tr(x) ] is true if [ p ] is transitive:

[ Tr(p) |=Ve:(r E2p=>x € pAVYy: 2’y Eap

We shall say that [ p ] is a transitive hull of [ x ]1if [ p ] is transitive and [ z €2 p ].
As shown below, all classical [ z ] have a transitive hull.

If a transitive hull [ p ] of [ z ] is minimal w.r.t. [ C5 ] then [ p ] is said to be
a transitive closure of [ z ]. There probably exist classical maps [ z ] that have
no transitive closure, but all maps definitely have a classical hull.

The main use for transitive hulls is the following: Suppose one has to prove

e.g.
[Va,b,c: £’ Az.a’(2’b) (2 ¢) ].

A reasonable approach is to let [ p ] be a transitive hull of [a :: b :: ¢ ], to prove
[2~pz—a’@h)(@e) ~a’@’d)(2’d)],

and to conclude [ Va,b,c: €’ Az.a’(z’b) ’(z’ ¢) ]. It takes about thirty pages to
prove the existence of transitive hulls once and for all, and after that it is easy
to prove the classicality of a wide range of maps.

transitive
transitive closure
transitive hull
transitive closure
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[ Map lemma
TypeTrgq: Lp: T (p) ;
StrictTrige: ITr(p) = £’p ;
ElimTrInElligs: Tr(p) 2z €2p >z €4 p ;
ElimTrInTwo1gs: £Ly:Tr(p) >z €ap—> 2’y €ap
ElimTrHeadig7: Tr(p) > z::y€ap—> T Eap ;
ElimTrTailyg7: Tr(p) > z::y€Eap—>y€Eap ;
ElimTrSub;g7: Tl‘(p) —“TEp—=>xCop 3
ExistsHullygy: Lx:Ja:xz €5 a A Tr(a) T*

10.12 Lemmas about [z !]

In this section we state the theorems of compactness, discrimination and inverse.
All three are stated and proved in order to prove the power set axiom of ZFC
in Chapter 11, but the theorems are stated here because they are of general
interest.

If variables tacitly range over classical maps, then [ Compactness ] says that
if[z ~py]forall[p]then [z ~ y]. [ Discriminate ] says that for all [ f ] one
can find a[ p ] such that[ f'z ~, f’y ]if and only if [ f’z ~ f’y ] (i-e. one can
discriminate between elements of the range of [ f ] using[ ~, ]). The theorem of
inverses [ IntroInv ] says that for all functions [ z ] one can find an inverse [ y ]
of [ z ] such that [ zoyox ~ x ]. [ 7! | denotes one such inverse. The definition
of [ z7! ] reads:

[z = gy:xzoyox~zx |

[ Map lemma
Compactnessyy: fx,y:—xz~y — Ap:i—z ~p y ;
Discriminatesi4:  fz:Ip:Vu:Vo: (z'u ~p 2’ v =>2"u~2’v)
Typelnva,;: lx: 0z 1 ;
IntroInva;g: lr:~z > zozx tox~z T*



Chapter 11

Development of ZFC in MT

11.1 Introduction

Chapter 11 develops ZFC set theory within MT. This serves several purposes:

e It demonstrates that the power (i.e. consistency power) of MT is at least
as great as that of ZFC.

e It gives an example of a mathematical treatise expressed in MT for which
the topic is non-trivial.

o It allows to import to MT every mathematical theorem that has ever been
expressed and proved in ZFC.

e It pushes MT to its limits, which produces a wealth of useful meta-
theorems as a side effect.

The theorems presented in Chapter 11 are proved in Chapter A. Readers who
want to apply MT to some topic may prove the theorems in Chapter 11 as an
exercise for getting acquainted with MT and may use Chapter A as a checklist.

11.2 Overloading

Section 2.2 stated that in Chapter 2,[ A A B ] stood for conjunction in ZFC. In
this chapter, all terms and formulas (i.e. well-formed formulas) are terms and
formulas, respectively, of MT unless otherwise noted. As an example, in this
chapter, [ A A B ] denotes conjunction in MT. [ A A B ] was defined in Section
3.6.

117
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11.3 Presentation of ZFC

The following axiomatization of ZFC is inspired by [8] and [9]. The syntax of

terms [ T' ], and formulas (i.e. well-formed formulas) [ F' ] of ZFC reads:
[T == V;0:{T,THUT;PT;w;CT I*
[F == TeT;T=T;-F;F=F;3V:F T

ZFC has the same variables as MT. [ § ] denotes the empty set. [ {z,y} ] de-
notes the pair set that contains [ ] and [y ]. [ |Jz ] denotes the union of [ z ].
[ Pz ] denotes the power set of [  ]. [ w ] denotes the smallest infinite von Neu-
mann ordinal. [ Cz ] denotes an element of [ z ] (provided [ z ] is non-empty).
Hence, [ Cz ] is a global choice construct ([8]); [ C] is included to simplify the
formulation of the axiom of choice.

In the axioms and inference rules, the following definitions are in effect:

[zVy = =y 1"
[zAy = —(-zV-y) ]
[z&y = @@=y A=) ]
[Ve: A = —-Jz:-A ]
[z¢y = —(zey) ]
[z#y = -(z=y) ]
[zUy = U{z,y} ]
[ {.Z'} - {ma Z‘} ]
[zF = zU{z} ]
The axioms and inference rules of ZFC are:
[ ZFC rule
Z-MP: {a,beF) ata=bkb ;
Z-Gen: (z€V;a€F) atVz:a ;
7Z-Al:  {a,beF) a=(b=a) ;
Z-A2:  {a,b,c€eF) (a=(b=¢))=>((a=b)=(a=¢)) ;
Z-A3: {a,beF) (mb=—a)=((—b=>a)=b) ;
Z-A4:  (zeV;teT;a,beF) b~ {a|z:=t) F Vz:a=b ;
Z-A5:  (z€V;a bEF) notfree(z; a) - Vz: (a=b)=(a=Vz: b) ;
Z-S: (z,y,2€V;a€eF) notfree(y, z; a) I+ Vy32Vz: (r€z&x€YA)
Z-R: (z,y,2,u€V;a€F) notfree(y, z;a) -
Vz3yVe: (r€2ATu: a=Tu: u€yAa) ;
Z-Q: VaVy: (z=y & Vz: (2€x & z€y)) ;
Z-E: VaVyVz: (z=y=(z€2=>y€2)) ;
Z-A: VaVy: (z=y=Cx=Cy) ;
Z-N: Vo:z &0 ;
Z-P: VaVyVz: (z€{y, 2} & z=y V 1=2) ;
Z-U: VaVy: (z€e|Jy & Jz:z€2A2€Y) ;
Z-W: VzVy: (z€Py & Vz: (z€x=2€y)) ;
Z-I: PewAVz: (rew=ztew) ;
Z-C: Vz: (z#£0=Czxex) ;
]

Z-D: Vi: (x£0=>32: z€xA-Fu: u€xAu€ez)
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In[Z-R],[ a] may contain [ z ] and [ u ] free. [ a ] is univocal if for all [ z ]
there exists at most one [ u ] for which [ a ] is true. [ Z-R ] expresses the axiom
of replacement [9] when [ a ] is univocal. When [ a] is not univocal, there is
some overlap between [ Z-R ] and the axiom of choice. [ Z-R ] is stronger than
the axiom of replacement, but [ Z-R ] plus the axiom of choice is equivalent to
the axiom of replacement plus the axiom of choice.

[ Z-D ] states that every non-empty set [ « ] contains a set [ z ] that is disjoint
from [ 2 ]. The axiom of restriction implies the axiom of foundation [9] which
says that there is no infinite sequence [ x1, T2, ... ] of sets such that [ x; 5 z2 3
T3> --- ]

11.4 Modelling ZFC in MT

Section 11.4 introduces a model of ZFC within MT. Within the model, every
classical map represents exactly one set and every set is represented by at least
one classical map. Let (informally) [ L ] denote the class of all classical maps.
If [ Set(z) ] denotes the set represented by the classical map [ z ], then [ Set(z) ]
will satisfy

[ Set(N) =0 ]
[ Set(A\z.s) {Set(s) |z € L} ]

Il

Hence, the set equality relation [ z = y ] must have the following properties:

[ Set(N) = Set(N) ]
[Set(Az.s) # Set(N) ]
[ Set(N) # Set(\y.t) ]

Furthermore, the equality relation must satisfy:

[ Set(Az.s) = Set(Ay.t) &
(VueSet(Az.s): u € Set(Ay.t)) A (VveSet(y.t):v € Set(Az.s)) <
(VoeL:Set(s) € Set(Ay.t)) A (VyeL: Set(t) € Set(\z.s)) =3
(VzeL3yeL: Set(s) = Set(t)) A (VyeLIzeL:Set(t) = Set(s)) ]

This allows to define the set equality relation in MT:

F
t{ (VoIy:s’z =t"y) A (VyTz:s’z =ty)

The constructs [ - A ], [ A = B, and [ 3z: A] of ZFC are modeled by the
constructs of MT with the same names that were defined in Section 3.6 and

univocal
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Section 8.7. Variables of ZFC are modeled by variables of MT. The remaining
constructs are modeled thus:

[s€Et = if(¢,F,3z:s =1t"x) T*
[0 = N I
oy} = ooy ]*
[S'(y,f) = 3FmzeyAfx ' I
[S"(y, f) = Xeif(f'(y’=),y ez €yAfiz) T
[S(y,f) = if(S'(y,)),S"(y, f),0) I
[{zeylA} = S(y,Az.A) I
[ us(a) Az.a’(x’T) (z’F) T*
[U=z = {u€us(z)|Fviu€vAvex} T*
[W(z) = Myif(y, 0, Az.2°(y (2 2))) I
[ Px = {ueW(@)|Vv:(vEu=veEzx)} T*
[w = Azif(z, 0, (w’(z’N))T) T*
[Cx = eypy€x T*

11.5 Verification of the model

To verify that the constructs above model ZFC we need two auxiliary constructs
[ ZfcExt ] and [ ZfcExt' |. [ ZfcExt(Mu.A) ] is true if the truth value of [ A ]
merely depends on which set [ u ] represents. Hence, if [ ZfcExt(f) ] is true then
one can interpret [ f ] as a predicate on sets. Likewise, if [ ZfcExt'(f) ] is true
then one can interpret [ f ] as a function from sets to sets. The definitions read:

[ ZEcExt'(f) = Vu:Vo:r(u=v=>L(f'u)Afu=f"v)
[ ZfcExt(f) Vu:Vo: (u=v = (f'us fv))

To prove that the model presented in Section 11.4 models ZFC, we shall prove
the following five claims:

(1) If[t]is aterm of ZFC whose free variables occur among[ 21, ..., 2z, ] then
[y ==Lz, = L0t].

(2) If[a]is a formula of ZFC whose free variables occur among [ z1, ..., %, ]
then [0’z — --- > 0z, = la].

(3) If[t]is a term of ZFC whose free variables occur among [ z1,...,Zn,y ]
then [£'m) — -+ = £’ x,, — ZfcExt' (\y.t) ].

(4) If[ a]is a formula of ZFC whose free variables occur among|[ 1,...,%n, Yy ]
then[£ 21 — -+ - = £ x,, — ZfcExt(Ay.a) ].

(5) If[a]is a theorem of ZFC whose free variables occur among [ z1,..., %, ]
then [’z = -+ =02y > al.

Claim (5) above is the one that says that the model models ZFC. The obser-
vation [ ) € ) = F] ensures that the model is non-trivial in that there exist
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formulas [ A ] which the model says are false. Claim (1) to (4) are auxiliary
claims for proving side conditions needed when proving Claim (5).
Claim (1) follows by structural induction from the following lemmas

[ Map lemma
z-TypeEmpty,,,: €70 ;
z-TypePairs,,: br,y: 0{z,y} ;
z-TypeUniongs,: fx: 8’ Jz ;
z-TypePowerys,:  lx: 4’ Px ;
z-Typelnfty,gq: 0w ;
z-TypeChoice,sgg: fz: €’ Cx I*

Claim (2) follows by structural induction from the following lemmas:

[ Map lemma

z-Typelny,g: le,y:lx €y ;
z-TypeEqualyy,: Lz, y:lz =y ;
z-TypeNoty;s: la:1-a ;

z-Typelmply,5:  la,b:!(a = b) ;
z-TypeExists, 3:  (z€V;a€T)’z — lat Vzia T

Claim (3) follows by structural induction from the following lemmas

[ Map lemma
z-ExtEmpty,,,:  ZfcExt' (Ay.0) ;
z-ExtPairayy: ZfcExt'(a) — ZfcExt'(b) — ZfcExt'(A\y.{a’y,b’y}) ;
z-ExtUniongss:  ZfcExt'(a) — ZfcExt'(\y.Ja’y) ;
z-ExtPowersgq:  ZfcExt'(a) — ZfcExt' (\y.Pa’y) ;
z-ExtInfty,g;:  ZfcExt'(Ay.w) ;
z-ExtChoiceggs: ZfcExt'(a) — ZfcExt'(A\y.Ca’y) ;
z-ExtVarXopsg: £’z — ZfcExt' (\y.x) ;
z-ExtVarYasg:  ZfcExt'(Ay.y) T*

Claim (4) follows by structural induction from the following lemmas:

[ Map lemma
z-ExtIngsg: ZfcExt'(a) — ZfcExt'(b) — ZfcExt(Ay.a’y € b’y)  ;
z-ExtEqualysy:  ZfcExt'(a) — ZfcExt'(b) — ZfcExt(\y.a’y =b’y)
z-ExtNotagg: ZfcExt(a) — ZfcExt(A\y.—a’y) ;
z-ExtImply,yo:  ZfcExt(a) — ZfcExt(b) — ZfcExt(A\y.a’y = b’y) ;
z-ExtExistsoas:  (z€V;a€T )0’z — ZfcExt(a) b ZfcExt(Ay.3z:a’y) T

Claim (5) follows by induction in the length of the ZFC-proof from the following
lemmas:



122 Map theory with classical maps © 2001 Klaus Grue

[ Map lemma

Z-MPyg: @ —>a=>b—b

z-geNyg: (z€V;a€T )’z — at Va:a

z-alaqg: !a, ba = (b = a)

z-a2219:  la,b,c:(a= (b=¢)) = ((a=b) = (a=¢))

z-a3219:  la,b: (mb = —a) = ((-b=a) =)

z-ada1g:  (z€V;a,b,t€T)b ~ (a | z:=t) -
OCz—>labbHLtEYza=b ;

z-aba1g:  {(x€V;a€T )notfree(x; A)
latk 0z =1 Ve:(a=0b) = (a = Va:b)

Z-(ag3: VaVy: (z=y & Vz: (z€x & 2€y))

Z-€934: VaVyVz: (z=y=(z€2=>y€2))

7-2268: VzVy: (z=y=Cz=Cy)

Z-S251° (z,y, 2z€V; a€T )notfree(y, z; a) t ZfcExt(Az.a) —
VydzVz: (z € 2 &z €y A a)

Z-Posg:  VEVyVz: (z€{y, 2z} & z=y V 2=2)

Z-N244: Va:z ¢ @

z-Ugss:  VaVy: (zeJy & Fz:zezAzey)

z-Waes:  VaVy: (z€Py & Vz: (z€x=2€y))

z-ipe7: PEwAVT: (reEw=1T€EW)

Z-To71: {z,y, 2, u€V; A€ F)notfree(y, z; A) - Lu: ZfcExt(Az.A)
VzdyVz: (z € 2 A Ju: A= Juu € y A A) ;

Z-Cago: Ve:(z #0=>Crex) :

z-dy7g: Ve:(x 20 =>JzizexA-FuuerzAuez) T*

The formal lemmas presented above are proved in Chapter A. The five claims
about ZFC follow from the formal lemmas. In conclusion, ZFC has been modeled
in MT.



Appendix A

Formal proofs

A.1 Fundamental proofs

[ The Map proof of Replace’ reads

L1: Premise > A=A
L2: Premise > B=C ;
L3: Block > Begin ;
L4: Algebra > B ;
L5: Commutativity > (Replace > L1) > B ;
L6: Repetition > L2 > C ;
L7: Replacer> L1 > C ;
L8: Block > End T*

The proof above shows that a proof may end inside an algebraic block: After
elimination of shorthand notation, Line [ L7 ] is the last line of the proof, so the
proof does prove [ Replace’ ].

[ The Map proof of L5.5.1 reads
L1: Premise > A=A o
L2: SubLambdar>Lll>»> M.A=Xz.A |

[ The Map proof of 1.5.5.2 reads

L1: Premise > A=A ;
L2: Premise > B=8 ;
L3: Block > Begin ;
L4: Algebra > A’B ;
L5: Commutativity > ApplyLambda > A.x’B)’A
L6: SubApply > Az.z’B)’A
L7: ApplyLambda > A'B ;
L8: SubApply > A'B ;
L7: Block > End r
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[ The Map proof of L5.5.3 reads
L1: Premise >
L2: Premise >
L3: Premise >
L4: Block >
L5: Algebra >
L6: Commutativity > ApplyLambda >
L7: SubApply > L1 >
L8: ApplyLambda >
L9: Commutativity > ApplyLambda >
L10: SubApply > L2 >
L11: ApplyLambda >
L12: Commutativity > ApplyLambda >
L13: SubApply > L3>
L14: ApplyLambda >
L15: Block >

A.2 Lemmas that use QND

[ The Map proof of Q(z) reads
L1: Premise > (A\z.A)’
L2: Premise > (2. A)’ Az =
L3: Premise > (Az.A)’ L =
L4: QNDp>Ll>L2>L3> (Az.A)’z

L5: Transitivity

> L4 > ApplyLambda >

Trans

> ApplyLambda>L5> A=B

L6:

[ The Map proof of Ded:Hyp reads
L1: Logic > HAH=HAT
L1: Repetition>L1>» H—>H

[ The Map proof of Ded:Import reads
L1: Premise > A=B
L2: Replacer> L1 > HAA=HAB
L3: Repetition>1L2> H—>A=B

[ The Map proof of Ded:Trans reads
L1: Premise > H—>A=B
L2: Premise > H—->A=C
L3: Repetition>Ll> HAA=HAB
L4: Repetition>L2> HAA=HAC
L5: Trans>L3p>L4> HAB=HAC
L6: Repetition>L5> H—-o>B=C

o o
0‘2.

N =

(Az.A) z =

11T

if .A B,C)
(M\z.if (z,B,C))’
(Az.if(z,B,C))’
if (A, B,C)
(Az.if (A, z,0))’
(Az.if (A, 2,0))’
if(A, B,C)
(A\z.if (A, B, z))’
(A\z.if (A, B, z))’
if (A, B,C)

A
A
B
B

¢
¢

End

(Az.B)’
(Ax.B)’ Az
(Az.B)’ L
=(\z.B) 'z
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[ The Map proof of Ded:SubLambda reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8:
L9:
L10:
L11:
L12:
L13:

Premise >

Repetition > L1 >
SubLambda > L2 >

Logic >
Logic >
Block >
Algebra >

Instantiation > L4 >

Replace > L3 >

Instantiation > L5 >

Block >

Repetition > L10 >
Repetition > L12 >

H—>A=B
HAA=HAB
MHAA= I HAB
yAA=yAlzyAA
yAdxyAB=yAz.B
Begin
HA Nz A
HAMNMHAA
HAINHAB
H A \z.B
End
HAMNA=HAINB
H— Iz A= Az.B

[ The Map proof of Ded:SubApply reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8:
L9:
L10:

Premise >

Repetition > L1 >

Block >
Algebra >
Logic >

Replace > L2 >

Logic >
Block >

Repetition > L7 >
Repetition > L9 >

H—-+A=B
HAA=HAB
Begin

End
HAC'A=HAC'B
H—-C A=C’B

HACA
HAC(HA A)
HAC(HAB)
HACB

Ll Ge e ws ws we
*

[ Map lemma T4y25: A= BFB=C+-C=DFA=DT

[ The Map proof of T4 reads

L1:
L2:
L3:
L4:
L5:
L6:

Block >
Algebra >
Premise >
Premise >
Premise >
Block >

Begin
A
B
C
D
End

Ll Ge Gr ws ws we ws s we s ws we s

*
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A.3 Local definitions

[ The Map proof of Ded:QND reads

L1: Premise > HAA'N=HAB’'N
L2: Premise > HAA'AC=HAB’AC
L3: Premise > HAAL=HAB’N
L4: Define > f=dz Iz Ay'z

L5: TA>PRDLIDR > fPHA'N=f"H’B’N
L6: T4>RD>L2D>R > FTH A'AC=f H B’ AC
L7: T4>RD>LI>R > fHAL=f"HB L
L8: QND>L5S>L6DLT> [ H A C=fH'BC
L9: TADRD>LEDR > HAAC=HAB'C

Ll e G ws ws we us ws we
*

Line[ L4 ] declares that [ f ]is shorthand for[ Az.A\y.\z.x A y’z ] throughout
the proof. To eliminate this shorthand notation, replace all occurrences of [ f ]
by [ Az.A\y.Az.z A y’z ] in the proof, and then replace [] in Line 1 by
Reflexivity.

Line[ L4 ] is a local definition which has no effect outside the proof. The left
hand side of [ = ] in a local definition must be a variable. All free occurrences of
the variable inside the scope of the local definition must be replaced by the right
hand side of the local definition before checking the proof. Bound occurrences
of the variable are not affected. The scope of a local definition starts at the
location of the local definition. The scope ends at the “Block End” of the
smallest enclosing block. If the local definition does not occur inside a block
then the scope ends at the end of the proof. If more than one local definition
of the same variable is in effect in a given proof line, then the latest of the local
definitions counts.

[ The Map proof of Q’(x) reads

Ll: Premise > A =B
L2: Premise > A= B"
L3: Premise > A = B

L4: T4>RDLI>R > (Az.A)’N = (\z.B)’N
L5: TADRD>L2ZDR > (A\z.A)’ Az = (\z.B)’ Az
L6: TADRD>LIDR > (Az.A)’ L = ()\a:B)’J_
L7: Q@) >l4pls>le> A=B

L Ge v v wr we we

[ The Map proof of TND reads
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L1: Premise > 1A
L2: Premise > A—>B=C
L3: Premise > -A—->B=C
L4: Repetitionp>12> AAB=AAC
L5: Repetition>L3> -AAB=-AAC
L6: Block > Begin
L7: Algebra > B
L8: Logicl> L1 > if(A,AA B,-AA B)
L9: Replace> L4 > if(A,AAC,—-AAB)
L10: Replace> L5 > if(4,AAC,-AAC)
L11: Logic> L1 > C
L12: Block > End
[ The Map proof of Indirect reads
Ll: Premise > 1A
L2: Premise > -A—F
L3: Repetition>12> -AAF=-AAT
L4: Block > Begin
L5: Algebra > ~A
L6: Logic > -(=AAT)
L7: Replace > L3 > -(-=AAF)
L8: Logic > 1A
L9: Repetition > L1 > T
L10: Block > End
L11: Repetition>L9 > =~A
L12: Logicl> L11 > A

127

Note that Line [ L9 ] and Line [ L11 ] are both shorthand for [ ~A = T ] which

allows Repetition to be used in Line [ L11].

[ The Map proof of Indirect’ reads

L1:

L2:
L3:
L4:
L5:
L6:
L7:
LS&:
L9:
L10:
L11:
L12:

Premise >

Premise >

Block >

Hypothesis >
Reduction >
Replace’ > L4 > L5 >
Replace’ > L6 > L5 >
Reduction >
Replace’ > L4 > L8 >
L1>L19 >

IA— B

-B—-A

Begin
A
-T=F
~A=F
-B—F
T=T
A=T
B

Indirect > L10 > L7 > B

Block >

End

[ The Map proof of CDeduction reads
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*

L1: Premise > 1A ;
L2: Premise > 1B ;
L3: Premise > A—B ;
L4: Repetition>L3> AAB=AAT ;
L5: Block > Begin ;
L6: Algebra > A=B ;
L7: Logicl> L2 > A= AAB ;
L8: Replace> L4 > A=>AAT ;
L9: Logic > 1A ;
L10: Repetition > L1 > T ;
L11: Block > End ;
]

L12: Repetition>L10>» A=1B

[ The Map proof of Deduction” reads

*

L1l: Premise > 1A ;
L2: Premise > A—B ;
L3: Repetition>12> AAB=AAT ;
L4: Block > Begin ;
L5: Algebra > A=B ;
L6: Logic>> A3 AAB ;
L7: Replace> L3 > ASART ;
L8: Logic > 14 ;
L9: Repetition > L1 > T ;
L10: Block > End ;
]

L11: Repetition>L9> ASB

[ The Map proof of IntroIff reads

Ll: Premise > 1A
L2: Premise > B
L3: Premise > A= B
L4: Premise > B—A

L5: CDeduction>L1>L2>L1L3> A=B
L6: CDeduction> L2>L1>14> B= A
L7: Logic> L5> L6 > A& B

R
*

A.4 Greatest lower bounds

The proofs of [ L7.3.1] and [ L7.3.2 ] may serve as an introduction to the uses
of [ Extensionality ].

The hard part of proving something by [ Extensionality ] is to define [ A4 ],
[B], and [C]. The proof of [ L7.3.1] is straightforward, once [ A], [ B ], and
[ C ] are defined:

[ The Map proof of L.7.3.1 reads



A Formal proofs

L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8:
L9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:

The proof of [ L7.3.2 ] uses the fact that

[(@ly) z=2"2]y’ 2]

Define >
Define >
Define >
Block >
Algebra >
Reduction >
Logic >
Reduction >
Block >
Block >
Algebra >
Reduction >
Reduction >
Block >
Block >
Algebra >
Reduction >
Logic >
Reduction >
Block >

Extensionality > L8 > L13 > L19 >
Instangiation > L2_1 >
T4>RD>L22>R >

A= lz.x
B=Mrxlx

C =M vu’v

Begin
~A U
~u
~(u l u)
~B’u

End

Begin
A’u’v
u’v
A’(C’u’v)

End

Begin
B’u’v
(udwu)v
u'vlu’v
B’(C’u’v)

End

A'u=B"u

A’z =Bz

r=zlzx
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almost holds. The equation above fails e.g. if [z = N ] and [y = Au.N ]. Now

define

sy

[z @Qy]equals[y] unless [z ] equals [ L ] in which case[ z @ y ] equals [

Ll

The following enhancement of the equation above holds for all[ z ], [ ¥ ], and

[z]:

[(ly)z=zlyQz’z]y’ 2]

Actually, the statement above is a tautology, so it is provable by [ Logic ].
The proof of [ L7.3.2 ] also uses the following from Section 3.14:

And, finally, the proof of [ L.7.3.2 ] reads:

[n1((=,9))
[n2((z,y))

T ]
Y]
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[ The Map proof of L.7.3.2 reads

L1l: Define > a =ny(u) ;
L2: Define > b = na(u) ;
L3: Define > A=Xu.alb ;
L4: Define > B=Xubla ;
L5: Define > Ci=alb@a’v ;
L6: Define > Co=alb@Qb’v ;
L7: Define > C =M wlC1,C)
L8: Block > Begin ;
L9: Algebra > ~ATu ;
L10: Reduction > ~(a lb) ;
L11: Logic> ~(b | a) ;
L12: Reduction > ~B’u ;
L13: Block > End ;
L14: Block > Begin ;
L15: Algebra > A’u’v ;
L16: Reduction > (alb)v ;
L17: Logic > C1lC ;
L18: Reduction > A(C7u’v) ;
L19: Block > End ;
L20: Block > Begin ;
L21: Algebra > B’u’v ;
L22: Reduction > (bla)w ;
L23: Logic > C2 Gy ;
L24: Reduction > B’(C’u’v) ;
L25: Block > End ;

L26: Extensionality >

L12>L18 > L24 > A'u=B"u ;
L27: Instantiation > L26 > A’(z,y) =B (z,y) ;
L28: T4DRBL2ZTGR> zly=ylz

[a—
*

The proof of [ .7.3.3 ] contains no news compared to the proof of [ L7.3.2 ]:

[ The Map proof of 1.7.3.3 reads
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L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8:
L9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:

L29:
L30:

Define >
Define >
Define >
Define >
Define >
Define >
Define >
Define >
Define >
Block >
Algebra >
Reduction >
Logic >
Reduction >
Block >
Block >
Algebra >
Reduction >
Logic >
Reduction >
Block >
Block >
Algebra >
Reduction >
Logic >
Reduction >
Block >
Extensionality >
L14 > L20 > L26 >

Instan‘Eiation > L2_8 >
T4 R>L29>R >

Begin

~A’u
~ad (b o)
~((alb)lc)
~B’u

End
Begin

A’ u’v
(al(ble)’v
C14(C2]Cs)
A’(Cu’v)

End
Begin

B’u’v
((@dbd)lc)'v
(C11C2) 1 Cs

Eaibic@a v
Co=alblc@b’v
C3=alblc@Qc’v
CE/\U./\U.(C1,CQ,C3>

B’(C’u’v)
End
A’u=B"u ;
AXz,y,2z) =B (z,y,2)
zlylz)=@lylz T

A.5 Extensionality and deduction

[ Map lemma

NonmonolImply; 3;:
ImplyNonmono, g:

[ The Map proof of NonmonoImply reads
L1l: Premise > a—+b=c
L2: Block > Begin
L3: Algebra > a=>b
L4: Logic > a=(aAb)
L5: Replace> L1 > a=(aAc)
L6: Logic> a=c
L7: Block > End

(a,b,c€eT)a—=b=cta>b=a>c
(a,b,ceT)a=>b=a=>cta—>b=c

e
*

’

]*
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[ The Map proof of ImplyNonmono reads

L1: Premise > a>b=a=3>c ;
L2: Block > Begin ;
L3: Algebra > alb ;
L4: Logic > ah(a=b) ;
L5: Replace> L1 > ah(a=c) ;
L6: Logic > alc ;
L7: Block > End T*

[ The Map proof of Ded:Extensionality reads

L1: Premise > H—>=(Au) = m(B’u) ;

L2: Premise > Ho>Auwv=A(C"u ;

L3: Premise > H—=>Buw'v=B(C"u’ ;

L4: Define > A= H= A ;

L5: Define > B=XuH=>Bu ;

L6: Block > Begin ;

L7: Algebra > ~A ;

L8: Reduction > ~(H=> A u) ;

L9: Logic > HS~Au ;
L10: Nonmonolmply > L1 > H=S>=B’u ;
L11: Logic>> ~(H = Au) ;
L12: Reduction > ~B’u ;
L13: Block > End ;
L14: Block > Begin ;
L15: Algebra > Au'v :
L16: Reduction >> H=>Au)'v ;
L17: Logic> HS>Auw v ;
L18: Nonmonolmply > L2 > H=>A(Cu’v) ;
L19: Reduction > A(Cuv) ;
L20: Block > End ;
L21: Block > Begin ;
L22: Algebra > B'u’v ;
L23: Reduction > (H=Bu)’v ;
L24: Logic > H=S>B'uwv ;
L25: NonmonoImply > L3 > H=B(C'u’v) ;
L26: Reduction > B’(C’u’v) ;
L27: Block > End ;
L28: Extensionality>L12>L195126> A'u=B'u ;
L29: T4 RD>L28D>R > H3>Au=H>Bu :
L30: ImplyNonmono > L29 > H—o>A'u=B"u T*



A Formal proofs 133
A.6 Monotonicity of abstraction

[ The Map proof of L.7.5.1 reads

L1: Premise > A<B ;
L2: Block > Begin ;
L3: Algebra > Az.A ;
L4: Replace> L1 > M. Al B ;
L5: Reduction > (Az.A) | (Az.B)
L6: Block > End T*

A.7 Some minimal and maximal elements

[ The Map proof of L.7.6.1 reads
L1: Reduction>» L1=1}A4 7

[ The Map proof of 1.7.6.2 reads
L1: Premise > A=<1
L2: L7.6.1> N
L3: Lr42plipl2> A=1 T

[ The Map proof of L.7.6.3 reads

?

L1: Premise > T<A ;
L2: Commutativity>L1>» TJA=T ;
L3: Logic> L2 > A=T I*
[ The Map proof of 1.7.6.4 reads
L1l: Premise > . L <A ;
L2: Block > Begin ;
L3: Algebra > -(Az. L)L A)
L4: Replace> L1 > Az, L ;
L5: Reduction > T ;
L6: Block > End ;
L7: Repetition >L5> —((Az.L) | A) ;
L8: Logic> L7 > A=z Az T
[ The Map proof of L.7.6.5 reads
L1: Premise > A=z Az ;
L2: Block > Begin ;
L3: Algebra > Az. L ;
L4: Reduction > Az.L) ] Az A’z)
L5: Replace > L1 > Az.L) |l A ;
L6: Block > End T*
[ The Map proof of MP’ reads
L1: Premise > A
L2: Premise > A=<B

L3: Replace’'>LI>L2> T=<XB ;
L4: L7.6.3>L3> B T*
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A.8 Greatest lower bounds again

[ The Map proof of 1.7.7.1 reads

L1: L7.3.1> A=Al A ;

L2: Block > Begin ;

L3: Algebra > Al B ;

L4: Replacel> L1 > (ALA LB ;

L5: L7.3.3> AL(ALB)

L7: L7.3.2> ALB LA T
[ The Map proof of L7.7.2 reads

L1: L7.3.2> BlLA=ALB ;

L2: L7.7.1> BlA=<B ;

L3: Replace’>L1p>L2> AlB=<B T
[ The Map proof of 1.7.7.3 reads

L1: Premise > A=<B ;

L2: Premise > A=XC ;

L3: Block > Begin ;

L4: Algebra > A ;

L5: Repetition > L2 > AlC ;

L6: Replacer> L1 > AlBlCc ;

L7: L7.3.3> AL(BLC)

L8: Block > End T

A.9 Order and implication

[ The Map proof of 1.7.8.1 reads

*

Ll: Premise > AAB=AAT
L2: Block > Begin ;
L3: Algebra > ?7A ;
L4: Logic > 2(AAT) ;
L5: Commutativity > L1 > ?(A A B) ;
L6: Logic > ?A L 7B ;
L7: Block > End T*
[ The Map proof of L.7.8.2 reads
Ll: Premise > AAB=AAT
L2: Block > Begin ;
L3: Algebra > 7A ;
L4: Logic > 2(AAT) ;
L5: Commutativity > L1 > 2(AA B) ;
L6: Logic > Al B ;
]

L7: Block > End
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[ The Map proof of L.7.8.3 reads

L1l: Premise > ?TA<L7?B ;
L2: Block > Begin ;
L3: Hypothesis > A ;
L4: Logict> L3 > TA=T
L5: Replace’>L4pLls> T<?8
L6: L7.63>L5> MB=T
L7: Logic> L6 > B ;
L8: Block > End T*

[ The Map proof of 1.7.8.4 reads
L1l: Premise > AAB=AAT ;
L2: Premise > “AA-B=-AAT ;
L3: Block > Begin ;
L4: Algebra > ~A ;
L5: Logic > if(A,?2(AAT),-?2(=AAT)) ;
L6: Replace> L1 > if(A,?2(AAB),-?7(wAAT)) ;
L7: Replace> L2 > if(4,7(A A B),=?(=A A =B)) ;
L8: Logic > ~A L =B ;
L9: Block > End 7"

[ The Map proof of L.7.8.5 reads
L1: Premise > ~NA=~A | =B ;
L2: Replace > A= (=Al=B)
L3: T4 Logic> L2 Logic>» 7A=7A4178B ;
L4: L7.8.3> L3> A—B I

[ The Map proof of 1.7.8.6 reads
L1: Premise > ~A=~A | =B ;
L2: Replace > T A= 7(mAl =B)
L3: T4 Logic> L2 Logic>» 7= A=7-A4] 78 ;
L4: L7.83>L3> -A— -B T*

[ The Map proof of L.7.8.7 reads
L1: Premise > A—-B<C
L2: Repetition>L1>» A —->B=B|C
L3: Repetition>L2> AAB=AA(BLC)

L4: Block > Begin ;
L5: Algebra > AAB ;
L6: Repetition > L3 > AR (B|C) :
L7: Logic > AABLAARC :
L8: Block > End I

[ The Map proof of 1.7.8.8 reads
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L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8:
L9:
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Repetition>L5> AAB=AA(BLC)
Repetition>L7>»> A—->B=B|C
Repetition > L8> A —B<C

*

Premise > AAB=AABlAARC ;
Block > Begin ;
Algebra > AAB ;
Repetition > L1 >> AABLAAC ;
Logic > AA(BLC) ;
Block > End ;

]

A.10 Monotonicity

[ Map lemma M4y36: A= BFB<LCFC=DFA<DT"

[ The Map proof of M4 reads

Ll: > > A=B ;
L2: > > B<C ;
L3: >> C=D ;
L4: Replace’>p>LI>L2> AXC
L5: Replace’> L3> L4 > A<D T
[ Map lemma
LA10.136: A<A F A'B<A'B ;
LA.102136: B<B F A'B<A’B ;
LA.10.3136: A=A b if(4,B,C) <if(A4,B,0) ;
LA.10.4135: B=<B + if(A4,B,0) =if(4,B,0) ;
LA.10.5137: C<C + if(A4,B,0) =if(4,B,C) T
[ The Map proof of LA.10.1 reads
L1: Premised < A ;
L2:  Monotonicity > L1>  (Az.z’B)’ A X (Az.z’B) A
L3: MA>R>L2ZGR> A'B<A'B T
[ The Map proof of LA.10.2 reads
L1: PremiseB < B ;
L2: Monotonicity > L1> A'B<A'B T
[ The Map proof of LA.10.3 reads
L1: Premised < A ;
L2: Monotonicity > L1 >  (A\z.if(z,B,C))’ A < (\z.if(z,B,C))’ A ;
L3: MApRB>L2BR >  if(A4,B,C) <if(A4,B,C) T
[ The Map proof of LA.10.4 reads
L1: PremiseB < B ;
L2: Monotonicity > L1 3> (Az.if(A,,C))’ B = (Az.if(4, z,())’ B ;
L3: MADRB>L2>R >  if(A4,B,C) =if(A4,B,0) T
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[ The Map proof of LA.10.5 reads

L1: PremiseC <C ; )

L2: Monotonicity > L1 > (Az.if(A4,B,z))’C < (A\z.if(A,B,z))’C ;

L3: MA>RD>L2DR>  if(A4,B,C) <if(A,B,C) T

[ The Map proof of L.7.9.1 reads
L1: L741>» B=<B T

[ The Map proof of L7.9.2 reads
L1: Premise > A<A ;
L2: L751p>Ll> A= zAdA T

[ The Map proof of 1.7.9.3 reads

L1: Premise > A< A :
L2: Premise > B=B ;
L3: LA.10.1p>L1>> AB=<A'B ;
L4: LA.10.2>L2>> AB=<A'B ;
L5: L743>L3pld> A'B<A'B T

[ The Map proof of 1.7.9.4 reads

L1: Premise > A=< A ;
L2: Premise > B=<B :
L3: Premise > c=<C ;
L4: LA.10.3>L1> if (A, B,C) 2 if(A,B,C) ;
L5: LA.104p> 12> if (A, B,C) <if(A4,B,C) ;
L6: LA.10.5>L3>> if(4,B,C) =if(4,B,C) ;
L7: L743>L4>15>  if(A,B,C) 2if(4,8,C) ;
L8: L7.43>L7>L6> if(A4,B,C) <if(4,B,6) T

A.11 Monotonicity and deduction

[ The Map proof of Ded:Monotonicity reads

L1: Premise > H—->A<B ;
L2: L7.8.7>L1> HAA<HAB ;
L3: Mono> L2 > HAC(HAA) SHAC(HAB) ;
L4: Logic > HAC(HAA)=HAC A ;
L5: Replace’ >L4>1L3> HAC AXHAC(HAB) ;
L6: Logic > HAC(HAB)=HAC’'B ;
L7: Replace’ >L6>L5> HAC A<HAC’B ;
L8: L7.8.8>L7> H—-C A<LC’B T*
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Minimality and deduction

[ The Map proof of Ded:Minimality reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
LS&:

Premise >

L78.7> L1 >

Logic >

Replace’ > L3> L2 >
Minimality > L4 >
Logic >

Replace’ > L6 > L5 >
L7.88> L7 >

H—-A'B<XB

HAA'BLHAB

HAA'B= MxHAA z)(HAB)
M HAAZ) (HAB XHAB
Y'X@HAA 2 <HAB
Y'XMHAAz=HAY A
HAY A<SHAB

H—-Y A<LB

A.13 Peano induction

[ The Map proof of L.7.13.1 reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
LS:
L9:
L10:
L11:

Premise >

Premise >
Reduction >
Replace’ > L1 > L3 >
Instantiation > L2 >
L5>R >
L781p>L6>
Replace’ > R > L7 >
L76.1>

Replace’ > R > L9 >
Q) > )
(T4>R>LADR) >
(T4>R1>L8>R) >
(T4>R>LIO>R) >

A’0

-z > A(z7) = .A’
if(N,N,?74°(N7)) < ?
if(N,N,?74°(N7)) < ?
—|A:1:—)A((A;c) —>A’A;v

)
A((Az)") - A’ Az
TA((Az)”) 2 7A7 Az
if(Az,N,?A((Az)~)) X ?A’Ax
1L <?24°L
if(L,N,?A’(L7)) =74 L

if (2, N,24°(z7)) < 24’z

[ The Map proof of 1.7.13.2 reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8&:

Premise >

Block >

Hypothesis >
Repetition > L3 >
Replace’ > L4 > L1 >
L76.3>L5>
Logic> L6 >

Block >

A=<X7?B ;
Begin ;
A ;
A=T
TX?B ;
MB=T ;
B ;
End ]

e L T
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A.14
A.15
A.16
A7
A.18
A.19
A.20
A.21
A.22
A.23
A.24

Lemmas about [Ex |
Lemmas about ez ]
Existence

Universal quantification
Ackermanns axiom
Lemmas about [lim(w, z) |
LemmasAbout [z =, y]
Some classical maps
Primitive subsets
Envelopes

Pure existence

[ Map lemma

PuI‘eAlgg:
PuI‘eBlgg :

Ex:T=T ;
(AETYA<TEFA=?4 T

[ The Map proof of PureA reads

L1: Algebra > Ex:T ;
L2: Reduction > E(?0T) ;
L3: Rev > TruthExistence > ET ;
L4: Existence > T T*
[ The Map proof of PureB reads
L1: Premise > A<LT ;
L2: Repetition > L1 > A=ALT ;
L3: Logic > AlT=724
L4: Transitivity > L2>L3> A=74 T*
[ The Map proof of DomainPure reads
L1: Algebra>> Ez: A ;
L2: Reflexivity > Elz.A ;
L3: TruthExistence >» E((Az.?z) o (Az.A4)) ;
L4: Reduction > Elz.?A ;
L5: Reflexivity > Ez:?7A4 T*
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[ The Map proof of RangePure reads

L1: Logic > TALT ;
L2: Mono > L1 > Ex:?7A<Ex:T
L3: DomainPure > Ex: A=Ez:7A
L4: Replace’> L3> L2 > Ez: A <Ex:T ;
L5: Replace’ > PureA>14> Er:A<T ;

L6: PureB > Ez: A=7Ex: A T
[ The Map proof of ImplyPure(C) reads
L1: Premise > Ez: A
L2: Premise > A= B
L3: Reduction > \e.B = (\x.B) o (\z.C)
L4: Trans > DomainPurer> L1 > Ez:7A4
L5: L7.82>L12>> PA<B
L6: Mono > L5 > Ez:?A < Ez: B
L7: MP’'>L4D>L6>> Ez: B
L8: Replace’> L3> L7 > E((Az.B) o (\z.C))
L9: ImpliedExistence > L8 > Ex: B
[ The Map proof of IntroPure(C) reads
L1: PureA > Ex:T ;
L2: Block > Begin ;
L3: Hypothesis > B ;
L4: Logicl> L3 > ToB
L5: ImplyPure(C)>L1> L4 > Ez: B ;
L6: Block > End T*
[ The Map proof of ElimPure reads
LOl: Premise > Ex: A
L02: Premise > A—B
L03: ImplyPure(z)>L1>L2> Ex:B
L04: Logic > Ex:T—>T
LO5: NonExistence > EL=1
L06: TruthExistence > EL=E(?01)
LO7: Trans> L6 D> L5 > E(?ol)=1
LO8: Trans>R>L7> Ez: 1l =1
L09: Reduction > 11
L10: Replace’ > L8> L9 > Ex: 1 — L
L11: Transp>R>L7 > Ez:7Ay = L
L12: DomainPure > Ez: Ay = Ex: 7Ay
L13: Transitivity > L12>L11> Exz:Ay=1
L14: Reduction > 1 = Ay
L15: Replace’ > L13 1> L14 > Ez: Ay — Ay
L16: Q(y)>L4>L15>L1I0> Exiy—y
L17: Instantiation > L16 > Ez:B — B
L18: L17>L3> B
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A.25 Domain and range of quantifiers

[ The Map proof of DomainChoice reads

L1: Algebra >

L2: AckermannChoice >

L3: Logic >

L4: Rev > AckermannChoice >

er:a’x ;
ex:l’xNa’x ;
e:l’rzA=~a’x

er:~a’x T

[ The Map proof of Doma1nEx1sts reads

L1: Algebra >

L2: Reduction >

L3: DomainChoice >
L4: Logic >

L5: Reduction >

dx:a’x ;
~a’ex:a’x ;
~a'eriNa’x ;
~alexiRa’r g
dr:~a’z T

[ The Map proof of DomainAll reads

L1: Algebra > Veia’x
L2: Reflexivity >
L3: DomainExists >
L4: Logic >

L5: Reflexivity > Ve:~a’x
[ The Map proof of RangeEll reads

LO1: Block >

L02: Algebra >

L03: Reduction >

L04: RangePure >

L05: Logic >

L06: RangePure >

LO7: Reduction >

L08: Block >

L09: Repetition > L7 >

L10: Minimality > L9 >

L11: Mono > L10 >

L12: Transitivity > L11 >R >

L13: PureBp> L12 >

—dz:-a’x ;
—drix—a’s
—dz:—ma’x 5

]*

Begin ;
0’z T) ;
A.if (z, T, ~Ep: =z €; p) ;
Az.if(z, T, ~?Ep: ~x €; p) ;
Mrif(z, T,R?Ep:=z €, p) | T
Mrif(z, T,xEp:~z € p) | T
A2 T) | A2 T ;

End ;

A2 T) < 2. T ;

£ <Az T ;

Or=<(A2T) z ;

0x=<T ;

x=%"¢g T*

[ The Map proof of RangeExists reads

L1: Algebra > dz:a’zx
L2: Reflexivity >
L3: Logic >

L4: Reflexivity > ~3z:a’x

[ The Map proof of RangeAll reads

L1: Algebra > Veia’z

L2: Reflexivity > —3Jz:—-a’z
L3: Logic > ~R-dri—a’x
L4: Reflexivity > =~Vz:a'z

~(Ar.a’z)’er:a’x ;
rr(Ar.a’x)’

ex:a’r

:I*

]*
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A.26 Negation of quantifiers

[ The Map proof of AllNot reads

L1: Algebra > Ve:—a’z ;
L2: Reflexivity > —dz:——a’x
L3: Logic > —dz:ma’x ;
L4: DomainExists > —3dz:a’x T*
[ The Map proof of NotAll reads
L1: Algebra > —-Vz:ia’'x ;
L2: Reflexivity > -—dri-a’xr
L3: Logic > ~Jxr:-a’x ;

L4: RangeExists>> -dz:a’z I*
[ The Map proof of NotAllNot reads

L1: Algebra > —Vr:-a'z
L2: Replacer> NotAll> Fz:——a’z ;
L3: Logic> dr:~a’x ;
L4: DomainExists > dz:a’x T*

A.27 Type and strictness of quantifiers

[ The Map proof of StrictTypeExists reads

L1: Algebra > Hz:a’z ;
L2: NotAllNot > =Vz:-a’z
L3: Logic > WVr:-a'x ;
L4: StrictTypeAll > Vz:!-a’z ;
L5: Logic > Vz:lia T*

[ The Map proof of TypeChoice reads
L1: Hypothesis > ha ;
L2: Transitivity > StrictTypeChoice > L1 > £’ex:a’z  *

[ The Map proof of TypeExists reads
L1: Hypothesis > ha ;
L2: Transitivity > Strict TypeExists > L1 > !3z:a’z T*

[ The Map proof of TypeAll reads
L1: Hypothesis > ha ;
L2: Transitivity > StrictTypeAll> L1 > Wx:a’z T*

[ The Map proof of StrictChoice reads
L1: Hypothesis > Oex:a’x
L2: Trans > StrictTypeChoice > L1 > lia T

[ The Map proof of StrictExists reads
L1: Hypothesis > Hz:a’z
L2: Trans > StrictTypeExists> L1 > lia T
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[ The Map proof of StrictAll reads

L1: Hypothesis > We:a'z

L2: Trans > StrictTypeAll>L1> lia T*
[ The Map proof of StrictEll reads

L1: Hypothesis > W ;

L2: RangeEll > =z

L3: Replace’>L2>L1>» 170z ;

L4: Logic> L3> Oz T*

A.28 Elimination of quantifiers

[ The Map proof of ElimExists reads

L1: Hypothesis > dz:a’z ;

L2: Repetition > L1 > ~(Ar.a’x)’ex:a’r

L3: Trans> Reduction> L2 > =~a’cx:a’zx ;

L4: Logic> L3> a’er:a’c T*
[ The Map proof of ElimExistsEll reads

L1: Hypothesis > dz:a’z ;

L2: Logic> L1 > Fz:a’z ;

L3: StrictExists>L2> lia ;
L4: TypeChoicel> L3> (’ecria’z T

[ The Map proof of ElimAll2 reads

L1: Hypothesis > Yu:Vv:a’u’v
L2: Hypothesis > £’b ;
L3: Hypothesis > lc ;
L4: ElmAIND>LID>L2> Ve:a’b’w ;
L5: ElimAlD>L4>1L3> a’b’c I*
[ The Map proof of ElimAll3 reads
L1: Hypothesis > Vu:Vo:Yw:a’v’v’w
L2: Hypothesis > £’b ;
L3: Hypothesis > lc ;
L4: Hypothesis > 2’d ;
L5: ElmAIR2>LI>L2>L3> VYw:a'b'c’w ;
L6: ElmAl>L5> 14> a’b’c’d T*
[ The Map proof of ElimAll4 reads
L1: Hypothesis > Vu:Vo:Yw:Vz:a’ v’ v’w’x
L2: Hypothesis > £’b ;
L3: Hypothesis > lc ;
L4: Hypothesis > l'd ;
L5: Hypothesis > e ;

L6: ElmAlU3>LI>L2>L3DLAS> Viia'b'c'dz :
L7: ElmAlD>L6D> L5 > a’bc’d’e I
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A.29 Ackermann rules

[ The Map proof of AckermannExists reads

LO1: Algebra > dz:a’zx ;
L02: RangeExists > ~dr:a’x ;
L03: Logic > (Bz:a’z) ANz:a’x ;

L04: StrictTypeExists >  (Vz:la’z) Adz:a’zx
LO5: StrictTypeChoice > (0’ez:a’z)A3dz:a’z ;
L06: Reduction > (L’ex:a’z) AN=~a’ex:a’x ;

L07: Logic> ~((lex:a’x) Na’ex:a’x) ;

L08: Reduction > Azl 'z ANa’z) exia’x ;

L09: AckermannChoice > =(A\zl’'zAa’z)’ex:l’zNa’x

L10: Reflexivity > dz:l’xANa’x T*
[ The Map proof of AckermannAll reads

L1: Algebra > Vz:a’'x ;

L2: Reflexivity > —dz:-a’x ;

L3: AckermannExists > —dx: 'z A—a’x ;
L4: Replace > RangeEll > —Jz:70'x A —-a’x ;

L5: Logic > —Jz: =~ ANa’z) ;

L6: RangeEl > —dz: =’z ANa’x) ;

L7: Reflexivity > Ve:l’'zANa’x T*

[ The Map proof of Ackermann reads

LO1: Hypothesis > Vr:a’'z & b’x ;
L02: ElmAII>L1> U’z o’z b’z ;
L03: Repetition > L2 > CzAha’zebz=0zAT ;
L04: Block > Begin ;
L0O5: Algebra > er:a’x ;
L06: AckermannChoice > ex:l’xNa’x ;
LO7: Logic > ex:((’zsAT)ANa’x ;
LO8: Replace> L3 > er:(’zAha’z b x)ANa’x
L09: Logic > er:(’zAha’z b x)Abx
L10: Replace > L3 > er:(’z AT)AbD ;
L11: Logic > ex:l’zAb’x ;

L12: AckermannChoice > erx:b’x ;
L13: Block > End T*
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A.30 Introduction of quantifiers

[ The Map proof of IntroExists reads

LO1: Hypothesis > Ve:la'x ;
LO2: Hypothesis > £’b ;
L03: TypeExists > L1 > Hx:a’z ;
L04: Ded:Import > L3 > la’b— Hz:a’z
L05: Block > Begin ;
L06: Hypothesis > —Jdz:a’z ;
LO7: Replace’ > AllNot > L6 > Va:—a’'x ;
L08: ElmAl>L7>L2> —a’x ;
L09: Block > End ;
L10: Indirect’ > L8> L4 > a’b—3dx:a’x T*
[ The Map proof of Gen reads
L01: Premise > OUx— A ;
L02: Repetition>L1> 2AA=0z2AT ;
L03: Block > Begin ;
L04: Algebra > Ve: A ;
L05: AckermannAll > Vo: b’z AN A ;
L06: Logic > Vo: 'z ALz AA)
LO7: Replace > L2 > Vo: £’z ALz AT)
L0O8: Logic > Ve l’z AT ;
L09: AckermannAll > Vo: T ;
L10: Reduction > T ;
L11: Block > End T*

[ The Map proof of Gen2 reads
Ll: Premise > r—->0y— A

L2: Block > Begin ;
L3: Hypothesis > Lz ;
L4: L1>L3 > Ly— A ;
L5: GenpL4>> Vy: A ;
L6: Block > End ;
L7: Genp>L5> Vr:Vy: A T
[ The Map proof of Gen3 reads
L1: Premise > x—=0y—>02—-A
L2: Block > Begin ;
L3: Hypothesis > Lz ;
L4: LID>L3 > y—=L02z—A ;
L5: Gen2> L4 > Vy:Vz: A ;
L6: Block > End ;

L7: Gen>>L5> Va:Vy:Vz: A I
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A.31 Transfinite Induction

The key step in the proof of [ Transfinite ] is to conclude
[Y' <)z A]

from
[0 z.A < z.A]

by [ Minimality ]. This happens in step [ L23 ] in the proof of [ Transfinite ].
The rest of the proof contains chores for proving [ £’ Az.A < Az.A ] by [ QND ]
and for concluding [ Vz: A ] from [ Y’ Z < A\z.A ].
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[ The Map proof of Transfinite reads
LO1:
LO2:

LO3:
LO4:
LO5:
LO6:
LO7:

LOS:
L09:

L10:
L11:

L12:
L13:
L14:
L15:
L16:
L17:

L18:
L19:

L20:
L21:

L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:

Premise >
Premise >

Define >

Trans > R > L1 >
L7.41>

Replace’ > L4 > L5 >
TA>PRB>LED>R >

T4>R>L2D R >
Instantiation > L8 >

Block >
Hypothesis >

R >

Logic > L11 >

Logic > L11 >
LO>L12>L13D>L14 >
Block >

L7.8.2p>L15 >

L7.6.1_>> ~
T4p>R>LIS>R >

Q(z) > L7>L17>L19 >
L7.5.1>L20 >

T4>R>L21>R >
Minimality > L22 >
Mono > L23 >
Transitivity > L24 > R >
Block >

Hypothesis >

Replace’ > L27 > L25 >
L7.6.3>L28 >

Block >

At
T = Yy Agy —
Ey: ANz y— A
f=Az.A
fT=T
T<T
Tf'T
AT, T, (Vy: f (T y) A
Ey: fPynTey) 2 f°T
-z = Vy: f(x’y) =
Ey: f'ynz € y— fx
-Az = Vy: f((Az) y) —
Ey:fPynAz €,y — f'Ax
Begin

if(Az, T, (Vy: f7((Az) y)) A

Ey:f’y A Az € y)

—|A.Z'

vy: f°((Az)’y))

Ey:f yAAzx €, 1)

Az
End
%t(Az, T, (Yy: £((Az) " 9) A
Ey:f'yANAz € y) X f' Az
L=<f1
AECL,T, (Fy: £7(L 7)) A
Ey: fPyALley) =
?if (2, T, (Vy: f(zy
Ey: flynz € y) =
Az 2if (z, T, Vy: f (2 y
Eyf YyAT € y) = Az

y)
[z
)
r

A

wa\f\f\
8 8
o =
8

—H 3
[IA & BIAIA A
$

=~
|
—

End

Ll Ge Gr ws ws we we ws we ws

*
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[ The Map proof of Transfinite” reads

LO1: Premise > At ;
L02: Premise > =L = VY Ay —

Ey:l’ynAyhnc g y— A ;
L03: Define > a=M\z.A ;
L04: Logic> L1 > TAa’T ;
L05: T4>R>L2>R > =0z = Vya'(z'y) —

Ey:l’yANa’yAx €y —adzx
L06: Block > Begin ;
LO7: Hypothesis > -z ;
L08: Hypothesis > Vy:£'(z’y) ANa’(z’y) ;
L09: Hypothesis > Ey:’yNa’yAx €y ;
L10: Block > Begin ;
L11: Hypothesis > Ly ;
L12: ElimAll > L0O8 > L11 > O’ y)Na’(x’y) ;
L13: Logic>L12> Lz’ y) ;
L14: Block > End ;
L15: Genp> L13> Vy:£(z’y) ;
L16: Block > Begin ;
L17: Hypothesis > Cyha’yhz €y ;
L18: Logic > L17 > Cynhzx gy ;
L19: Block > End ;
L20: ImplyPure>L9D> L18 > Ey:’ynz €y ;
L21: Logic>L7>L15> L20 > if(z, T,Vy:£°(zy) A

Ey: 'y Az € y) ;

L22: Trans> R > L21 > 0 x ;
L23: Block > Begin ;
L24: Hypothesis > Ly ;
L25: ElmAll> L8> 124> O’y)Na’(z’y) ;
L26: Logic>L25 > a’(z’y) ;
L27: Block > End ;
L28: Gen> L26 > Vy:a’(z’y) ;
129: L5> L7 122> 1280 L9 > a’'zs :
L30: Logic> L221>L29 > L’z Na’x ;
L31: Block > End ;
L32: Gen > (Transfinite > L4 > 1L30) > Vz:l’'zAa’x ;
L33: Replace’™>AckermannAll>L32 >  Vx:a’z ;
L34: Transitivity > R > L33 > Vz: A T*
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[ The Map proof of Transfinite’ reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS:
LO09:
L10:

Premise >
Premise >
Block >
Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >

12> 14> L5> L6 >

Block >

At

x>0 > Vy:Ayy -+ A

Begin
x
x
Vy: Agy

Ey:0’yANA, ANz €1y

A
End

Transfinite” > L1 > L8> Vz: A

A.32 Type and subtype rules

[ The Map proof of TypeT reads

L1:

Reduction >

oT

]*

[ The Map proof of TypeK reads

L1:
L2:
L3:
L4:
L5:
L6:

Block >
Hypothesis >
Hypothesis >
Trans > R > L2 >
Block >

Gen2> L4 >

Begin
Uz
Ly

CKzy)

End
oK

[ The Map proof of TypelfBLL reads

LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO9:
L10:
L11:
L12:
L13:
L14:

Hypothesis >
Hypothesis >
Hypothesis >
Block >

Hypothesis >
Logic > L5 >

Transitivity > L6 > L2 >

Block >
Block >
Hypothesis >
Logic > L10 >

Transitivity > L11 > L3 >

Block >

TND> L1 L7D>L12 >

lz

Ly

0z

Begin
x
Oif(z,y,2) =Ly
0 if(x,y, 2)

End

Begin
-z
Cif(z,y,2) =02
0if(z,y, 2)

End

0if(z,y, 2)

[ The Map proof of SubtypeLB reads

L1:
L2:
L3:

Hypothesis >
Trans >R > L1 >
Logic > L2 >

0 x

if(z, T,Vy: £’ (z’y) NEp: £’ p A x € D)

lz

?
?

]*
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[ The Map proof of SubtypeLL1 reads

L1: Hypothesis > l’a ;
L2: SubtypelLB > L1 > la ;
L3: Logic > a— lia ;
L4: Block > Begin ;
L5: Hypothesis > —a ;
L6: Trans>RD> L1 > if(a, T,Vz: £°(a’ 2) NEp:°pAa € p)
L7: Logic> L5D> L6 > Va:£’(a’x) ;
L8: Block > End ;
L9: TNDpL2pL3DLT>  fia T*
[ The Map proof of TypeApply reads
L1: Hypothesis > La ;
L2: Hypothesis > £°b ;

L3: SubtypeLL1>L1> /fia ;
L4: ElimAll>L3>L2> £(a’b) T

[ The Map proof of SubtypeL1L2 reads

L1: Hypothesis > lia ;
L2: Block > Begin ;
L3: Hypothesis > Lz ;
L4: Hypothesis > Ly ;
L5: ElimAll>LI>L3 > £(a’x) ;
L6: TypeApply >L5> 14> O@=x’y) ;
L7: Block > End ;
L8: Gen2p> L6 > lsa T*
[ The Map proof of SubtypeL.2B2 reads
L1: Hypothesis > l2a ;
L2: Block > Begin ;
L3: Hypothesis > 0 x ;
L4: Hypothesis > Ly ;

L5: EmAlLD>LI>L3>  £'(a’z)
L6: ElmAll>L5> L4 > O@’z’y)

L7: SubtypeLB > L6 > la’z’y ;
L8: Block > End ;
L9: Gen2> L6 > lha T*

[ The Map proof of SubtypeB1B reads
L1: Logic>» la—la T

[ The Map proof of SubtypeB2B1 reads

L1: Hypothesis > Lha ;
L2: Block > Begin ;
L3: Hypothesis > 0z ;
L4: ElmAl>L1>L3 > ha'zs
L5: SubtypeB1B > L4 > la’ ;
L6: Block > End ;

L7: GenpD> L5> Lha T*
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[ The Map proof of SubtypeLL2 reads
L1: Hypothesis > La
L2: SubtypeLL1>L1>  fia
L3: SubtypeL1L2>1l2>» fsa T

[ The Map proof of SubtypeLL1B reads
L1: Hypothesis > lia
L2: SubtypeL1L2>L1> /sa
L3: Subtypel2B2> 12> lsa
L4: SubtypeB2B1>L3> lia
L5: SubtypeB1B>L4> la T
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A.33 Rules about [z =, y]

[ The Map proof of TypeEquiv reads
LO1:

L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:
L34:
L35:
L36:

[ The Map proof of ElimEquiv reads

Hypothesis >

Block >

Hypothesis >

SubtypelLB > L3 >

Logic > L4 >

Block >

Gen > L5 >

Block >

Hypothesis >

Hypothesis >

Hypothesis >

Block >

Hypothesis >

SubtypeLLB > L13 >
Logic> L9 >

Block >

Hypothesis >

Block >

Hypothesis >

Block >

Hypothesis >
ElimAll2>-L1>L19>L21 >
TypeApply > L13 > L22 >
ElimAl2-L11>122>023>>
Block >

TypeAll > (Gen > L24) >
Block >

TypeAll > (Gen > L26) >
Logic> L9D> L17> 128 >
Block >

TND > L14 > L15 1> L29 >
Block >

Gen > L31 >

Block >

Transfinite’ > L7 > L33 >
ElimAll2 > L35 >

£(p’u’v)
(y’(p’u’v))
12 (pu’v) =y’ (')
End
Wo: 2’ (p’u’v)=py’ (p'v'v)
End
Wu: Vu: 2’ (p'u'v)=py’ (p’u'v)
Nz =py)
End
Wz =, y)
End
Vy:l(z =p y)
End
VaVy:(z =, y)
=0y —(z=py)
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LO1: Hypothesis > u
L02: Hypothesis > v
L03: Hypothesis > a=pb
L04: Logic> L3> la
L05: Logic> L3 > a—a’(p’u’v) =, b'(p’u’v)
L06: Block > Begin
LO7: Hypothesis > -a
L08: Logic>L3>L7 > !
L09: Trans> R > L3> if (a,if(b, T,F),if (b, F,
Yu:Vv:a (p uw'v) =, b’(p’u’v))
L10: Logic> L7>L8>L9 > Yu:Vuia’(p’u’v) =p b’(p’u’v)
L11: ElimAll2>L10>L1>L2>> a’(p’u’v) =pb’(p’u’v)
L12: Block > End
L13: TNDp L4 L5 L1l> a’(p’u’v) =, b'(p u’v)
[ The Map proof of IntroEquiv reads
L1: Premise > -a ;
L2: Premise > =b ;
L3: Premise > lu,v:a’(p’u’v) =, b’(p’u’v) ;
L4: Gen2p>L3 > Vu: Yo: a’(p u’v) =, b(p’u’v) ;
L5: Logic>L1>L2>L4> if(a,if(b, T,F),if (b, F,
Vu:Vura'(p’u’v) =p b'(p’u’v)))
L6: Trans> R > L5 > a=pb I
[ The Map proof of RefEquiv reads
LO1: Hypothesis > lap
L02: Reduction > T=,T
L03: Block > Begin
LO4: Hypothesis > —a
L05: Hypothesis > l’a
LO6: Hypothesis > Yy:a’y =pa’y
LO7: Block > Begin
LO8: Hypothesis > lu
L09: Hypothesis > IAKY
L10: ELmAl2> L1> L8> L9 > £(p’u’v)
L11: ElmAl>L6>L10> a’(p’u’'v)=pa’(p’u’v)
L12: Block > End
L13: IntroEquivi L4> L4D> L11>> a=pa
L14: Block > End
L15: Transfinite’ > L2 > L13 > VYa:a =pa
L16: ElmAIl>L15> ’a—=a=pa

[ The Map proof of ComEquiv reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS8:
L09:
L12:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:

L34:
L35:
L36:
L37:
L38&:
L39:
L40:
L41:
L42:
L43:
L44:
L45:

Map theory with classical maps © 2001 Klaus Grue

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Block >

Hypothesis >

TypeT >

TypeEquiv> L1 >L7> L6 >
TypeEquiv> L1 > L6 > L7 >
Logic >
CDeduction>L8>L9>L12 >
Block >

Gen > L14 >

Block >

Hypothesis >

Hypothesis >

Hypothesis >

Block >

Hypothesis >
TypeEquivE>L1>L19>1L22 >
TypeEquivE>L1>1220>L19 >
Block >

Hypothesis >

Logic > L18 > L.26 >

Block >

Hypothesis >

Hypothesis >

ElimAll2 > L1 > 129> L30 >
TypeApply > L22 > L31 >
ElimAll2>L 20>L31>L32 >

ElimEquiv>L29>1L30>1L26>
Logic > L33 > L34 >

Block >
IntroEquiv>L28>1L18>L35>
Block >
CDeduction>1L23>1L24>1L37>
Block >

Gen > L39 >

Block >

Transfinite’ > L16 > L41 >
ElimAll2 > 143> L2D> L3 >
Logic> L4 D> L44 >

[ Map lemma

lop

l’a

£’b

a=pb

Begin
'y
0T
T=,0b
b=, T
T=b—>b0=T
T=b=2b0=T

End
Yy (T=p,b=>b=,T)
Begin
-a
la
Vy:Vb: (a’y=pb = b=pa’y)
Begin
£’b
la=pb
b=pa
Begin
a=pb
—b
Begin
'y
v
(p’u’v)
£b(p’u’v)
a’(pu'v)=pb"(p'u'v)=
b (pu’v) =0’ (')
a’ (p'u'v)=,b"(p'u'v)
b’(p'wv)=pa’ (p'u'v)
End
b=pa
End
a=pb=>b=pa
End

Vb:(a=pb=>b=pa)
End
Va:Vb:(a =, b=b=,a)
a=pb=>b=pa
b=pa
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TransEquivlss:

TransEquiv2,55: fop:—a — £’ a —
Vy:Va:Vb:Ve: (a’y =p bAb=pc=>a’y =, ¢c) =
Va:Vb:Ve: (a=p bAb=pc=a=pc)

[ The Map proof of TransEquivl reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:

Hypothesis >

TypeT >

Block >

Hypothesis >

Hypothesis >

TypeEquivl> L1 > 12D L4 >
TypeEquivl> L1 > 14> L5 >
TypeEquivl> L1 > 12> L5 >
Logic> L6 > L7 >

Logic> L6 > L7T> L8 >
CDeduction > L9 > L8 > L10 >
Block >

Gen2p> L11 >

[ The Map proof of TransEquiv2 reads

Lp:Vo:Ve: (T=p, bAb=pc=>T=p¢)

Lap
0T
Begin
£’b
lc
IT=,b
b=pc
T=,¢
(T=pbAb=pc¢)
T=,bAb=pc—=>T=pc
T=bAb=pc=>T=pc
End
Vb:Ve: (T=pbAb=pc=T=,c)
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LO1:
L02:
LO3:
LO4:

LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:

L28:
L29:
L30:
L31:
L32:
L33:
L34:
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Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >

Block >

Hypothesis >

Hypothesis >

Hypothesis >

TypeEquiv> L1 > L6 > L7 >
TypeEquiv> L1>L6> L8 >
TypeEquiv> L1>L7> L8 >
Logic>L9>L10 >

Block >

Hypothesis >

Logic> L2>L14 >
Logic>L2D>L14 >

Block >

Hypothesis >

Hypothesis >

Logic> L14 >
ElimEquiv>L18>L19>120>
Logic> L14 >
ElimEquiv>L18>L19>122>>
ElimAl2>L1>L18>L19 >
TypeApply > L7 > 124 >
TypeApply > L8 > 124 >
ElimAll4 > L4 >

L24> 16> L25> 126 >

Logic> L21 > L23 > L27 >
Block >
IntroEquiv>L2>L16>L28>
Block >

CDeduction>L12>L11>L30>>

Block >
Gen2 > L32 >

[ The Map proof of TransEquiv reads

lop

-a

l’a

Vy:Va:Vb:Ve: (a’y =, b A
b=pc=>a’y=pc)

Begin
La
b
lc
la=,b
la=pc
W=pc
a=pbAb=pc)
Begin
a=p,bAb=pc
-b
-
Begin
0’y
)
a=pb
a’(p'u'v) =p b’(p'u'v)
b=pc
b’ (p'uv) =p ¢’(p'u'v)
£’ (pu'v)
(b’ (puv))
(e’ (p'u'v))
a’(p'u'v) =, b’ (Pu'v) A
b’(p'u'v) =p ¢’ (p'u'v) =
a’(pu'v) =p ¢’ (p'u'v)
a’(p'u'v) =p c’(p'u'v)
End
a=pc
End

a=pbANb=pc=>a=pc
End
Vb: Ve: (a=pbAb=pc=>a=pc)
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L1: Hypothesis > Lop ;
L2: Hypothesis > la ;
L3: Hypothesis > L’b ;
L4: Hypothesis > ¢ ;
L5: Hypothesis > a=,b ;
L6: Hypothesis > b=pc ;

L7: Transfinite’ >
(TransEquivl > L1)>

(TransEquiv2 > L1) > Va: Vb:Ve: (a=pbAb=pc=>a=pc) ;
L8: ELmAl3>L7>L2>L3>LA>  a=pbAb=pc=>a=pc ;
L9: Logic> L5D>L6D> L8 > a=pc T

A.34 Lemmas about [z ~, y]

[ The Map proof of TypeEquivP reads

?

L1: Hypothesis > L’p ;
L2: Hypothesis > x ;
L3: Hypothesis > Ly ;
L4: SubtypeLL2> L1 > lap ;

L5: TypeEquivD> L4>L2D>L3>» lz=,y ;
L6: Logic> L4>L2>L3>LE> lz~,y T

[ The Map proof of StrictEquivPX reads

L1: Hypothesis > lt~py
L2: Logic>L1> A ;
L3: StrictEl> 12> {2 T*
[ The Map proof of StrictEquivPY reads
L1: Hypothesis > lx~py
L2: Logicl> L1 > 0y ;
L3: StrictEl>L2> £’y T*
[ The Map proof of StrictEquivPP reads
L1: Hypothesis > lt~py
L2: Logic>L1> W ;
L3: StrictEII>L2> £'p T*
[ The Map proof of RefEquivP reads
L1: Hypothesis > Lp ;
L2: Hypothesis > La ;

L3: SubtypeLL2>L1> Lop ;
L4: RefEquivB>L3>L2>» a=p,a ;
L5: Logicl> L2D> L4 > a~pa 1

[ The Map proof of ComEquivP reads
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L1: Hypothesis > a~pb
L2: Logic>L1> £p ;
L3: SubtypeLL2> L2 > lop ;
L4: Logic>L1> la ;
L5: Logicl L1 > £’b ;
L6: Logicl> L1 > a=pb ;
L7: ComEquivD> L3> LADLSDLEL6> b=,a ;
L8: Logic> L2D>L4D>L5D> L7 > b~pa T
[ The Map proof of TransEquivP reads
L01: Hypothesis > a~pb
L02: Hypothesis > b~pc ;
L03: Logic> L1 > l’'p ;
L04: SubtypeLL2> L3> lop ;
L05: Logic> L1 > la ;
L06: Logicl>L2>> £’b ;
LO7: Logic> L2 > lc ;
LO8: Logicl> L1 > a=pb ;
L09: Logic>L2> b=pc ;
L10: TransEquivP> L4D> L5 L6 L7TDLE>LI > a=,c ;
L11: Logic>L3>L5>L7>L10 > a~pc I

A.35 Lemmas about [z ~ y]

[ The Map proof of TypeEquivK reads

L1: Hypothesis > x ;
L2: Hypothesis > Ly ;
L3: TypeK > K ;
L4: TypeEquiv> L3> LI>L2> lz=xy ;
L5: Logic>L1D>L2D> L4 > lr~y T
[ The Map proof of StrictEquivKX reads
L1: Hypothesis > lr~y
L2: Logicl> L1 > Wz ;

L3: StrictEI>L2> {('z T*

[ The Map proof of StrictEquivKY reads
L1: Hypothesis > e~y
L2: Logic>L1 > 0y ;
L3: StrictEllI>L2> £’y T*

[ The Map proof of ElimEquivK reads
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LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LO7:
LOS8:
LO9:
L10:

Hypothesis >
Hypothesis >
Logic> L2 >
Logic> L2 >

TypeApply > L3> L1 >
TypeApply > L4 > L1 >

Logic > L3 >

ElimEquiv> L3> 14> L8 >

Trans > R > L8 >
Logic> L5> L6 > L9 >

[ The Map proof of RefEquivK reads

L1:
L2:
L3:
L4:

Hypothesis >
TypeK >

RefEquiv> L2 > L1 >
Logic>L1> L3 >

l’a
oK
a =K a
a~a

[ The Map proof of ComEquivK reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:

[ The Map proof of TransEquivK reads
LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:

Hypothesis >
TypeK >

Logic> L1 >
Logic> L1 >
Logic> L1 >

ComEquiv> L2> L3> 14> L5 >

Logic > L3> L4 > L6 >

Hypothesis >
Hypothesis >
TypeK >

Logicl> L1 >
Logicl> L1 >
Logicl> L2 >
Logic> L1 >
Logic> L2 >

TransEquiv D> L3> L4D> L5 D> L6 D> L7D> L8 >
Logic> L4> L6 > L9 >

20O NSNS S
> ~ =

> Qg

]*

SalliS]

(=

/\\.
AX LS,
g &L
e
N—r

a~b
1214
L’a
b
a:Kb
b:Ka
b~a

a =K C
an~c
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A.36 Lemmas about [z €/ p]

[ The Map proof of TypeLim reads

LO1: Hypothesis > bix ;
LO2: Hypothesis > Lp ;
LO3: SubtypeLL2>L2> Lop ;
LO4: TypeK > fHK ;
LO5: Block > Begin ;
L06: Hypothesis > 0y ;
LO7: Block > Begin ;
L08: Hypothesis > X)) ;
L09: TypeEquiv>L3>L6>L8 > lu =p v ;
L10: ElimAl>L1>L6 > £(z’u) ;
L11: ElmAll>L1> L8 > 0(zv) :
L12: TypeEquiv>L4>L10>L11 > lt’u=kz’v ;
L13: Logic>L9>L12> lu=pv=>2"u=k 2’ V) ;
L14: Block > End ;
L15: TypeAll > (Gen > L13) > Wo:(u=pv=>z'u=xz’'v) ;
L16: Block > End ;
L17: TypeAll> (Gen > L15) > WuVv: (u=pv=>2"u=x2’v) ;
L18: Repetition > L17 > lz € p i
[ The Map proof of TypelnEll reads
L1: Hypothesis > bz ;
L2: Hypothesis > L’p ;

L3: TypeLim >L1>L2 > lrep
L4: Logic> L1>L2>L3> lzep T

[ The Map proof of StrictInElIX reads
L1: Hypothesis> lreep
L2: LogicbLl> fix T*

[ The Map proof of StrictInElIP reads
L1: Hypothesis>> lzé€rp ;
L2: Logic>Ll> {’p I

[ The Map proof of ElimInEll reads
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LO1:
L02:
LO3:
LO4:
LO5:
LOG6:
LO7:
LOS:
LO9:
L10:
L11:
L12:

[ The Map proof of IntroInEll reads
LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:

[ The Map proof of IntroInEllT reads

Hypothesis >
Hypothesis >
StrictEquivPX > L2 >
StrictEquivPY > L2 >
Logic> L1 >

ElimAll2 > L5 > L3> L4 >

Logic> L2 >
Logic> L6 > L7 >
StrictInENIIX > L1 >
ElimAll > 19> L3 >
ElimAll > L9 > L4 >

Logic > L8 > L9 > L10> L11 >

Premise >

Premise >

Block >

Hypothesis >
RefEquivP > L1 > L4 >
L2> L5 >
StrictEquivKX > L6 >
Block >

Genp>L>

Block >

Hypothesis >
Hypothesis >

TypeEquivD> L1 >L11D>L12 >

TypeK >
ElimAll> L9 > L11 >
ElimAll>L9> L12 >

TypeEquiv > L14 > L15> L16 >

Block >
Hypothesis >

Logic> L11 > L12D> L19 >

L2 > 120 >
Block >

CDeduction > L13 > L17 > L21 >

Gen2 > L23 >

Logic> L9>L1D> L25 >

TELp

U ~p v

0w

v

TEp
u=pv=>2’Uu=gz’V
U=pv
z’u=gx’v
611'

0(zu)
£(z’v)
z’u~z'V

£p
U~p V=T’ Uu~T’ U
Begin
0’u
U~pU
z’u~zx’u
0z’ u)
End
Elw
Begin
L’u
L
lw=pv
oK
£(x’u)
£(z’v)
2’u=k z’v
Begin
U =pv
U ~p U
z’u~zx’v
End

U~p V> U~NTV

TEDP
T ELp

161



162 Map theory with classical maps © 2001 Klaus Grue

L1: Hypothesis > Lp ;
L2: Block > Begin ;
L3: Hypothesis > U ~p U ;
L4: Reduction > T'u~T’v
L5: Block > End ;
L6: IntroInEll>LI>L4> Tegp T*

A.37 Lemmas about [{]

[ The Map proof of ElimEll reads

L01: Hypothesis > 0x ;
L02: SubtypeLLl > L1 > bz ;
L03: SubtypeLB > L1 > lz ;
L04: TypeLim > 12> p—>lzep ;
LO5: GenD L4 > Vp:lz € p ;
L06: Block > Begin ;
LO7: Hypothesis > T ;
L08: TypeT > oT ;
L09: Block > Begin ;
L10: Hypothesis > Ly ;
L11: Hypothesis > v ;
L12: SubtypeLL2 > L8 > LT ;
L13: TypeEquiv>L12>L10> L11 > lu =1 v ;
L14: Logic> L7>L13 > Uu=TUv=>z’'u=KI’v ;
L15: Block > End ;
L16: Gen2> L14 > ze T ;
L17: IntroExists>L5> L8> L16 > Iz € p ;
L18: Block > End ;
L19: Block > Begin ;
L20: Hypothesis > -z ;
L21: Trans>R>L1> if (z, T,Yy: £(z y) A
Ep:{’pAz € p) ;
L22: Logic> L21 > Ep:0’pAzx € p ;
L23: Block > Begin ;
L24: Hypothesis > L’pAx € p ;
L25: Logic > L24 > Lp ;
L26: Logicl> L24 > TEDP ;
L27: IntroExists > L5> L25D> L26 > dp:z € p ;
L28: Block > End ;
L29: ElimPure > L22 > L27 > dp:z € p ;
L30: Block > End ;
L31: TND>L3>L171>L29 > dp:x € p ;
L32: ElimExistsEll > L31 > 0 Tx ;
L33: ElimExists > L31 > € Iz ;
L34: Logic>L2>L32>133 > z €Iz 17"
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[ The Map proof of IntroEll reads

L1:
L2:
L3:
L4:
L5:
L6:

L7:

Hypothesis > TELD ;
StrictInENIIX > L1 > bz ;
SubtypeL1B > L2 > lz ;
Logic> L1 > L’pANz € p ;
IntroPure(p) > L4 > Ep:’pAz e p ;
Logic> L2> L3> L5 >  if(z, T,Vy:£'(z’y) A

Ep:’pAz € p ;

Trans > R > L6 > 0x

A.38 Classical Extensionality

[ The Map proof of IntroEquivK reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:

[ The Map proof of EllOrderA reads

Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >
Logic>L1>L2> 14 >
Trans > R > L5 >
ElimEll > L3 >
StrictInElIP > L7 >
Block >

Hypothesis >
StrictEquivPX > L10 >
StrictEquivPY > L10 >
ElimInENl > L7 > L10 >
ElimAll > L4 > L11 >
ElimAll > L4 > L12 >
ComEquivK > L13 >
TransEquivK>L16>1L13 >
TransEquivK>L17>L15 >
Block >

IntroInEll > L8 > L18 >
IntroEll > L20 >
Logic> L3> L6D> L21 >

—a

—=b

£a

Ve:a’z ~b'x

if (a,if (b, T, F),if (b, F,Vz: 'z ~b'z))

a:Kb

a € Ta

{’Ta

Begin
U ~7zq U
Lu
L
a’u~a’v
a’u~b'u
a’v~b'v
bPu~a’'u
b>u~a’v
b’u~b'v

End

beyTa

£’b

a~b
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LO1: Block > Begin ;
L02: Hypothesis > Ly ;
L03: SubtypeLB > L2 > ly ;
L04: Logic> L3> Try=>T~Tly ;
LO5: Block > End ;
L06: Gen>L4 > Vy:(T~y=>T~Tly) ;
LO7: Block > Begin ;
LO8: Hypothesis > X ;
L09: Hypothesis > 0z ;
L10: Hypothesis > Vz:Vy: (272 ~y =
z’z~x' 20y ;
L11: Block > Begin ;
L12: Hypothesis > Ly ;
L13: TypeEquivK > L9 L12 > Iz ~y ;
L14: Block > Begin ;
L15: Hypothesis > T~y ;
L16: Logic> L8> L15 > -y ;
L17: Block > Begin ;
L18: Hypothesis > 0z ;
L19: TypeApply >L12> L18 > Ly’ 2) ;
L20: ElimAl2>L10> L18>L19 > T~y S
r’z~x’zly’z ;
L21: ElimEquivK > L18> L15 > T’z~y'z ;
L22: Logicl>L20> L21 > Tz~z’2)ly’2 ;
L23: Logic> L8> L16 > vzlyz=(xly)z
L24: Replace’ > L231>L22 > 'z~ (xly) 2 ;
L25: Block > End ;
L26: Gen L24 > Vaix'z~(xly)’z ;
L27: Logic> L8> L16 > —(zly) ;
L28: IntroEquivK>L8>L27>19>126> T~Tly ;
L29: Block > End ;
L30: Deduction” > L13 > L28 > rT~yS>zc~zTly ;
L31: Block > End ;
L32: Gen>L30 > Vy:(x ~y >z ~zly) ;
L33: Block > End ;
L34: Transfinite’ > L6 > L32 > Ve:Vy:(x ~y Sz ~xz ]y ;
L35: Hypothesis > T~y ;
L36: StrictEquivKX > L35 > 0 x ;
L37: StrictEquivKY > L35 > Ly ;
L38: ElmAll2> 134> L36> L37 > r~yS>c~zly ;
L39: Logic> L36>L38 > r~Tly ;
L40: StrictEquivKY > L39 > £(z ly) T*

[ The Map proof of Ext reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:

Hypothesis >
Hypothesis >
EllOrderA > L2 >
ElimAll>L1> 13 >
RefEquivK > L4 >
L7.7.1>

L7.7.2>

Mono > L6 >
Mono > L7 >
MP'>L5> L8 >
MP > L5 L9 >

TransEquivK>LI0>L11> f'z~ f'y

[ The Map proof of ExtBool reads

LO1:
LO2:
LO3:
L04:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:

Hypothesis >
Hypothesis >
EllOrderA > 12 >
ElimAll > L1D> L3 >
LogicD> L4 >
L7.7.1>»
L7.7.2>

Mono > L6 >
Mono > L7 >
MP’ > L5> L8 >
MP’ > L5p> L9 >
Logic>L10>L11>

hf

T~y

Lz ly)

f(zly)

flaly) & flxly)
zlylz
zly=y

Flzly) & f(zly)
Flzly) & f(zly)
e fzly)
flly)efy
e fly

2fre
2 flaly

[ The Map proof of ExtBool’ reads

LO1:
L02:
LO03:
LO4:
LO5:

Hypothesis >
Hypothesis >
Hypothesis >
ExtBool>L1D> L2 >
Logic> L3> L4 >

hf

T~y

[z
flze fly
Iy

e L LT
*

[ The Map proof of ExtBool” reads

LO1:
LO2:
LO03:
L04:
LO5:

Hypothesis >
Hypothesis >
Hypothesis >
ExtBool>L1D> L2 >
Logic> L3> L4 >

Wf

T~y
fy
flee fly
[z

e L L T e
*

F(zly)
)& fly

L G v we we we ue ws we us ws ue
*

L Ge wr wr s we we we ws e ws we
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A.39 Primitive membership

[ The Map proof of TypeInTwo reads

LO1: Hypothesis > l'x ;
LO2: Hypothesis > Loy ;
L03: Block > Begin ;
L04: Hypothesis > s ;
LO5: Block > Begin ;
L06: Hypothesis > 0t ;
LO7: ElmAl2> 12> 14> 16> L(y’s’t) ;
L08: TypeEquivK >L1D> L7 > lr ~y’s’t ;
L09: Block > End ;
L10: TypeExists > (Gen > L8) > Btz ~y’s't
L11: Block > End ;
L12: TypeExists> (Gen>L10)> Hs:I:xz~y’s’t ;
L13: Repetition > L12 > lx €xy T*
[ The Map proof of StrictInTwoX reads
L1: Hypothesis > lzexy ;
L2: TypeT > 0T ;
L3: Repetition > L1 > Bs:It:x~y’s’'t

L4: ElimAll > (StrictExists > L3) > 12> 13tz ~y’ Tt ;
L5: ElimAll > (StrictExists > L4) > L2> lz~y’T’T

L6: StrictEquivKX > L5 > Lx T*

[ The Map proof of StrictInTwoY reads
LO1: Hypothesis > Iz €xy ;
L02: Block > Begin ;
L03: Hypothesis > s ;
LO4: Hypothesis > £t ;
LO5: Repetition > L1 > Hs:Jt:x ~y’s’t

L06: ElimAll I> (StrictExists > L5) > L3 > Ft:x~y’s’t ;
L07: ElimAll I> (StrictExists > L6) > L4 > x~y’s’t ;

L08: StrictEquivKY > L7 > Ly’ s’t) ;
L09: Block > End ;
L10: Gen2 > L8> Loy I
[ The Map proof of ElimInTwo reads
L1: Hypothesis > T E2yY ;
L2: Repetition> L1 > ds:It:x~y’s’t ;
L3: Define > s=es:dix~y’s’t ;
L4: ElimExists>12>» Jtx~y’s’t ;
L5: Define > t=et:x~y’s’t ;

L6: ElimExists>L4> xz~y’s’t ;
L7: Repetition> L6 > 1z ~y’sq(z,y) ta(z,y) T
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[ The Map proof of ElimInTwoS reads
L1: Hypothesis > TEY
L2: Repetition > L1 >

ds:Ft:x ~y’s't ;

L3: ElimExistsEl>L2> (’es:TF:z~y’s’'t

L4: Repetition > £’ s5(z,y)

[ The Map proof of ElimInTwoT reads
L1: Hypothesis > T €2y
L2: Repetition > L1 >

L3: Define >
L4: ElimExists > L2 >

]*

ds:t:x ~y’s’t ;
s=es:dtx~y’s’t
J:x~y’s't

L5: ElimExistsEIlID>L4> etz ~y’'s’t ;

L6: Repetition > L5 > L ta(z,y)

[ The Map proof of IntroInTwo reads
LO1: Hypothesis >
LO2: Hypothesis >
L03: Hypothesis >
L04: Hypothesis >
LO5: StrictEquivKX > L4 >
LO6: Block >
LO7: Hypothesis >
L08: ElmAl2>L1>L2D> L7 >
L09: TypeEquivK > L5> L8 >
L10: Block >

L11: IntroExists > (Gen[>L9) > L3> 14>

L12: Block >

L13: Hypothesis >

L14: Block >

L15: Hypothesis >

L16: ElimAl2>L1>L13>L15>
L17: TypeEquivK > L5> L16 >
L18: Block >

L19: TypeExists > (Gen > L17) >
L20: Block >

L21: IntroExists > (Gen > L17) > L21>L11 >

L22: Repetition > L21 >

[ The Map proof of IntroInTwo’ reads
L1: Hypothesis >
L2: Hypothesis >
L3: Hypothesis >
L4: ElimAll2>L1>12> L3>
L5: RefEquivK > L4 >

by
s
0t
r~y’'s’t
0z
Begin

Ly

Ly’ s’v)

lr~y’s’v

End

dtix~y’s’t

Begin
L
Begin

X))

Ly u’v)
lt~y’u’v

End

Quiz~y’u’v

End

T Ea2y

5(y)s)t)
's't~y’s't

L6: IntrolnTwol> L1D>L2>L3>L5> y’'s’teEsy

[ The Map proof of IntroInTwoK reads

ds:t:x ~y’s't
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L1: Hypothesis > x ;
L2: TransEquivK > L1 > T~ ;
L3: Trans>R>L2> r~K'z’xz
L4: TypeK > oK ;
L5: IntroInTwol> L4D>L1ID>LID>L3 > ze3K T*
[ The Map proof of IntrolInTwoT reads
L1: TypeT > 0T ;
L2: SubtypeLL2> L1 > LT ;
L3: Reduction > T~T'T'T
L4: IntroInTwo> L2D>LID>LID>L3> Te T T*
[ The Map proof of ElimEquiv’ reads
LO1: Hypothesis > Lz ;
L02: Hypothesis > Ly ;
L03: Hypothesis > T=py ;
LO4: Hypothesis > ZE€ap ;
L05: Define > s = sa2(z,p) ;
L06: Define > t = ta(z,p) ;
LO7: ElimInTwo > L4 > z~p’'s’t ;
LO8: ElimInTwoS > L4 > s ;
L09: ElimInTwoT > L4 > £t ;
L10: ElimEquiv> L8>19D> L3 > x’(p’'s’t)=py’(p’s’t) ;
L11: Block > Begin ;
L12: Hypothesis > L u ;
L13: TypeApply > L1>L12 > 0(x u) ;
L14: TypeApply >L21>L12 > 0y’ u) ;
L15: StrictinTwoY > L4 > lop ;
L16: TypeEquiv> L15>L13>114 > I2’u=py’u ;
L17: Block > End ;
L18: ExtBool” > (Gen> L16)>L7>L10> z’z=,y’z T
[ The Map proof of IntroEquiv’ reads
LO1l: Premise > lap ;
LO2: Premise > T ;
LO3: Premise > -y ;
LO4: Premise > 2E€2p=>x2=py’ % ;
L05: Block > Begin ;
L06: Hypothesis > Lu ;
LO7: Hypothesis > v ;
L08: IntroInTwo’>L1>L6>L7 > p’u’vEap ;
L09: L4>L8 > z'(p’u’v) =py’(p’u’v) ;
L10: Block > End ;
L1l: IntroEquiv> L1>L2>L9> z=,y T*

[ The Map proof of ElimEquivP reads
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LO1:
L02:
LO3:
LO4:
LO5:
LOG6:
LOT:
LOS8:
LO9:
L10:
L11:

Hypothesis >
Hypothesis >
StrictEquivPP > L1 >
StrictEquivPX > L1 >
StrictEquivPY > L1 >
StrictinTwoX > L2 >
Logic> L1 >

ElimEquiv’> L4>L5> L7> L2 >
TypeApply > L4 > L6 >
TypeApply > L5 > L6 >

Logic> L3> L8> L9 > L10 >

A.40 Lemmas about [z Cs y]

[ The Map proof of TypeSub reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
LS:
LO:

Hypothesis >
Hypothesis >
Block >

Hypothesis >

TypeInTwo > L4D> L1 >
TypeInTwo > L4D> L2 >

Logic> L5 > L6 >
Block >

TypeAll > (Gen > L7) >

62.'17

lay

Begin
0’z
lz€r
lz€xy

(z€22=>26E27)

End
lz Gy

[ The Map proof of StrictSubX reads

L1:
L2:
L3:
L4:
L5:
L6:

Hypothesis >
StrictAll > L1 >
TypeT >

ElimAll > L2> L3 >
Logic > L4 >
StrictInTwoY > L5 >

lz Coy

Vz:1(z €2 = 2 €2 ¥)
T
!(T€2x:>T€2y)
Teyz

821'

[ The Map proof of StrictSubY reads

L1:
L2:
L3:
L4:
L5:
L6:

Hypothesis >
StrictAll > L1 >
TypeT >

ElimAll > L2 > L3 >
Logic> L4 >
StrictInTwoY > L5 >

lz Coy

Vz:1(z €2 = 2 €2 y)
eT
(Texz=>TeEry)
Teay

lay

[ The Map proof of ElimSub reads

L1:
L2:
L3:
L4:
L5:

Hypothesis >
Hypothesis >
StrictinTwoX > L2 >
ElimAll > L1 > L3 >
Logic> L2D> L4 >

pCayq ;
T E€2p )
0 x ;
T E2P=>TE2(Q ;
T €2q I
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[ The Map proof of IntroSub reads

LO1: Premise > Lap ;
LO2: Premise > TE2p—>TE2¢ ;
L03: TypeT > T ;
L04: IntroInTwo’>LID>L3D>L3> p’T’TeExp ;
LO5: L2D>L4> p’T'Terg ;
L06: StrictinTwoY > L5 > laq ;
LO7: Block > Begin ;
LO8: Hypothesis > 0z ;
L09: TypelnTwo>L1>L8 > Iz € p ;
L10: TypelnTwo > L6 > L8 > Iz €5 ¢ ;
L11: CDeduction> L9p>L10> L2 > TEIP=>2TE2q
L12: Block > End ;
L13: Gen>Lll> pCagq I
[ The Map proof of TransSub reads
L1: Hypothesis > pCaygq ;
L2: Hypothesis > qgCar ;
L3: StrictSubX > L1 > Lap ;
L4: Block > Begin ;
L5: Hypothesis > TEP

L6: ElimSub>L1D> L5 > TE€yq
L7: ElimSub>L2D> L6 > T €T
L8: Block > End ;
L9: IntroSub>L3>L9> pCor T

[ The Map proof of IntroSubK reads

L1: Hypothesis > Lop ;
L2: Block > Begin ;
L3: Hypothesis > TE€2p

L4: StrictInTwoX > L3 > 0 ;
L5: IntroInTwoK > L4 > z € K
L6: Block > End ;
L7: IntroSub>LID>L5> pCyK T*

[ The Map proof of IntroKSub reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:

Hypothesis >
Hypothesis >

TypeApply > L1 > 12>

TypeK >

ElimAll > L4D> L3 >
SubtypeL1L2 > L5 >
Block >

Hypothesis >
Define >

Define >
ElimInTwo > L8 >
ElimInTwoT > L8 >
Trans > R > L11 >
SubtypeLL2 > L1 >

IntrolnTwo > L14 > L2 > L12 > L13 >

Block >

IntroSub > L4 > L15 >

[ Map lemma

SubEquiv’;;:

[ The Map proof of SubEquiv’ reads

pCoqg—u—L"u—

VYw:Yu: (u’w =4 v = u’w =, v) =

Yo: (u =g v = u =, v)
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LO1:
L02:
LO3:
LO4:

LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:

L21:
L22:
L23:
L24:
L25:
L26:
L27:
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Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >

StrictSubX > L1 >
StrictSubY > L1 >

Block >

Hypothesis >

TypeEquiv> L6 > L3> L8 >
TypeEquiv> L5 > L3> L8 >
Block >

Hypothesis >
Logic>L2D>L12 >

Block >

Hypothesis >

ElimSub > L1 > L15 >
ElimEquiv’ > L3> L8> L12 > L16 >
StrictInTwoX > L15 >
TypeApply > L8> L18 >
ElimAll2 > L4 > L18 > L19 >

Logic > L17> L20 >

Block >

IntroEquiv’ > L5 D> L2D>L13 D> L21 >
Block >

CDeduction > L9 > L10 > L23 >
Block >

Gen > L25 >

[ The Map proof of SubEquiv reads

pCaq
-
Ou
Yw:Vu: (u’w =4 v =
u’w =p v)
lsp
laq
Begin
Lo
lu =4 v
lw =pv
Begin
u=qv
v
Begin
Z2€ap
z2 €24
u'z=4v’2
0z
(v’ 2)
uz=qv’z=
uz=pv’2
uz=pv’2
End
U=pv
End
U=qU=>U=pV
End
Yo: (u =4 v =u=pv)
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

StrictSubX > L3 >
StrictSubY > L3 >

Block >

Hypothesis >

TypeT >

TypeEquiv> L6 > 19> L8 >
TypeEquiv> L5 > 19> L8 >
Logic >

CDeduction > L10 > L11 > L12 >
Block >

Genp L13 >

Transfinite’t>L150>(SubEquiv’>L3)>>

ElimAll2> L16 > L1D> L2 >
LogicD> L17D> L4 >

[ The Map proof of SubEquivP reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
LS:
L9:

Hypothesis >

Hypothesis >

Hypothesis >

Logic> L3 >

StrictEquivPX > L4 >
StrictEquivPY > L4 >

Logic> L3 >

SubEquiv> L5 > L6 > L2> L7 >
Logic> L1> L5 D> L6 D> L8 >

[ The Map proof of SubEquivK reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
LS:
L9:

Hypothesis >

Hypothesis >

Logic> L2 >

Logic> L2 >

Logic> L2 >

SubtypeLL2 > L1 >

IntroSubK > L6 >

SubEquiv> L3> L4>L7> L5 >
Logic> L1> L3> L4D> L8 >

[ The Map proof of SubInEll reads

O
Ly
pCaq
T=qy
lop
lrq
Begin
XY
0T
IT=,v
T=pv
T=qv—=>T=,v
T=gv=>T=pv
End

Vo (T=4v=>T=,

Vu:Vv:u =, v
(z=qy=>2=py)
T=py

pC2 K
T=pYy ;
T~pY 1

v)
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L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8&:
L9:

Hypothesis >
Hypothesis >
Hypothesis >
Block >

Hypothesis >

SubEquivP > 12> L5 >
ElimInENl > L3> L6 >

Block >

IntroInEll > L1 > L7 >

L’q
pCaq
TELp
Begin
U ~g U
U~y v
r’u~zx’v
End
T € q

A.41 Extensionality lemmas

[ The Map proof of ExtT reads

L1:

RefEquivK > TypeT > T~T T

[ The Map proof of ExtKApplyP reads

Map theory with classical maps © 2001 Klaus Grue

L1: Hypothesis > a€yp ;
L2: Hypothesis > a~a ;
L3: Hypothesis > T~p T ;
L4: ElimInEN>L1D> L3> a’x~a’z

L5: StrictEquivPY > L3 > £’ g ;

L6: ElimEquivK > L5> L2 > a’r~a’'c

L7: TransEquivK>L4>L6> a’'z~a’'z T

[ The Map proof of ExtPApplyK reads
LO1: Hypothesis > a€yp ;
L02: Hypothesis > T~p X ;
L0O3: Hypothesis > a~a ;
L04: ElimEquivP >1L2>L1>» z’a~p2’a
L05: StrictEquivPY > L2 > 'z ;
L06: SubtypeLLl>L5 > bz ;
LO7: Ext>L6>L3>> z’a~z’a
L08: StrictEquivPP > 12 > L’'p ;
L09: SubEquivK > L8> L7 > z’a~pz’a
L10: TransEquivP>L4>19> z’a~pz’a 1"
[ The Map proof of ExtKApplyK reads

L1: Hypothesis > a~a ;
L2: Hypothesis > b~bd ;
L3: StrictEquivKX > L1 > L’ a ;
L4: ElmEI> L3 > a€pTa ;
L5: StrictInENIP > L4 > l’Ta ;
L6: SubEquivK > L5> L2 > b~zab ;
L7: ExtKApplyP> L4>LI>L6> a’b~a’bd T
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[ The Map proof of ExtIfBKK reads

LO1: Hypothesis > rTEx ;
L02: Hypothesis > b~b ;
L03: Hypothesis > c~C ;
L04: Logic>L1> lz ;
L05: Block > Begin ;
L06: Hypothesis > T ;
LO7: Logic>L6> L1 > T ;
L08: Logicl> L6 > if(x,b,c) = b ;
L09: Logic> L7 > if(z,b,c) =b ;
L10: Replace’ > L8> L2 > if(x,b,c) ~ b ;
L11: Replace’>L9D> L10 > if(x,b,c) ~if(z,b,c) ;
L12: Block > End ;
L13: Block > Begin ;
L14: Hypothesis > -z ;
L15: Logicl> L14D> L1 > -z ;
L16: Logic> L14 > if(z,b,c) =c ;
L17: Logic> L15 > if(z,b,¢) = ¢ ;
L18: Replace’ > L16> L3 > if(z,b,¢) ~ ¢ ;
L19: Replace’ > L17> L18 > if(z,b,¢) ~if(z,b,¢) ;
L20: Block > End ;

L21: TNDpL4>L11>L19>  if(z,b,c) ~if(z,b,¢)  T*

[ The Map proof of ExtIfPKK reads
L1: Hypothesis > x ~p
L2: Hypothesis > b~b ;
L3: Hypothesis > c~C
L4: Logic>L1> z
L5: ExtIIBKK>L4>L2> 13> if(z,b,¢) ~if(z,b,c) T

[ The Map proof of ExtIfKKK reads

L1: Hypothesis > a~a ;
L2: Hypothesis > b~b ;
L3: Hypothesis > c~ ¢ ;
L4: SubEquivK > TypeT > a~T1a ;

L5: ExtPKK>L4>L2>L13> if(a,b,c) ~if(a,b,c) T

[ The Map proof of ExtLambda reads
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LO1: Premise > Cp ;
L02: Premise > T~pZT—a~a ;
L03: Define > h = A\z.a ;
L04: Define > h=MXz.a ;
LO5: Reduction > h’r=a ;
L06: Reduction > hiz=a ;
LO7: Replace’>L51> L2 > T~pT—h’z~a ;
LO8: Replace’ > L6 > L7 > T~pz—h’z~h'z
L09: Reduction >> —h ;
L10: Reduction >> -h ;
L11: Block > Begin ;
L12: Hypothesis > Tr~pZ ;
L13: L8> L12>> hz~h'z ;
L14: StrictEquivPY > L12 > 0z ;
L15: RefEquivP > L1D> 114 > T~y ;
L16: L8> L15> h’z~h’z ;
L17: ComEquivP > L16 > h’z~h'z ;
L18: TransEquivP > L13D> L17 > hx~h'z ;
L19: Block > End ;
L20: IntroInEll > L11>L18 > hegp ;
L21: IntroEl > L20 > ’h ;
L22: Block > Begin ;
L23: Hypothesis > 0 x ;
L24: RefEquivP > L1D> 123 > T~p T ;
L25: L8>L24> h’x~h’z ;
L26: Block > End ;
L27: Genp L25 > Ve:h’z ~h’x ;
L28: IntroEquivK>L9D>L1I0>L21>1L27> h~h ;
L29: Repetition > L28 > Az.a ~ A\z.a T

A.42 Elementary type lemmas

[ The Map proof of ExtF reads

L1: TypeT > 0T ;
L2: Block > Begin ;
L3: Hypothesis > T~NTZ ;
L4: ExtT > T~T ;
L5: Block > End ;
L6: ExtLambdap>Llp>L4> AT~ Az T ;
L7: Rename> L6 > F~F T

[ The Map proof of TypeF reads
L1: ExtF > F~F
L2: StrictEquivKX>L1>» £¢’F T*
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[ The Map proof of TypeKa reads

L1: Hypothesis > la ;
L2: TypeT > 0T ;
L3: Block > Begin ;
L4: Hypothesis > T~TZ ;
L5: RefEquivK > L1 > a~a ;
L6: Block > End ;

L7: ExtLambdab L2>L5> Azra~Az.a ;
L8: StrictEquivKX > L7 > £’ dz.a ;
L9: Transp> R>L8> (K’ a) T*

A.43 First union operator

To develop the theory of classicality further, it is necessary to prove a lemma
that resembles the union set axiom of ZFC. To do so, a sequence of four union
operators[ u; ],[ us ], [ u3 ], and [ u4 ] of increasing power have to be introduced.
After that, it is necessary to prove a lemma that resembles the existence of
transitive closures in ZFC. That requires two more union operators [ us | and
[ug ]. The first union operator essentially allows to form the set [a U {T,F} ]
given a set [ a ].

[ ui(a)] = Aeif(z T, T+ F,a’(x’F))]*

[ Map lemma
TypeUlL2,,5:  fa:louq(a) ;
IntroUlTy7s:  fa: T €2 ug(a) ;
IntroUlFy7s:  fa:F €2 ui(a) ;
IntroUlajzg:  fa:a Ca ui(a) ;
IntroU1Uly7g: £’ u1(b) — a €, b — uq(a) €, uy(b) ;
TypeUl,gq: La: £’ uyi(a) ;
ElimUlg;: br,a:x €yui(a) > x~TVe~FVzesa 1
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[ The Map proof of TypeU1L2 reads

LO1: Hypothesis > la ;
LO2: Block > Begin ;
L03: Hypothesis > 0z ;
L04: TypeT > 0T ;
L05: TypeF > L F ;
L06: TypeApply > L3> L4 > £(z’T) ;
LO7: SubtypeLB > L6 > Iz’ T ;
L0O8: Block > Begin ;
L09: Hypothesis > z’T ;
L10: Logic>L9> ui(a)’z=T::F ;
L11: TypePair>L4> L5 > £(T::F) ;
L12: Replace’ >L10>L11> £’ (uq(a)’ z) ;
L13: Block > End ;
L14: Block > Begin ;
L15: Hypothesis > =(z’T) ;
L16: Logic>L15 > ui(a)’z=a’(x’F)
L17: TypeApply > L3> L5 > £’(x’F) ;
L18: TypeApply >L1>L17 > £(a’(z’F)) ;
L19: Replace’ > L16> L18 > £(uy(a)’ x) ;
L20: Block > End ;
L21: TNDp>L7p>L12>L19 > £ (uq(a)’ x) ;
L22: Block > End ;
L23: Genp> L21> liu(a) ;
L24: SubtypeL1L2> 123 > Lyuq(a) I*
[ The Map proof of IntroU1T reads
L1: Hypothesis > l’a ;
L2: TypeUlL2> L1 > Lyuq (a) ;
L3: TypeT > 0T ;
L4: IntrolInTwo'>L2B>L3>L3> wui(a)’T’T € ui(a) ;
L5: Reduction > ui(a)’T’T=T ;
L6: Replace’>L5> 14> T €5 ui(a) T*
[ The Map proof of IntroU1F reads
L1: Hypothesis > l’a ;
L2: TypeUlL2> L1 > Lyuq(a) ;
L3: TypeT > T ;
L4: TypeF > ’F ;
L5: IntroInTwo’>L2D>L3>L4>  wi(a)’T’F € ui(a) ;
L6: Reduction > ui(a)’T’F=F ;
L7: Replace’ > L6 > L5 > F €2 uy(a) T*



A Formal proofs

[ The Map proof of IntroUla reads
LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:

Hypothesis >
SubtypeLL2 > L1 >
Block >

Hypothesis >

Define >

Define >

ElimInTwo > L4 >
ElimInTwoS > L4 >
ElimInTwoT > L4 >
TypeF >

TypePair > L10 > L8 >
Reduction >

Replace’ > L12 > L7 >
TypeUlL2 > L1 >

IntroInTwol>L14>L11>1L9>1L13>

Block >
IntroSub > L2 > L15 >

[ The Map proof of IntroU1U1 reads

LO1:

L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:

L17:
L1R:
L19:

Hypothesis >

Hypothesis >

Block >

Hypothesis >

StrictInEIIP > L2 >
IntroU1T > L5 >

IntroU1F > L5 >

IntroUla > L5 >
ElimEquivP > L4 D> L6 >
ExtT >

ExtF >

ExtKApplyK > L10 > L11 >
ElimEquivP > L4 > L7 >
SubEquivP > L1 > L8> L4 >
ElimInEll > L2 > L14 >
ExtIfPKK > L9 > L12 > L15 >

Trans > R > L16 >
Block >
IntroInEll > L1 > L17 >

ui(a)’z ~ui(a)’z

End
u1(a) €¢ uy(b)
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[ The Map proof of TypeUl reads

L32: Transfinite” > L14 > L30>> Va:£’ui(a)
L33: ElimAll > 132> La: 0’ uy(a)

LO1: TypeT > oT ;
L02: TypeF > {’F ;
L03: TypePair>L1> 12> (T::F) ;
L04: Block > Begin ;
LO5: Hypothesis > T~TZ ;
L06: IntroInTwoT > Te, T ;
LO7: ExtT > T~T ;
L08: ExtPApplyK>L6>L5>L7> T~ z’T ;
L09: RefEquivK > L3 > T::F~T::F ;
L10: ExtIfPKK>L8>LI>LT> if(x’T, T::F,T) ~if(&’T, T::F, T) ;
L11: Block > End ;
L12: ExtLambda>Ll1>L10>» £’ Azif(z’T,T::F,T) ;
L13: Reduction > ur(T) = Azif (2’ T,T:: F,T) ;
L14: Replacer>L13>L12 > £ uy (T) ;
L15: Block > Begin ;
L16: Hypothesis > -a ;
L17: Hypothesis > L’a ;
L18: Hypothesis > Vb: £’ uy(a’b) ;
L19: Hypothesis > Eb:0’bAL ui(b)Aa€d ;
L20: Block > Begin ;
L21: Hypothesis > CbALui(b)Aa€rd ;
L22: Logic > L21 > 2’b ;
L23: Logic>L21 > £’ uy(b) ;
L24: Logic > L21 > aegb ;
L25: SubtypeLLl1 > L17 > la ;
L26: Logic>L22D> 124> L25 > aceb ;
L27: IntroU1U1 > L231> 126 > uy(a) € ui(b) ;
L28: IntroEll > L27 > £’ uy(a) ;
L29: Block > End ;
L30: ElimPurer> L19>L28 > £ uy(a) ;
L31: Block > End ;

]

*



A Formal proofs

[ The Map proof of ElimU1 reads

LO1:

L02:
LO3:
LO4:
LO5:
LOG6:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:
L34:
L35:
L36:
L37:
L38:

L39:
L40:

L41:
L42:
L43:

Hypothesis >

Hypothesis >

Hypothesis >

Define >

Define >

ElimInTwoS > L3 >
ElimInTwoT > L3 >
ElimInTwo > L3 >

Trans > R > L8 >

TypeT >

TypeF >

TypeEquivK > L1 > L10 >
TypeEquivK > L1 > L11 >
SubtypeLL2 > L2 >
TypelInTwo > L1D> L14 >
TypeApply > L6 > L10 >
SubtypelLB > L16 >
TypeApply > L6 > L11 >
SubtypeLB > L7 >

Block >

Hypothesis >

Block >

Hypothesis >

Logic> L21 > 123 >
Replace’ > L24 > L9 >
LogicD> L13D> L15 > L25 >
Block >

Block >

Hypothesis >

Logic> L21 > 129 >
Replace’ > L30 > L9 >
Logic> L12> L15> L31 >
Block >

TND D> L19> 126 > L32 >
Block >

Block >

Hypothesis >

Logic > L37 >

Replace’ > L38 > L9 >
IntrolInTwo >

L14D> L1 > L18 > L7 > L39 >

Logic> L12D> L13 > L40 >
Block >
TND > L17> L34 > L41 >

Oz
la
x €2 uz(a)
s = sa(w,u1(a))
t = ta(x,u1(a))
£’s
£t
z~uy(a)’s’t
x ~if(s’T, T::F,a’(s’F))’t
oT
O’F
e ~T
lr ~F
€2a
Iz €2 a
£(s’T)
1s’T
£(s’F)
It
Begin

s’T

Begin

t

if(s’T, T::F,a’(sF)t=T

z~T
r~TVz~FVzéEsa
End
Begin
-t

if (T, T::F,a’(sF)) 't = F

z~F
r~TVz~FVzéEra
End
z~TVe~FVzéEra
End
Begin
s’ T
if(s'T, T::F,a’(s’F))t =
a’(s’F)’T
x~a’(s’F)’T

x Esa
r~TVez~FVzEya
End
z~TVz~FVzéEsa

181



182 Map theory with classical maps © 2001 Klaus Grue

A.44 Second union operator

The second union operator essentially allows to form the set [ a U b ] given the
sets[a]and[b].

[[12a,0) |= Azt T, a2 F), b F)) |

[ Map lemma
TypeU2L2,g,: {a, b: £2uz(a, b)
IntroU2a;g3: la,b:a Co us (a,
IntroU2bqg3: la,b:b Co us (a, b)
IntroU2U2;84: £ uz2(c,d) > a €pc—b€pd— us(a,b) € ui(uz(c,d))
TypeU2T g5:  Vb: £ ua(T,b)

b) ;
TypeU2;g4: La,b: £’ us(a,b) ;
]

*

ElimU2;g7: la,b:x €3 us(a,b) > x €xaVe€Erd *
[ The Map proof of TypeU2L2 reads
LO1: Hypothesis > l’'a ;
LO2: Hypothesis > £’b ;
LO3: Block > Begin ;
L04: Hypothesis > 0z ;
L05: TypeT > 0T ;
L06: TypeF > {'F ;
L07: TypeApply > L4 > L5 > (x’T) ;
L08: TypeApply > L4>L6 > £(x’F) ;
L09: SubtypeLB[>L7 > lz’T ;
L10: Block > Begin ;
L11: Hypothesis > z’T ;
L12: Logic>L11> uz(a,b)’z=a’(x’F) ;
L13: TypeApply >L1>L8 > £(a’(z’F)) ;
L14: Replace’ > L12>L13 > £(ua(a,b)’ ) ;
L15: Block > End ;
L16: Block > Begin ;
L17: Hypothesis > =(z’T) ;
L18: Logic>L17 > uz(a,b)’z=b’(x’F) ;
L19: TypeApply >L2>L8 > £’(b’(z’F)) ;
L20: Replace’ > L18>L19 > £ (ug(a,b)’ ) ;
L21: Block > End ;
122: INDp>LO>L14>120>  £'(us(a,b)’z) :
L23: Block > End ;
L24: Genp L22 > liusz(a,b) ;
]

L25: SubtypeL1L2 > 124 > Lyus(a, b)



A Formal proofs

[ The Map proof of IntroU2a reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:

Hypothesis >
Hypothesis >
SubtypeLL2 > L1 >
Block >

Hypothesis >

Define >

Define >

ElimInTwo > L5 >
ElimInTwoS > L5 >
ElimInTwoT > L5 >
TypeT >

TypePair > L11> L9 >
Reduction >

Replace’ > L13 > L8 >
TypeU2L2>L1> L2 >
IntroInTwol>L15>L12>110>1L14>>
Block >

IntroSub > L3 > L16 >

[ The Map proof of IntroU2b reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:

Hypothesis >
Hypothesis >
SubtypeLL2 > L1 >
Block >

Hypothesis >

Define >

Define >

ElimInTwo > L5 >
ElimInTwoS > L5 >
ElimInTwoT > L5 >
TypeF >

TypeApply > L11> L9 >
Reduction >

Replace’ > L13 > L8 >
TypeU2L2 > L1 > L2 >
IntroInTwol>L15>1L12>L10>114>>
Block >

IntroSub > L3 > L16 >

12

Begin
T €y b
s = so(x,b)
t= tz(.fL’,b)
x~b’s’t
s
0t
L’F
£(F::s)
ua(a,b)’(F::8)’t=0b"s"1
z ~ us(a,b)’(F::s)t
€2u2(a,b)
x €y uz(a,b)

End

bCo u2(aab)
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[ The Map proof of IntroU2U2 reads

L01: Hypothesis > £ uz(c,d) ;
LO2: Hypothesis > a€pc ;
L03: Hypothesis > beed ;
LO4: Block > Begin ;
LO5: Hypothesis > T~y (us(e,d)) T ;
L06: IntroUIT > L1> T €5 ui(ua(e, d)) ;
LO7: IntroUlF > L1> F €2 ui(us(c,d)) ;
L08: IntroUlal> L1 > uz(c,d) Co ug(uz(c,d)) ;
L09: StrictInElP > L2 > lc ;
L10: StrictInElP > L3 > £’d ;
L11: IntroU2al>L9>L10 > ¢ Ca us(e, d) ;
L12: IntroU2b>L9D>L10 > d Cs ua(c,d) ;
L13: TransSub>L11>L8 > ¢ Co uq(u2(c, d)) ;
L14: TransSub>L12>L8 > d Cs ui(u2(c,d)) ;
L15: ElimEquivP [Z L5 [Z L6 > z’T ~u1(us(c,d)) X T ;
L16: ElimEquivP [Z L5 [Z L7 > z’F ~u1(uz(c,d)) g’ F ;
L17: SubEquivP > L13>L16 > z’F~.2’F ;
L18: SubEquivP > L14 > L16 > z’F~g2’F ;
L19: ElimInEL>L2>L17 > a’(z’F) ~a’(z’F) ;
L20: ElimInEN > L3> L18 > b(z’F) ~b'(z’F) ;
L21: ExtIfPKK>L15>L19>120> if(z’T,a’(x’F),b’(x F)) ~
if(z’T,a’(x’F),b’(z’F)) ;
L22: Transp> R > L21 > uz(a,b)’x ~ uy(a,b)’ z ;
L23: Block > End ;
L24: TypeUll L1> £’ uy(usz(c, d)) ;

L25: IntroInEll > 124> 122> uz(a, b) € u1(ua(c,d)) T*



A Formal proofs

[ The Map proof of TypeU2T reads
LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:

L17:
L18:
L19:
L20:
L21:
L22:

Block >

Hypothesis >

ElimEIl > L2 >
StrictlnEIlIP > L3 >
TypeUl > L4 >

IntroU1T > L4 >
IntroU1F > L4 >
IntroUla > L4 >

Block >

Hypothesis >
ElimEquivP > L10 > L6 >
ExtT >

ElimEquivP > L10 > L7 >
SubEquivP > L8 > L13 >
ElimInEll > L3> L14 >

ExtIfPKK > L11 > L125> L >

Trans > R > L16 >>
Block >

IntroInEll > L5 > L17 >
IntroEll > L19 >

Block >

Gen > L20 >

Begin

£’b

be,Ib

VNN

£’ uy (Zb)

T €3 u1(Zb)

F €2 u1(Zb)

Ib Cy uy (Zb)

Begin
T ~uy(Zb) L
z’T ~ui(ZIb) z’T
T~T
T’ F ~yzn) 2’ F
z’F ~Th g’ F
b’(x’F) ~b’(z’F)
if(z’T,T,b°(z’F))
if(z’T,T,b’(z’F))

~

uz(T,0) @ ~ux(T,0) 'z

End
u2(T,b) €¢ u1(ZD)
£’ u2(T,b)

End

Vb: £ uy(T, b)

Ll Ge G ws ows ws we
*
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[ The Map proof of TypeU2 reads

LO1:

L02:
LO3:
LO4:
LO5:
LOG6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:

TypeU2T >

Block >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Block >

Hypothesis >

Logic > L8 >

Logic > L8 >

Logic > L8 >
SubtypeLL1 > L4 >
Logic>L9>L11 > L12 >
Block >

Hypothesis >

ElimEI > L15 >
StrictInElP > L16 >
ElimAll > L10 > L17 >
IntroU2U2>L18>L13>L16>>
IntroEll > L19 >

Block >

Gen > L20 >

Block >

ElimPure > L6 > L22 >
Block >

Transfinite” > L1 > 124 >
ElimAll2 > L26 >

Vb: £ ua(T, D)
Begin
-q
la
Ve:Vb: € usz(a’ ¢, b)
Ec: 0’ c AVb: £ us(c,b) ANa € ¢
Begin
L c AYD: L us(e,b) Aa g ¢
lc
Vb: £ ua(c, b)
aeg;c
Zla
aecyc
Begin
£’b
begTh
0 Th
£’ uz(c, Ib)
uz2(a, b) € ug(uz(c,Ib))
£’ us(a,b)
End
Vb: £’ uy(a, b)
End
Vb: £’ uz(a,b)
End
Va:Vb: £’ uz(a,b)
La,b: £’ us(a,b)

L s ws wr wr s s s s s e ws s e s e ws s s as ws w e s ws

*



A Formal proofs

[ The Map proof of ElimU2 reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:

L23:
L24:

L25:
L26:
L27:
L28:
L29:

L30:
L31:

L32:
L33:
L34:

Hypothesis >
Hypothesis >
Hypothesis >
StrictInTwoX > L3 >
Define >

Define >

ElimInTwoS > L3 >
ElimInTwoT > L3 >
ElimInTwo > L3 >
Trans > R > L9 >
TypeT >

TypeF >

SubtypeLL2 > L1 >
TypelnTwo > L4 > L13 >
SubtypeLL2 > L2 >
TypelInTwo > L4 D> L15 >
TypeApply > L7 > L11 >
SubtypeLLB > L17 >
TypeApply > L7 > L12 >
Block >

Hypothesis >

Logic > L21 >

Replace’ > L22 > L10 >
IntroInTwo >
L13>L4D>L19> L8> 123 >
Logic> L16 > L24 >

Block >

Block >

Hypothesis >

Logic > L28 >

Replace’ > L29 > L10 >
IntroInTwo >
L15>L1I>L19D> L8> L30 >
LogicD> L14 D> L31 >

Block >

TND > L18 > L25 > L32 >

la

2’b

x €2 uz(a,b)

0x

s = sa(w,uz2(a,b))
t= tz(.@,Uz(a, b))
s

£t

x ~ uz(a,b)’s’t

x ~if(s’T,a’(s’F),b’(s’F))’t

0T
£’F
€2a
Iz €5 a
21
lz €5 b
£(s’T)
1s’T
£(s’F)
Begin
s’T
if(s’T,a
a’(s’F)’t
z~a’'(s’F)’t
x Esa
T EyaVrEsb
End
Begin
-s’T
if(s’T,a’(s’F)
b’(s’F)’t
x~b'(s’F)’t
T Ex b
TE2aVITED
End
T EyaVT€Eyb

A.45 Third union operator

'(s’F),b’(s’F))’t

(sF)t

187

The third union operator is a very technical construct needed for proving prop-
erties about the fourth union operator which is introduced in the next section.

[i)\c.sb:c € K’b]*
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[ Map lemma
TypeUBlSS: lius )
TypeU3a,gq: La: L’ (us o a) ;
IntroU3Hyp,ss: fa,c:Ve:Tb:a’c € K’b—a’c€puzoa T

[ The Map proof of TypeU3 reads

LO1: Block > Begin ;
L02: Hypothesis > l’c ;
L03: Block > Begin ;
LO4: Hypothesis > £’b ;
L05: TypeKal> L4 > £(K’b) ;
LO6: SubtypeLLl1>L2>> lic ;
LO7: TypeInEND>L6> L5 > lee, Kb ;
LO8: Block > End ;
L09: TypeChoice > (Gen [> L7) > Leb:ce, Kb
L10: Block > End ;
L1l: GenD> L9 > lius T*
[ The Map proof of TypeU3a reads
L1: Hypothesis > la ;
L2: TypeU3 > €1u3 H

L3: TypeCompose>L2>L1> {’(uzoa) T

[ The Map proof of IntroU3Hyp reads

L1: Hypothesis > l’a ;
L2: Hypothesis > l’c ;
L3: Hypothesis > Ve:db:a’ceg Kb ;
L4: ElmAllD> L3> L2 > db:a’c€g Kb ;
L5: ElimExists > L4 > a’c€g K’eb:a’ceg K'b
L6: Trans>RD>L5> a’c€r K’((uzoa)’c) ;
L7: TypeU3al L1l> £’(uz o a) ;
L8: IntroKSubl L7> L2 > K’((uzoa)’c) Couzoa

L9: SubInEl>L7>L8>L6> a’c€puzoa I*

A.46 Fourth union operator

The fourth union operator essentially allows to form the union set [ Ua ] given
aset[al].

[ ug(a) | = Az.a’ (2’ T) (2 F) ]*



A Formal proofs

[ Map lemma
Int}I‘OU4,189 H
TypeU4Hyp,g¢:
ExistsUnionl 191-
ExistsUnion2191 :
EXiStSUniOH3192:
EXiStSUI’liOH193 :
UnionHyp,g4:
TypeUdg,:
IntroU3q94:
ElimU4194:
Intr0U4195:
IntroSubU4195:
ElimU4Sub195:

la:a Co K uy(a)

la:Ne:3b:a’c € K'b — L7 uy(a) ;

I:TC Kb
F:T e, K’b

la:Ve:Tb:a’c €, K'b— Fb:a Co KD
Va: (Fb:a Co K'b) A (Tb:a €, K’b) ;

fa:Ve:db:a’c e, KD
La: £’ uy(a)

la,c:a’c €guzoa

Lbr,y:x €o uqg(y) = J2: 2 €
by, z:x €2y’ 2z = T €2 ua(y)
L, y:x’y Co ua(x)
br,y,z:us(z) Coy > 2’2 C

[ The Map proof of IntroU4’ reads

) .
Yy z ;

2y I

LO1: Hypothesis > la

LO2: SubtypeLL2>L1 > lra

L03: Block > Begin

LO4: Hypothesis > T €Ezra

L05: Define > s = sa(x,a)

L06: Define > t = ta(z,a)

LO7: ElimInTwo > L4 > r~a’'s’t

LO8: ElimInTwoS > L4 > £’s

L09: ElimInTwoT > L4 > 0t

L10: TypePair>L8>L19 > L(s::t)

L11: Trans>R>L7 > z~Kuy(a) s'(s::
L12: Block > Begin

L13: Hypothesis > 0y

L14: Hypothesis > IAXY

L15: TypeT > 0T

L16: TypeApply >L14>L15 > £(v’T)

L17: TypeApply > L1>L16 > £(a’(v’T))

L18: TypeF > {'F

L19: TypeApply >L14>L18 > £’(v’F)

L20: TypeApply > L1701 L19 > LCa’(v’T)’(v’F))
L21: Trans >R > L20 > LK uyg(a)’u’v)
L22: Block > End

L23: Gen2p> L21 > K uy(a)

L24: IntroInTwol>L23>L8>L10>L11>> z €2 K’ uy(a)

L25: Block > End

L26: IntroSubp> L2124 > a Ca K’ uy(a)

t)
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[ The Map proof of TypeU4Hyp reads

LO1:

L02:
LO3:
LO4:
LO5:
LOG6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:

L31:
L32:
L33:

Hypothesis >

Hypothesis >

TypeU3al L1 >

ElimEIl > L1 >

StrictInEIIP > L4 >

Define >

TypeU2>L5> L3 >
IntroU2al>L5> L3 >

IntroU2b > L5 > L3 >

Define >

TypeUl D> L7 >

IntroUIT > L7 >

IntroU1F > L7 >

IntroUlal> L7 >

TransSub > L8 > L14 >

TransSub > L9 D> L14 >

SubInEll > L11D> L15> L4 >
Block >

Hypothesis >

ExtT >

ExtPApplyK > L12 > L19> 120 >
ExtF >

ExtPApplyK > L13 > L19 D> 122 >
ElimInEll > L17 > L21 >
StrictEquivPX > L19 >

TypeT >

TypeApply > L25 > L26 >
IntroU3Hyp > L1 > L27> L2 >
SubInEll > L11 > L16 > L28 >
ExtKApplyP > L29> 124 > 123 >

Trans > R > L30 >
Block >

IntroEll > (IntroInEll > L11 > L31) >

la
Ve:db:a’c €, Kb
£’(ug o a)
a€pZa

L’ Ta

Jj =wu2(Za,uz0a)
£’j

TaCyj

uzoa Caj

k = ui(j)

0k

Ter k

Fex k

ISk

Zagzk
ugzoa Co k
a€rk

Begin

s

=

=}

as L
SRR

£’ uy(a)



A Formal proofs

[ The Map proof of ExistsUnionl reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:

TypeT >

SubtypeLL2 > L1 >

Block >

Hypothesis >

TypeKal> L4 >

SubtypeLL2 > L5 >

TypeSub > L2D> L6 >

Block >

TypeKa> L1 >

SubtypeLL2 > L9 >

Block >

Hypothesis >

ElimInTwo > L12 >

Logic> L13 >
IntroInTwol>L10>L1>L1>L14>>
Block >

IntroSub > L10 > L15 >
IntroExistst>(Gen>L7)>L1>L17>

[ The Map proof of ExistsUnion2 reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO9:
L10:
L11:
L12:
L13:
L14:

TypeT >

TypeKal> L1 >

Block >

Hypothesis >
SubtypeLL1 > L1 >
TypeKa > L4 >
TypelnEll > L5 > L6 >
Block >

Block >

Hypothesis >
Reduction >

Block >

IntroInEll > L2 > L11 >
IntroExistst>(Gen>L7)>L1>L13>>

0T
LT
Begin
b
Kb
oK’ b
ITCy, Kb
End
£(K’T)
LK T
Begin
r €y T
x ~ T sa(
z~K'T’
z e K'T
End
TC KT
Jdb: T Co K'b

2,T) ta(,T)
TT

T
£(K’T)
Begin

£’b

uT

(K’ b)

(T €, K’b)
End
Begin
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[ The Map proof of ExistsUnion3 reads

LO1: Hypothesis > la ;
LO2: Hypothesis > Ve:db:a’ceg Kb
LO3: Block > Begin ;
L04: Hypothesis > £’b ;
L05: TypeKal L4 > £(K’b) ;
L06: SubtypeLL2>L5 > LK’ b ;
LO7: SubtypeLL2> L1 > laa ;
LO8: TypeSub>L7> L6 > la Co K’b ;
L09: Block > End ;
L10: TypeU4Hyp>L1D> L2 > £’ uy(a) ;
L11: IntroU4’ > L1> a Coy K’ uy(a) ;

L12: IntroExists > (Gen > L8)>L10>L11> 3Jb:a C2 K'b T*



A Formal proofs

[ The Map proof of ExistsUnion reads

LO1:
LO2:
LO3:

LO4:
LO5:
LO6:
LOT7:

LO8:

LO9:
L10:
L11:

L12:
L13:
L14:
L15:
L16:

L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:

L34:
L35:
L36:

L37:
L38:

ExistsUnionl >
ExistsUnion2 >
Logic> L1> L2 >

Block >

Hypothesis >
Hypothesis >
Hypothesis >

Hypothesis >

Block >

Hypothesis >
ElimAll > L7 > L10 >

Logic > L11 >
Block >

ExistsUnion3>L6>(Gen>L12)>>

Block >
Hypothesis >

Logic > L16 >

Logic > L16 >

Logic > L16 >

SubtypeLLL1 > L6 >
Logic> L17D> L19D> L20 >
Block >

Hypothesis >

TypeKa > L23 >
TypelnEll > L20 > 1L.24 >
Block >

Define >

ElimExists > L18 >
ElimExistsEll > L18 >
TypeKa > L30 >

SubInEIl > L31 > L29 > L21 >
IntroExists >

(Gen > L26) > L30 > L32 >
Block >

ElimPure > L8 > L33 >
Logic> L14 > L35 >

Block >
Transfinite” > L3 > L36 >

Jb: T Ca Kb
A:Te, K’b
(3b: T C2 K’b) A
:Te, K’b
Begin
—a
la
Ve: (Ab:a’c Co K7b) A
(Fb:a’c e, K'D)
Ec:07c A ((Fb:c C2 K'b) A
(Fb:cegK'b) Aa€c
Begin
¢
(Fb:a’c C2 K’b) A
(Fb:a’c e K7D)
db:a’c €, KD
End
db:a Ca Kb
Begin
¢ A ((3b:c Ca K7b) A
(Fb:ce, K'b))Aa g ¢
Lc
Fb:c Sy Kb
agpc
Ela
a€yc
Begin
£’b
2(K’b)
lae,K’b
End
b=eb:cCo Kb
cCaK’b
£’b
£2(K’b)
a € K'b

db:a €, Kb
End
db:a €, K’b
(Fb:a S K’b) A
(3b:a €, K'b)
End
Va: (3b:a Cy K’b) A
(3b:a €, K’ b)
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[ The Map proof of UnionHyp reads

L1: Hypothesis > la ;
L2: ExistsUnion > Va: (3b:a Co K’b) A
(Fb:a €, K'b) ;
L3: Block > Begin ;
L4: Hypothesis > l'c ;
L5: TypeApply > L1D> L4 > £(a’c) ;

L6: ElmAll>L2D>L5> (Fb:a’c Cy K'b) A

(Fb:a’c €, K'D) ;

L7: Logic> L6 > db:a’c €, Kb ;
L8: Block > End ;
L9: GenD>L7>> Ve:3b:a’c €, Kb T*

[ The Map proof of TypeU4 reads

L1:
L2:
L3:

Hypothesis > l’a
UnionHyp > L1 >

TypeU4dHyp D> L1 D> L2 > £ uy(a)

[ The Map proof of IntroU3 reads

L1:
L2:

L3: UnionHyp > L1 > Ve:db:a’c e K’

L4: IntroU3HypD> L1>L2D>L3> a’c€ruzoa T*
[ The Map proof of ElimU4 reads

LO1: Hypothesis > O

LO2: Hypothesis > Ly

L03: Hypothesis > Z €2 ug(y)

L04: Define > s = sa(xw,uq(y))

L05: Define > t = ta(z,uq(y))

L06: ElimInTwoS > L3 > ls

LO7: ElimInTwoT > L3 > 0t

L08: ElimInTwo > L3 > x~us(y)’s't

L09: Trans> R >L8 > z~y’(s’T)(s'F) ¢

L10: TypeT > 0T

L11: TypeApply > L6 > L10 > £(s’T)

L12: TypeF > ’F

L13: TypeApply >L6>L12 > £’(s’F)

L14: TypeApply >L2>L11> (y’(s’T))

L15: SubtypeLL2>L14 > by’(s’T)

L16: IntrolnTwol> L15>LI3>L7T>LI> z€2y’(s'T)

L17: Block > Begin

L18: Hypothesis > 0’z

L19: TypeApply >L2>L18 > 2y’ 2)

L20: SubtypeLL2>L19 > lay’ 2

L21: TypeInTwo > L1>120>> lz€sy’z

L22: Block > End

L23: IntroExists> 121> L11> 116> dzx€ry’z

Hypothesis > l’a
Hypothesis > l’c

Ve:db:a’c e Kb

[a—
*



A Formal proofs

[ The Map proof of IntroU4 reads
LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:

Hypothesis >
Hypothesis >
Hypothesis >
Define >
Define >

ElimInTwoS > L3 >
ElimInTwoT > L3 >
ElimInTwo > L3 >
Trans > R > L8 >
TypePair > L2 > L6 >
TypeU4 > L1 >
SubtypeLL2 > L11 >

IntrolnTwo > L12> L10>L7> L9 >

[ The Map proof of IntroSubU4 reads

L1:
L2:
L3:
L4:
L5:
L6:

Hypothesis >
Hypothesis >

TypeApply > L1 > L2 >
SubtypeLL2 > L3 >
IntroU4 > L1> 12 >
IntroSub > L4 > L5 >

0 x
Ly
£z’ y)
lox’y

Ly

0z
TEyyY’ 2

s = sa(w,y’ 2)
t=ta(z,y’2)
s

0t
c~y’'z's’t

z ~us(y)’(z::

L(z::8)
€7 uq(y)
Laua(y)

x €3 uq(y)

u €y x’Yy > u s ug(x)

7’y Co us()

[ The Map proof of ElimU4Sub reads

LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
LO09:
L10:
L11:
L12:

Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >

TypeApply > L1> L3 >
SubtypeLL2 > L5 >

Block >
Hypothesis >

IntroU4> L1D> L3> L8 >
ElimSub > 14> 19 >

Block >

IntroSub > L6 > L10 >

A .47 Transitive maps

[ Map lemma

TypeTr’;gq:
IntroTrig7:

IntI‘OTI‘Tlgg :

p,x:(x €EgpAVy: 2’y €3 D)
(z,yeV; peT)notfree(y;p) - L p+

lr,y:x Eap—>x€rph

lr,y:x €Eap >’y €2 pt Tr(p)

Tr(T)
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[ The Map proof of TypeTr’ reads

LO1: Hypothesis > L’p ;
L02: Hypothesis > x ;
L03: SubtypeLL1>L2> hao ;
L04: TypelnEll>L3>L1 > lz € p ;
L0O5: Block > Begin ;
L0O6: Hypothesis > Ly ;
L07: TypeApply >L2>L6 > L(x’y) ;
LO8: SubtypeLL2>L1 > lrp ;
L09: TypelnTwo>L7>L8 > lz’y € p ;
L10: Block > End ;
L11: TypeAll> (Genr>L9) > Wy:z’ye€ap ;
L12: Logicl> L4D> L11 > Nz €gpAVy:z’yeap) T
[ The Map proof of TypeTr reads
L1: Hypothesis > £p ;
L2: Block > Begin ;
L3: Hypothesis > 0z ;
L4: SubtypeLL2D> L1 > lap ;
L5: TypelnTwo > L3> L4 > Iz €ap ;
L6: TypeTr’>L1>L5> Wz €gpAVy:z’y €5 p) ;
L7: Logicl L5> L6 > Wrx €ap=>ax €gpAVy: 2’y Eap)
L9: Block > End ;
L9: TypeAll> (Gen>L7) > !Tr(p) T*
[ The Map proof of StrictTr reads
L01: Hypothesis > Tr(p) ;
L02: TypeT > T ;
L03: ENmANDLI>L2> Téeyp=>TEpAVy:T yEap
L04: Logic> L3> Terp ;
L05: StrictinEIIP> 14> £’p I*
[ The Map proof of ElimTrInEll reads
L1: Hypothesis > Tr(p) ;
L2: Hypothesis > T EapP ;

L3: StrictInTwoX>12> /{'zx ;
L4: ElimAlDLI>L3> zep=2>zx&pAVy:z'’ycrp ;

L5: Logic> L2> L4 > TErp I
[ The Map proof of ElimTrInTwo reads

L1: Hypothesis > Ly ;

L2: Hypothesis > Tr(p) ;

L3: > TE2p ;

L4: StrictInTwoX>L3> (' ;
L5: ElmAlD>L2>14> zéxp=>ax€pAVy:z'’y€Esp
L6: Logic>L3D>L5> Vy:z'y €2 p ;
L7: ElmAll>L6D>L1> z'y€ap I*



A Formal proofs

[ The Map proof of ElimTrHead reads

L1: Hypothesis > Tr(p) ;
L2: Hypothesis > Ty €Eap ;
L3: TypeT > oT ;
L4: ElimTrInTwol> L3>LID>L2> (z::y)’TeEsp ;
L5: Trans> R L4> T Eyp T

[ The Map proof of ElimTrTail reads
L1: Hypothesis > Tr(p) ;
L2: Hypothesis > Ty Eyp ;
L3: TypeF > L’F ;
L4: ElimTrInTwol>L3>LID>L2> (z::y)’Fe&xp
L5: Transp> R > L4> Yy Eap T

[ The Map proof of ElimTrSub reads
L01: Hypothesis > Tr(p)
LO2: Hypothesis > TE2D
L03: StrictInTwoX > L2 > 0z
L04: StrictInTwoY > L2 > Lap
L05: Block > Begin
L06: Hypothesis > YyEazx
LO7: Define > s = s2(y, )
LO8: Define > t=t2(y,x)
L09: ElimInTwoS > L6 > s
L10: ElimInTwoT > L6 > £t
L11: ElimInTwo> L6 > y~z’s’t
L12: ElimTrInTwol>L9D>L1D>L2 > T’s Exp
L13: ElimTrInTwol>L10>L1D> L12 > x’s’t Eap
L14: Block > Begin
L15: Hypothesis > 0w
L16: TypeInTwo > L15> L4 > lw ey p
L17: Block > End
L18: ExtBool” > (Gen > L16) > L11> 113> YyEap
L19: Block > End
L20: IntroSub > (SubtypeLL2>L3)>L18 > =z Caop

[ The Map proof of IntroTr reads
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LO1: Premise > {'p ;
LO2: Premise > br,y:x Eap— X Egp ;
L03: Premise > lr,y:x €Eap—>x’y €y p ;
L04: Block > Begin ;
L05: Hypothesis > 0x ;
L06: SubtypeLL2> L1 > lop ;
LO7: TypelnTwo >L5>L16 > Iz €xp ;
L08: TypeTr’ > L1D>L5> Wz € pAVy:z’y €2 p) ;
L09: Block > Begin ;
L10: Hypothesis > Te2p ;
L11: L2>L5>L5DL10 > TEYD ;
L12: Block > Begin ;
L13: Hypothesis > Ly ;
L14: L3> L5>L13>L10> T’y Ea p ;
L15: Block > End ;
L16: Genp L14 > Vy:z'y €2 p ;
L17: Logic> L11D>L16 > TE€gPpAYy:x’y Eap ;
L18: Block > End ;
L19: CDeduction>L7>L8>L17>> TEyp=>x € pAYy:z’y€ap
L20: Block > End ;
L21: Genp> L19> Tr(p) I*
[ The Map proof of IntroTrT reads
LO1: TypeT > T ;
L02: Block > Begin ;
L0O3: Hypothesis > 0x ;
L04: Hypothesis > Ly ;
LO5: Hypothesis > T € T ;
L06: ElimInTwo > L5 > T~ T8z, T) ta(2, T) 5
LO7: Logic > L6 > z ;
LO8: IntroInEIT > L1 > Te, T ;
L09: Replace’ >L71> L8 > e T ;
L10: Logic> L7 > z’y ;
L11: IntroInTwoT > Te, T ;
L12: Replace’ > L10>L11 > 'y €T ;
L13: Block > End ;
L14: IntroTr> L1 L9>L12> Tr(T) I*

A.48 Fifth union operator

[ us’z ] denotes a transitive closure of [ z ] if such a one exists (the existence is
proved later).

[[us] = Mzeaiz€aATr(a) T



A Formal proofs

[ Map lemma
TypeUb gq: lius ;
TypeU5Apply;g9: Lr: 0 (us’ x) ;
TypeU5Composegg:  fx: €’ (us o x) ;

IntroTrUb;gg: da:y €2 a ATr(a) = Tr(us’'y)
IntroInUb;gg: Jda:y €2aATr(a) 2y € us’y I*
[ The Map proof of TypeUb5 reads
LO1: Block > Begin ;
L02: Hypothesis > 0’z ;
L03: Block > Begin ;
L04: Hypothesis > la ;
LO5: SubtypeLL2 > 14 > laa ;
L06: TypeInTwo>L2D> L5 > lz€2a ;
LO7: TypeTr> L4 > ITr(a) ;
L08: Logic>L6> L7 > (z €2 a A Tr(a)) ;
L09: Block > End ;
L10: TypeChoice > (Gen > L8) > Lea:z €3 aNTr(a)
L11: Trans >R > L10 > £(us’ 2) ;
L12: Block > End ;
L13: GenD> L11> lius T*
[ The Map proof of TypeU5Apply reads
L1: Hypothesis > x ;
L2: TypeU5 > lius ;

L3: ElmAl>L2>L1> £'(us’z) T

[ The Map proof of TypeU5Compose reads
L1: Hypothesis > Uz ;
L2: TypeU5 > £1’LL5 )
L3: TypeCompose>L2>L1> £’(usozx) T

[ The Map proof of IntroTrU5 reads

L1: Hypothesis > Jda:y €2 a A Tr(a) ;
L2: Define > a=cay € aNTr(a) ;
L3: ElimExists>L1> y €3 aATr(a) ;
L4: Logic> L3> Tr(a) ;
L5: Trans>R>L4>  Tr(us’y) T*
[ The Map proof of IntroInU5 reads
L1: Hypothesis > Jda:y €3 a A Tr(a) ;
L2: Define > a=ca:y €2aNTr(a) ;
L3: ElimExists>L1> y €2 aA Tr(a) ;
L4: Logic> L3 > y€aa ;

L5: Trans>RD>LA> yErus'y I
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A.49 Sixth union operator

The existence of transitive closures will be by transfinite induction. The sixth
union operator allows to combine transitive closures into new transitive closures
in a way that will be needed in the induction step of that proof.

[{us(z,y) | = u2(ua(K'(K’7)),us’y),us(usoz)) T

[ Map lemma

Alternateygg: (a,b,ceT)a—ckb—octaVb—c ;
Alternate3sgp:  {a,b,c,deT)a—dFb—dFc—>dFaVbVe—d ;
AlternateAsgr: {(a,b,c€T)a —ataVb—aVb ;
AlternateBag1:  {(a,b,c€T)b = bFaVb—aVb ;
TypeKKyg;: lx: (K’ (K’ ) ;
ElimKKso;: rea K'(K'y) v~y ;
IntroKKao;: lr:x €3 K'(K'x) ;
TypeU6’,,: bz,y: 0 uz (K (K’ 2)),u5 " y) ;
ElimU6’201: br,y:z € ua(K’(K'x)),us’y) > 2~xVzEsus'y ;
IntroU6'Xa02:  fz,y:w 62 ua (K’ (K’ x)), us ’y) ;

IntI‘OU6,Y202 :

lx,y:us’y Cy ua(K'(K'2)),us " y)

TypeUbyg: bz, y: 0 ug(z,y) ;
ElimU6502: br,y:z €9 ug(x,y) = 2~z V 2€3us’y V Ju: z2€qu5° (x'u)
IntroU6X03: lr,y:x €5 ug(z,y) ;
IntroU6Ya03:  fx,y:us’y Co ue(,y) ;
IntroU6XUsggz: £z, y,u:us (z’u) Co ug(z,y) T*
[ The Map proof of Alternate reads

LO1: Premise > s

LO2: Premise > b—ec

LO3: Hypothesis > aVvb ;

L04: Logic> L3> la ;

L05: Block > Begin

L06: Hypothesis > a ;

LO8: L1>L6> c ;

L09: Block > End ;

L10: Block > Begin ;

L11: Hypothesis > -a

L12: Logic> L3> L11 > b ;

L13: L2D>L12> c ;

L14: Block > End ;

L15: TNDpL4>L8>LI3Z > ¢ T*

[ The Map proof of Alternate3 reads

L1: Premise > a—d ;

L2: Premise > b—d ;

L3: Premise > c—d ;

L4: Alternate> LI1>L2> aVb—d ;

L5: Alternate>L4>L3> aVbVe—d T
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[ The Map proof of AlternateA reads

L1l: Premise > a—>a
L2: Hypothesis > aVvb ;
L3: Logic > b—=b ;

L4: Alternate>L1>L3>L2> aVb T

[ The Map proof of AlternateB reads

L1: Premise > b—b ;
L2: Hypothesis > aVvVdb
L3: Logic > a—a ;

L4: Alternater> L3> L1>12avdh T

[ The Map proof of TypeKK reads
L1: Hypothesis > O ;
L2: TypeKalLl> £ (K’z) ;
L3: TypeKal>Ll2> ('(K'(K'z)) T

[ The Map proof of ElimKK reads

L1: Hypothesis > x €y K'(K’y) ;

L2: ElimInTwol>L1>»> z~K’(K’y)’ s2(z, K(K'y)) t2(z, K'(Ky)) ;

L3: Trans>R>L2> z~y T
[ The Map proof of IntroKK reads

L1: Hypothesis > 'z ;

L2: RefEquivK > L1 > T~ ;

L3: Trans>R>L2> z~K'(Kz)'z'z ;

L4: TypeKKD>L1> (K (K’ z)) ;

L5: SubtypeLL2> L4 > LK (K’ ) ;

L6: IntrolnTwol> L5D>LIDLID>L3I > z€; K'(K'x) T
[ The Map proof of TypeU6’ reads

L1: Hypothesis > 0x ;

L2: Hypothesis > y ;

L3: TypeKK>L1> (KK’ x)) ;

1/

e(
L4: TypeUbsApply >L2> £’(us’vy) ;
L5: TypeU2>L3>L4> ¢

[ The Map proof of ElimU6’ reads

L1: Hypothesis > x ;
L2: Hypothesis > Ly ;
L3: Hypothesis > z €2 ua(K’'(K’z)),us’y) ;
L4: TypeKK > L1 > 0K (K’ ) :
L5: TypeU5Apply > L2 > £ (us’y) ;
L6: ElimU2>L4>L5>1L3 > z €2 K’(K’ z)) V z€us’y
L7: AlternateA > EIimKK>L6> z~2xVz€Ezus'y ]
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[ The Map proof of IntroU6’X reads

L1: Hypothesis > Lz ;
L2: Hypothesis > Ly ;
L3: TypeKK > L1 > (K (K’z)) ;
L4: TypeUsApply >L2> £'(us’y) ;
L5: IntroU2al> L3> L4> K’(K'z) G u(K'(K'2)),us’y)
L6: IntroKKD>L1> z e K(K'z ;
L7: ElmSubP>L5>L6> =z € us(K'(K’x)),us’y) T*
[ The Map proof of IntroU6’Y reads
L1: Hypothesis > O ;
L2: Hypothesis > Ly ;
L3: TypeKKD>L1> C(K(K’x)) ;
L4: TypeUsApply >L2> £(us’y) ;
L5: IntroU2b>L3>L4> us’y Srue(K'(K'2)),us’y) T
[ The Map proof of TypeU6 reads
L1: Hypothesis > Oz ;
L2: Hypothesis > Ly ;
L3: TypeU6’'D>L1I>L2 > Cuy(K(K'x),us’y)
L4: TypeCompose>L5>L1 > £’(uso0x) ;
L5: TypeU4D> L4 > £’ uyg(us o x) ;
L6: TypeU2D> L3> L5 > 0 ug(z,y) T*
[ The Map proof of ElimU6 reads
LO1: Hypothesis > x
LO2: Hypothesis > Ly
L03: Hypothesis > z €2 ug(z,y)
L04: TypeU6 >L1D>L2> Cus(K'(K’x)),us " y)
L05: TypeU5Compose > L1 > £’(us o x)
L06: TypeU4D>L5> £’ uy(us o x)
LO7: ElimU2>L4D>L6D> L3 > z €3 ua(K'(K'x)),us’y) V
z €2 ug(us o x)
L08: AlternateA > ElimU6’>L7> z~zxzVz€Esus' yV
z €2 ua(us o x)
L09: AlternateB > ElimU4>18> 2z~zxzVz€Esus'yV
Ju:z € (usox)’u
L10: Trans> R >L9> z~xVZzEsus'yV

Ju:z €3 us ’(z u)

Map theory with classical maps © 2001 Klaus Grue



A Formal proofs 203

[ The Map proof of IntroU6X reads
L1: Hypothesis > 0z
L2: Hypothesis > 0y
L3: TypeU6’'>L1>L2 > us(K(K’z)),us ' y)
L4: TypeU5Compose> L1 > £’(uso0x)
L5: TypeU4 D> L4 > £’ uyg(us o x)
L6: IntroU2a> L3> L5 > ua (K’ (K’ 2)),us’y) Ca ug(z,y)
L7: IntroUXD>L1ID>L2 > z €3 K'(K’z)

Ll Ge we we ows ws we s

L8: ElmSub>L6D> L7 > z € ug(z,y) *
[ The Map proof of IntroU6Y reads

L1: Hypothesis > Uz

L2: Hypothesis > Ly

L3: TypeU6’'>L1>L2 > 0 us(K(K’x)),us ' y)
L4: TypeU5Compose> L1 > £’(us o x)

L5: TypeU4> L4 > £’ uyg(us o x)

L6: IntroU2al> L3> L5 > (K (K’z)),us’y)

L7: IntroUGYD> LID> L2 > us’y Co ua(K(K’2)),us " v) ;
L8: TransSub> L7>L6 > us’y Co ug(z,y) *

[ The Map proof of IntroU6XU reads
LO1: Hypothesis > l
L02: Hypothesis > l
L03: Hypothesis > l
LO4: TypeU6'>L1I>L2 > L
L

L05: TypeU5Compose > L1 > (us o ) ;
L06: TypeU4D> L5 > £’ ug(us o x) ;
LO7: IntroU2b> L4 L6 > ug(us o z) Co ug(z,y)
L08: TypeU6>L1D>L2 > L ug(z,y) ;
L09: ElimU4Sub>L5D> L8> L3>L7T > (usox) u Co ug(z,y)
L10: Trans> R > L9 > us’(z’u) Co ue(z,y) "

A.50 Transitivity of [ug(z,y)]

A proof of the transitivity of [ ug(z,y) ] naturally falls in six parts which may
then be combined.

[ Map lemma
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TrU6ages: fx,y,z:Ja:y €xaATr(a) vz €y > 2~2—

z €4 up(T,y) ;
TrU6bggs: Lxz,y,2:Ja:y €2 a ATr(a) = 2z €x us’y —

z €4 ug(z,Y) ;
TrU6co0s:  fz,y,2:Vy:Fa:z’y €2 a A'Tr(a) > Ju:z €2 us (2’ u) -

z €4 ug(z,y) ;

TrU6doos: fz,y,z,v:Vy:Ja:z'y €2 aATr(a) > 2z ~x —

2’ v €2 ug(x,y) ;
TrU6esos: L, y,z,v:3a:y €2 a ATr(a) = 2 €3 us’y —

2’ €2 ug(x,y) ;
TrU6fs06: fx,y,z,0:Vy:Ja:xz’y €2 a A'Tr(a) = Ju: z €3 us '(x’u) —

z'v €2 ug(T,y) ;
TrU6s06: fz,y:Vy:TJa:z’y €2 a A Tr(a) = Ja:y €2 a A Tr(a) —

z €y — Tr(ug(z,y)) I

[ The Map proof of TrU6a reads

LO1: Hypothesis > l'x ;
LO2: Hypothesis > Ly ;
L03: Hypothesis > Lz ;
LO4: Hypothesis > TELY ;
L05: Hypothesis > Jda:y €2 aATr(a)
L0O6: Hypothesis > zZ~T ;
LO7: IntroTrU5D L5 > Tr(us(y)) ;
LO8: IntroInU5 > L5 > y €z us(y) ;
L09: ElmTrSub >L7>L8 > y Co us(y) ;
L10: IntroU6Y D> L1D> L2 > us’y Ca ug(z,y) ;
L11: TransSub>L9D> L10 > y Co ug(z,y ;
L12: TypeU6>L1D>L2 > £’ ug(z,y) ;
L13: SubInEll > L1215 L11> L4 > z €0 ug(z,y) :
L14: Block > Begin ;
L15: Hypothesis > £ w ;
L16: SubtypeLL2>L12 > Lyug(z,y) ;
L17: TypeInEll > L15>L16 > lw €4 ug(z,y) ;
L18: Block > End ;
L19: ExtBool” > (Gen>L17)>L6>L13> 2z €p us(z,y) 17

[ The Map proof of TrU6b reads

LO1: Hypothesis > x ;
L02: Hypothesis > Ly ;
L03: Hypothesis > 0z ;
L04: Hypothesis > Jda:y €2 a ATr(a)
L05: Hypothesis > z€xus’y ;
L06: IntroTrU5> L4 > Tr(us’y) ;

LO7: EmTrInEll>L6D>L5> z€pus’y ;
LO8: IntroU6Y > L1D>L2 > us’y Co ug(z,y) ;
L09: SubInEIlD>L8>L7 > z €g ug(z,y) T
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[ The Map proof of TrU6¢c reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG6:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Define >

ElimExistsEll > L5 >
ElimExists > L5 >
ElmAII > L4D> L7 >
IntroTrU5> L9 >
ElimTrInEll > L10 > L8 >
IntroUGXU D> L1D> L2D> L7 >
SubInEll > L12 > L11 >

[ The Map proof of TrU6d reads

LO1:
LO2:
LO03:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

ElimAll > L5 > L4 >
IntrolnU5 > L4 D> L7 >
IntroU6XU D> L1>L2D> L4 >
ElimSub > L9> L8 >

Block >

Hypothesis >

TypeApply > L12> L4 >
TypeU6>L1D> L2 >
SubtypeLL2 > L14 >
TypeInTwo > L13 > L15 >
Block >
ExtBool”

[ The Map proof of TrU6e reads

LO1:
L02:
L03:
L04:
LO5:
LOG:
LO7:
LO8:
L09:
L10:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

IntroTrU5 > L5 >
ElimTrInTwo > L4 > L7 > L6 >
IntroU6Y > L1 D> L2 >
ElimSub > L9 > L8 >

D> (Gen > L16) > L6 > L10 >

b
b

b

Vy:Ja:z’y €3 a A Tr(a) ;
Ju:z €2 us’(z ' u) ;
u=euz € us’(z’u) ;
lu
z € us ' (x’u) ;
Jda:z’u €2 a A Tr(a) ;
Tr(us '(x’ u)) ;
z €gus’(xu) ;
us (7" u) C2 us(z,y) ;
z €4 ug(z,y) I’

(S SN

ey

Vy:Ja:xz’y €3 a A Tr(a)
Z~T
Jda:z’v €3 a A Tr(a)
z’v € us(z’v)
us (2’ v) Co ug(z,y)
z’v €z ug(z,y)
Begin
w
£(w’v)
E’Uﬁ(l’,y)
£27U6($,y)
lw’v €3 ug(z,y)
End
2’ v € ug(z,y)

da:y €2 aATr(a) ;
Z€xus’yY ;
Tr(us " y) ;
2'v€Eyus’y ;
us’'y Co ug(2,y) ;
2’ v €3 ug(z,y) r
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[ The Map proof of TrU6f reads

LO1: Hypothesis > 0x
LO2: Hypothesis > Ly
L03: Hypothesis > 0z
L04: Hypothesis > v
L05: Hypothesis > Vy:Ja:z’y €3 a A Tr(a)
L06: Hypothesis > Ju:z € us ' (z u)
L07: Define > u=ceuz €y us’(z’u)
LO8: ElimExistsEll > 16 > lu
L09: ElimExists > L6 > z €3 us’(z’ )
L10: ElmAlD>L5>L8 > Jda:z’u €2 a A Tr(a)
L11: IntroTrU5>L10 > Tr(us ’'(x’ u))
L12: ElmTrInTwol>L4>LI1B>L9 > 2’v € us’(z’u)
L13: IntroU6XUD>L1ID>L2D>L8 > us’(xu) Co ug(z,y)
L14: ElimSub > L13>L12 > 2’ v €2 ug(z,y) T*
[ The Map proof of TrU6 reads

LO1: Hypothesis > lx ;
L02: Hypothesis > Ly ;
L03: Hypothesis > Vy:3Ja:z’y €5 a A Tr(a) ;
L04: Hypothesis > Jda:y €2 a A Tr(a) ;
LO5: Hypothesis > TEY ;
L06: TypeU6D>L1D>L2 > L’ ug(x,y) ;
LO7: Block > Begin ;
L08: Hypothesis > 0z ;
L09: Hypothesis > v ;
L10: Hypothesis > z €2 ug(z,y) ;
L11: ElimU6>L1>L2>110> z~zTVZE2Us YV

Ju: z €2 us’(z u) ;
L12: TrU6a>L1>L2>L8>L4>L5>> 2~ T — 2 € ug(T,y) ;
L13: TrU6b>LI>L2>L8>L4> 2€xus’y — 2z € ug(T,y)
L14: TrU6¢>L1>L2>L8>L3> Ju:z €3 us’(z’u) —

z € ug(z,y) ;
L15: Alternate3r>L12>L13>L14>L11> z € ug(z,y) ;
L16: TrU6d>L1>L2>L8>LI9>1L3> z~T = 2’0 Es ug(x,y) ;
L17: TrU6e>L1>L2>L8>L9>14>> 2€3u5’y — 2'vEqug(T,y) ;
L18: TrU6f>L1>L2>L8>L9>L3>> Ju:z €3 us (' u) =

2’ v € ug(z,y) ;
L19: Alternate3r>L16>L17>L18>L11>> 2’ v €y ug(x,y) ;
L20: Block > End ;
L21: IntroTr>L6>L15>L19>> Tr(ug(z,y)) I
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A.51 Existence of transitive hulls

[ Map lemma
ExistsHull’ag7:  Ja: T €2 a A Tr(a) ;
ExistsHull”597:  £z,y:Vy:Ja: 2’y €3 a A Tr(a) — Ja:y €3 a A Tr(a) —

z €y — Ja:x € aATr(a) T
[ The Map proof of ExistsHull’ reads
LO1: TypeT > T ;
L02: IntroInTwoT > Te, T ;
L03: IntroTrT > Tr(T) ;
L04: Logic>L2>13> T e TAT(T) ;
L0O5: Block > Begin ;
L06: Hypothesis > la ;
LO7: SubtypeLL2> L6 > lra ;
L08: TypelnTwol>L1D>L7> ITesa ;
L09: TypeTr> L6 > Tr(a) ;
L10: Logic> L8> L9 > (T €2 aATr(a)) ;
L11: Block > End ;

L12: IntroExists> (Gen > L10)>L1>L4> FJa:T€2aATr(a) T

[ The Map proof of ExistsHull” reads

L01: Hypothesis > O ;
L02: Hypothesis > Ly ;
L03: Hypothesis > Vy:Ja:x’y €3 a A Tr(a) ;
L04: Hypothesis > Jda:y €2 a A Tr(a) ;
LO5: Hypothesis > TELY ;
L06: Block > Begin ;
LO7: Hypothesis > L a ;
LO8: SubtypeLL2> L7 > laa ;
L09: TypeInTwo>L1D>L8 > Iz €2 a ;
L10: TypeTr> L7 > Tr(a) ;
L11: Logic>L9>L10 > Wz €2 a A Tr(a)) ;
L12: Block > End ;
L13: TypeU6D>L1D> L2 > L’ ug(z,y) ;
L14: IntroU6X > L1D>L2 > T € ug(x,y) ;
L15: TrU6>L1ID>L2> L3> L4 L5 > Tr(ug(z,y)) ;
L16: Logic> L14>L15> x€aug(z,y)ATr(ug(z,y)) ;
L17: IntroExists>(Genr>L11)>L13>L16>> Fa:z €2 a A Tr(a) I*

[ The Map proof of ExistsHull reads
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L01: ExistsHull’ > Jda: T €3 a A Tr(a) ;
L02: Block > Begin ;
L03: Hypothesis > -z ;
L04: Hypothesis > 0x ;
L05: Hypothesis > Vy:Jda:x €5 a A Tr(a) ;
L06: Hypothesis > Ey: 0’y A (Ja:y€zaATr(a)) ANz €y
LO7: Block > Begin ;
L08: Hypothesis > CyAFayesanTr(@) Az €y
L09: Logic> L8 > Ly ;
L10: Logict> L8> Jda:y €2 a A Tr(a) ;
L11: Logic> L8 > TEY ;
L12: SubtypeLLl1 > L4 > bix ;
L13: Logic>L9>L11>L12>> TELY ;
L14: ExistsHull” > L4 > L9 >

L5>L10>L13 > Jda:xz €3 a A Tr(a) ;
L15: Block > End ;
L16: ElimPureslL6>L14> Jda:z €3 a A Tr(a) ;
L17: Block > End ;
L18: Transfinite”>L1>L16>>  Vz:3a:z €3 a A Tr(a) ;
L19: ElimAll>L18 > lz:3a:x €2 a A'Tr(a) I*

A.52 Lemmas about [z7!]

[ Map lemma
Compactdygg: fz,y:—x =y =~y > Izix’2~y’2 ;
Compactdygg: Lx,y,2z:Tp:n2’ 2 ~py’'2 = o2 ~p y ;
Compactlyg: Vy: (=T ~y = Ip: =T ~, y) :
Compact2y,;: —z = £’x = Vz:Vy: (-2’ 2~y = Tp: ~2'z~py) —
Vy: (-@ ~y = 3p:~x ~p y) ;

Disclaqs: br: 0’ Audvep:—~z’u~px’v ;
Disc2913: LW pVu:Vo: (z'u ~p 2’ v=>2"u~2’v) ;
Inverselss: lp,x: 0’ Az.eurz’u ~p 2 ;
Inversesq: br:—x = Jy:zoyox ~ =z T

[ The Map proof of Compact3 reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Block >

Hypothesis >

TypeApply > L1 > L7 >
TypeApply > L2 > L7 >
TypeEquivK > L8 > L9 >
Logic > L10 >

Block >

TypeExists > (Gen > L11) >
Block >

Hypothesis >

Repetition > L15 >
IntroEquivK > L3> L4 D> L1 D> L16 >
Logic> L5 > L17 >

Block >

Indirect > L13 > L18 >

[ The Map proof of Compact4 reads

Y
T~y
Begin
0’z
0z z)
£y’ 2)
lr’z~y’2z
lmx’z~y’2
End
Fzi-x’z~y'2
Begin
—dzix’z~ylz
Vzix'z~y'z
T~y
F
End
dzimx’z~y'z
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LO1: Hypothesis > l'x ;
L02: Hypothesis > Ly ;
L03: Hypothesis > 0’z ;
LO4: Hypothesis > i’z ~py’2 ;
L0O5: Block > Begin ;
L0O6: Hypothesis > Lp ;
LO7: TypeEquivP > L6D>L1D> L2 > Iz ~py ;
L0O8: Logic> L7 > Iz ~py ;
L09: Block > End ;
L10: Define > P=epi—x’z~py’2 ;
L11: ElimExistsEll > 14 > L’p ;
L12: ElimExists > L4 > L2~y Yy’ ;
L13: Define > q = u2(p, K'(K’ 2)) ;
L14: TypeKal L3> (K’ 2) ;
L15: TypeKa> L14 > (K’ (K’ 2)) ;
L16: TypeU2>L11D>L15> L’ q ;
L17: IntroU2al> L11D>L15 > pCaq ;
L18: IntroU2b > L11D>L15 > K’(K’z) Ca g ;
L19: SubtypeLL2>L15 > LK (K’ 2) ;
L20: IntroInTwo'>L19>L3>L3>»> (K'(K’2))’'2’z2e€K'(K’2)
L21: Trans >R >L20 > 2z €3 K'(K’2) ;
L22: ElimSub > L18 > L21 > Z € q ;
L23: Block > Begin ;
L24: Hypothesis > Vp:x ~py ;
L25: ElimAll > L241>L16 > T~y ;
L26: ElimEquivP > L25> 122 > T2~y 2 ;
L27: SubEquivP > L17 > 126 > x'2~p Y’z ;
L28: Logic> L12D> L27 > F ;
L29: Block > End ;
L30: TypeExists > (Gen > L8) > Bp:—z ~p y ;
L31: Indirect > L30 > L28 > Ip:—z ~py T

[ The Map proof of Compactl reads
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LO1: Block >
LO2: Hypothesis >
LO3: TypeT >

L04: TypeEquivK > L3> L2 >

L05: Logic> L4 >
L06: Block >
LO7: Hypothesis >
L08: Logic> L7 >
L09: Block >
L10: Hypothesis >

L11: TypeEquivP > L10> L3> L2 >

L12: Logic> L11 >
L13: Block >

L14: IntroExists>(Gen>L12)>L3>L8>>

L15: Block >

L16: Deduction” > L5> L14 >

L17: Block >
L18: Genp L16 >

[ The Map proof of Compact2 reads

Begin
'y
0T
T~y
=T~y
Begin
Tty
Begin
Lp
T~py
ST~y
End
dp: T ~py
End
“Tr~ySIp-T~yy
End

Vy: (—|T ~Yy = Hp: =T ~p y)
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LO1:
L02:
LO3:

LO4:
LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:

L20:
L21:
L22:
L23:

L24:
L25:
L26:
L27:
L28:

L29:
L30:
L31:
L32:
L33:
L34:
L35:
L36:
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Hypothesis >
Hypothesis >
Hypothesis >

Block >

Hypothesis >
TypeEquivK > L2 > L5 >
Logic > L6 >

Block >

Hypothesis >

Block >

Hypothesis >
TypeEquivP > L11> L2 > L5 >
Logic > L12 >»

Block >

SubtypelLB > L5 >

Block >

Hypothesis >

Logic> L1 > L17 >
IntroExists >

(Gen>L13) > L5 > L18 >
Block >

Block >

Hypothesis >

Compact3 >

L2 L5> L1 L22> L9 >
Define >

ElimExistsEll > L23 >
ElimExists > L23 >
TypeApply > L5 > L25 >
ElimAll2 > L3 > L25 > L27 >

Logic > L26 > L28 >
Compact4d>L2>L5>125>129>>
Block >

TND > L15> L19 > L30 >
Block >

Deduction” > L7 > L32 >
Block >

Gen > L34 >

[ The Map proof of Compactness reads

-x
0x
Vz:Vy: (-2’2 ~y =
dp: -z’ 2 ~p y)
Begin
Ly
Iz ~y
l—x ~y
Begin
Begin
L'p
z~py
Iz ~py
End
ly
Begin
y

dp:ix~py
End
Begin

Y

dz:—x’z~y’z
z=¢ezx’z~yz
0z
x’z~y’z
Ly’ 2)
—x’z~y'z S
Ip:x’z~py'z
Ip:x’z~py'z
dp:—~x ~py
End
dp:—z ~py
End
e~y SIApior~py
End
Vy: (mz ~y = Ipi—x ~p y)
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L1: Hypothesis >
L2: Hypothesis >
L3: Hypothesis >
L4: Transfinite’ >
Compactl > Compact2 >

L5: ElimAl2>L4>L1>L2>

0 x
Ly

—|,Z'Ny

Vo:Vy: (nz ~y = Ip: -z ~p y)
e~y SaApioz ~py

L6: Logic> L3> L5> dp:—z ~py T*
[ The Map proof of Discl reads

LO1: Hypothesis > x

L02: Block > Begin

L03: Hypothesis > 0y

L04: Block > Begin

L0O5: Hypothesis > v

LO6: Block > Begin

LO7: Hypothesis > L'p

L08: TypeEquivP > L7> L3> L5 > u~p v

L09: Logicl> L8 > Iy ~pv

L10: Block > End

L11: TypeChoice > (Gen > L9) > 0 ep:—u ~p v

L12: Trans >R > L11> 0((M.ep:—u ~, v) v)

L13: Block > End

L14: Genp> L12 > Lidv.ep:—u ~p v

L15: TypeCompose > L14> L1 > £ ((A\v.ep: =y ~p v) o)

L16: Trans> R[> L15> O ((Audv.ep:~u ~p x’v)  uw)

L17: Block > End

L18: Genr> L16 > b Adu vep:—u ~p 2’V

L19: TypeCompose > L18 > L1 > O((Au.Av.ep: —u ~p 27 v) 0 )

L20: Transt>R>L19>> 0 XuAvep: ~z U ~p T

[ The Map proof of Disc2 reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LO7:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:

L17:
L18:
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Hypothesis > Lz ;
Block > Begin ;
Hypothesis > Lp ;
Block > Begin ;
Hypothesis > 0y ;
Block > Begin ;
Hypothesis > v ;
TypeApply > L1 > L5 > £(x’u) ;
TypeApply > L1 > L7 > £(z’v) ;
TypeEquivP>L3>L7>LE> Iz’ u~p, ' ;
TypeEquivK > L7 > L8 > lr’u~2x’v ;
Logic> L9> L10 > (Zu~pz’v=>2'u~z'v)
Block > End ;
TypeAll > (Gen > L11) > Wo: (2'u~pz'v = 2'u~z'v) ;
Block > End ;
TypeAll > (Gen > L13) > Wau: Yo (2u~px’v = 2'u~a’v) ;
Trans > R > L15 > IApNVu:Vo: (7w ~p z'v =
z’un~x’v))’p ;
Block > End ;
Gen > L16 > WApYu: Yo (2u~px'v = 2'u~z'v) T

[ The Map proof of Discriminate reads
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LO1:
L02:
LO03:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:

Hypothesis >

Define >

Discl > L1 >

Define >

TypeU4 > L3 >

TypeU4 > L5 >

Block >

Hypothesis >

Hypothesis >

TypeApply > L1 > L8 >
TypeApply > L1> L9 >
TypeEquivP>L6>L10>L11>
TypeEquivK > L10 > L11 >
Block >

Hypothesis >

Block >

Hypothesis >
Compactness>L10>L11>L17>
Define >

ElimExistsEIlI > L18 >
ElimExists > L18 >
TypePair > L8> L9 >
IntroSubU4 > L5 > L16 >
Trans > R > L23 >
SubEquivP > L24 > L15 >
LogicD> L21 > L25 >

Block >

Indirect > L13 > L26 >
Block >
CDeduction>L12>113>1L28>>
Block >

Gen2 > L30 >

IntroExists >

(Disc2>L1) > L6 > L32 >

[ The Map proof of Inversel reads

I 1l 5
>
&
>~
<
o
3
|
8

IS
iy
)
S—

SRk o S

U~y
Begin
z’u~z’V
Jr:i—x’u~, 2’0
r=er:ix’u~pz’v
£r
—z’u~p v
£(u::v)
walq) (u
rCap
T’U~, U
F
End
r’u~z'V
End
U~ pT VST U~NT U
End
Yu: Vu: (2u~p2’v=>0"u~z'v)

v) Cop

Ap: Vu: Yo: (2'u~pr’v=>2"u~a'v)
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:
L34:

Map theory with classical maps © 2001 Klaus Grue

Hypothesis >

Hypothesis >

Define >

Block >

Hypothesis >

Block >

Hypothesis >

TypeApply > L2> L7 >
StrictEquivPX > L5 >
TypeEquivP > L1 > L8> L9 >
StrictEquivPY > L5 >
TypeEquivP > L1 > L8 > L11 >
Block >

Hypothesis >

TransEquivP > L14 > L5 >
Block >

Block >

Hypothesis >

ComEquivP > L5 >
TransEquivP > L18 > L19 >
Block >
CDeduction>L10>L12>L15>
CDeduction>L12>1L10>120>
Logic > L22> L23 >

Block >

TypeChoice > (Gen > L10) >
Ackermann > (Gen > L24) >
Trans > R > L26 >
TA>R>L27T>R >
RefEquivK > L28 >

Replace’ > L29 > L30 >
Block >

IntroInEll > L1 > L31 >
IntroEIll > L33 >

[ The Map proof of Inverse reads

Lp
O
Y= Azewz’u~p 2
Begin

Zr~p 2

Begin
Oy

T'U~p 2z T U~ Z
T'U~pZDT U~ 2
7 = 7
TU~NpZ2E T U~ 2
End
Deuz’un~p 2
U~ = cx’u~
EUITU~PZ = EU T U~PZ

'y’ 2)

y'z=y'z
y'z~y'z
y'z~y'z

End

ye€ep

Ly
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LO1:
L02:
LO3:

LO4:

L05:
LO6:

LO7:
LOS8:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:

L28:
L29:
L30:
L31:
L32:
L33:
L34:
L35:

L36:

Hypothesis >
Hypothesis >
Discriminate > L1 >

Define >

ElimExistsEIl > L3 >
ElimExists > L4 >

Block >

Hypothesis >

SubtypeLL1 > L1 >
TypeCompose > L9 > L8 >
SubtypeLLL1 > L10 >
TypeCompose > L11 > L1 >
TypeEquivK > L12D> L1 >
Block >

Define >

Inversel > L5 > L1 >
Reduction >

Block >

Hypothesis >

TypeApply > L1 > 119 >
RefEquivP > L5 > L20 >
Block >

Hypothesis >

TypeApply > L1 > 123 >
TypeEquivP>L5>124>120>>
Block >

IntroExists > (Gen > L25) >
L19 > L21 >

Define >

ElimExistsEll > L27 >
ElimExists > L27 >
ElimAl2> 16> 129> L19 >
Logic> L30 > L31 >

Trans > R > L32 >

Block >

IntroEquivK > L17> L2 >
L1 > (Gen > L33) >
IntroExists > (Gen > L13) >
L16 > L35 >

[ The Map proof of Typelnv reads

g
-z
Ap:Vu:VYo: (2w ~p v =
z’u~ 1z’ V)
p=ep:Yu:Vou: (z'u~pz’v =
x’u~z’v)
Lp
Vu:Yo: (z’u ~p 2’ v =
x’un~zx’v)
Begin
Ly
Iflx
L (zoy)
lizoy
L (zoyox)
lzoyor~z
End
Yy=Azewz’un~y 2
Ly
—(zoyoux)
Begin
0’z
Lz’ 2)
T 2~p T2
Begin
Ly
£z’ u)
Ix'u~p 2
End

Juiz’u~yx’ 2
u=euwrz’u~p T2
Lu
U~y 22
z'u~pr’z=>r’u~32
r’u~z’'2
(zoyox)'z~uz'z

End

Toyor~x

Jy:zoyox ~x
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LO1: Hypothesis > lx
L02: Block > Begin
L03: Hypothesis > Ly
L04: SubtypeLLl1>L1 > bz
L05: TypeCompose > L4 > L3 > L(zoy)
L06: SubtypeLLl>L5 > lizoy
L07: TypeCompose > L6 > L1 > (zoyoux)
L08: TypeEquivK > L7> L1 > lzoyox ~z
L09: Block > End
L10: TypeChoice> (Gen[>L8) > ey:zoyox ~=
L11: Repetition > L10 > AR
[ The Map proof of Introlnv reads
L1: Hypothesis > 0z ;
L2: Hypothesis > —x ;

L3: Inverse>L1D>L2> ZFy:zoyozx~=z
L4: ElimExists>L3>» zozltoz~z T

A.53 Elementary ZFC types

[ Map lemma
z-TypeNoty;: la:1-a ;
z-Typelmply,5:  la,b:!(a = b) ;
z-TypeExistsy g (z€V;a€T 'z — lak Wzia T

[ The Map proof of z-TypeNot reads
L1: Logic>» la:lma T

[ The Map proof of z-Typelmply reads
L1: Logic> la,b:l(a=0b) 1

[ The Map proof of z-TypeExists reads
L1: Premise > r—la
L2: TypeExists > (Gen>L1l) > IVz:a T*

A.54 Elementary ZFC rules

[ Map lemma
Z-Mpyjg: @ —a=>b—b
z-gelyg: (TEV;a€T 'z - at Va:a
z—a1219: !a, b:a = (b = a)
z—a2219: !a, b, C: (a = (b = C))
z-a3219:  la,b: (b= —a) = ((-b=a) =D
z-adorg:  (z€V;a,b,teT)b ~ (a | z:=t) -
Oz —laFbFLtEYza=b
z-ab219:  {z€V;a€T )notfree(x;a)
lak 0’z = bk Ve:(a=0b) = (a = Va:b)

= ((a=b) = (a = ¢))
)
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[ The Map proof of z-mp reads
L1: Logic>» a—a=b—b [

[ The Map proof of z-gen reads
L1: Premise > Lz —a ;
L2: Genp>Ll>» Vz:a T*

[ The Map proof of z-al reads
L1: Logic>» la,b:a=(b=>a) T

[ The Map proof of z-a2 reads
L1: Logic>» la,b,e:(a= (b=¢)) = ((a =b)= (a=¢))

[ The Map proof of z-a3 reads
L1: Logic> la,b:(=b=-a)=((-b=a)=0b) I

[ The Map proof of z-a4 reads

L1l: Premise > Oz —la
L2: Premise > £t ;
L3: L1>L2>» b ;
L4: TypeAll> (Gen > L1) > Wz:a ;
L5: Block > Begin ;
L6: Hypothesis > Vz:a ;
L7: ElmAl>L6>L2 > b ;
L8: Block > End ;

]

*

L9: CDeduction>L4>L3>L7> Vz:a=b

[ The Map proof of z-a5 reads
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*

LO1: Premise > la ;
L02: Premise > 0z —1b ;
L03: Block > Begin ;
L04: Hypothesis > 0z ;
LO5: L2>L4> b ;
L06: Logic>L1D>L5> (a=0) ;
LO7: Block > End ;
L08: TypeAll > (Gen > L5) > Wa:b :
L09: TypeAll > (Gen > L6) > Wz: (a = b) ;
L10: Logic>L1> L8> (a = Vz: b) ;
L11: Block > Begin ;
L12: Hypothesis > Vz:(a = b) ;
L13: Block > Begin ;
L14: Hypothesis > a ;
L15: Block > Begin ;
L16: Hypothesis > 0z ;
L17: ElimAll >L12>L16 > a=b ;
L18: Logicl> L14D> L17 > b ;
L19: Block > End ;
L20: Genp L18 > Vz:b ;
L21: Block > End ;
L22: CDeduction > L1 > L8> L20 > a=Vx:b ;
L23: Block > End ;

]

L24: CDeduction>L9>L101>122> Vz:(a=b) = (a = Vz:b)

A.55 Lemmas about [z = y]

T
N1F
F

[z=y =z I
y{ VuTv:z’u =y’ v) A VuTv:z’v=y’u)

[ve(z,y,u) = eviz’v=y u T

[vy(z,y,u) = eviz’u=y’v T

[ Map lemma
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z-TypeEqualyy,:
z-ElimEqualXE,,,:
z-ElimEqualX,y4:

Z—EhmEqualYE223 .
z-ElimEqualY,,5:

z-ElimEqualYElly,:

z-IntroEqualyy,:

z-RefEqualyy,:
z-RefEqual’yyy:
z-ComEqualyyg:
z-TransEqualysg:

Lz,
Lu:
Lus:
Lus:
Lus:
Lu:
Lu:

y:lz=y
z=y—3Jvz’v=y’u
=y >z’ v (x,y,u) =y u
z=y =L v (2,y,u)
r=y—Jviz’u=y’v
r=y—>z’u=y vy(x,y,u)
z=y =L vy(x,y,u)

7

(u€Vj;a,b, r, seT)notfree(u; a, b) i+
La-l’bFa& b
LCu—a’u=br+lu—>0rkF
L’u—a’s=b’ubl’u—0 st
a=15b

lx:

r=2x

T~Y T =Y

lx,
Lz,

YT=yYy—>Y=2a
YT =Y SY=2—>T=2

[ The Map proof of z-TypeEqual reads
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LO1: Block > Begin ;
L02: Hypothesis > Ly ;
L03: SubtypeLB > L2 > ly ;
L04: Logic> L3> T=y ;
L05: Block > End
L06: Gen>L4 > Vy:!'T =y ;
LO7: Block > Begin ;
LO8: Hypothesis > X ;
L09: Hypothesis > 0z ;
L10: Hypothesis > Va:Vy:lz’ 2=y ;
L11: Block > Begin

L12: Hypothesis > Ly

L13: SubtypeLB > L12 > ly

L14: Logic>L8 > y—lr=
L15: Block > Begin
L16: Hypothesis > -y ;
L17: Block > Begin ;
L18: Hypothesis > L ;
L19: Block > Begin ;
L20: Hypothesis > XY ;
L21: TypeApply > L12> L18 > 0y’ u) ;
L22: TypeApply > L12 > L20 > £y’ v) ;
L23: ElimAll2> L10> L18 1> L22 > Iz’u=y"v ;
L24: ElimAll2> L10>L200> L21 > lt’v=y"u ;
L25: Block > End ;
L26: TypeExists > (Gen > L23) > Fv:z’u=y v ;
L27: TypeExists > (Gen > L24) > Fv:z’v=y'u ;
L28: Block > End ;
L29: TypeAll > (Gen > L26) > Wu:Jv:iz’u=y'v ;
L30: TypeAll > (Gen > L27) > Wu:Jv:z’v=y’u ;
L31: Logic > L8> L16>L29>L30 > lr =y
L32: Block > End ;
L33: TND > L13>L14>L31 > lr =y ;
L34: Block > End ;
L35: Genp L33 > Vy:loz =y ;
L36: Block > End ;
L37: Transfinite’ > L6 > L35 > Ve:Vy:lz =y ;
L38: ElimAll2 > L37 > lr,y:lz =y T*

[ The Map proof of z-ElimEqualXE reads
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LO1: Hypothesis > l’u ;
LO2: Hypothesis > T=1y ;
L03: Logic>L2> Iz ;
L04: Logic> L2 > z— Jviz’v=y’u ;
L05: Block > Begin ;
L06: Hypothesis > i ;

LO7: Logicl> L2>L16 >
L08: EImAI>L7>L1 >

Yudv:z’v=9y"u ;
Jv:z’v=9y"u ;

L09: Block > End ;

L10: TNDp L3p L4 Ll8>» Fuviz’v=y’u T*
[ The Map proof of z-ElimEqualX reads

L1: Hypothesis > Ly

L2: Hypothesis > T=y

L3: z-ElimEqualXED>L1>12> Fuviz’v=y’u
L4: ElimExists > L3 >

[ The Map proof of z-ElimEqualXEll reads
L1: Hypothesis > L’y ;
L2: Hypothesis > T=y ;
L3: z-ElimEqualXE>L1I>L2> Juviz’v=y’u ;
L4: ElimExistsEIl > L3 > vz (x,y,u) T

[ The Map proof of z-ElimEqualYE reads

LO1: Hypothesis > lu ;
L02: Hypothesis > =y ;
L03: SubtypeLB > L2 > lz ;
L04: Logic> L2 > z—vz’u=y’'v ;
L05: Block > Begin ;
L06: Hypothesis > T ;

LO7: Logicl> L2>L16 >
LO8: EImAIl>L7> L1 >

Yudviz’u=y'v ;
Jvix’u=y’v ;

z’vg(z,y,u) =y u

L09: Block > End ;
L10: TNDp L3pl4pLl8 > Jviz’u=y’v T*
[ The Map proof of z-ElimEqualY reads
L1: Hypothesis > u ;
L2: Hypothesis > T=y ;
L3: z-ElimEqualYED>LI>L2> Juiz’u=y’v ;
L4: ElimExists > L3 > z’u=y vy(z,y,u) T
[ The Map proof of z-ElimEqual YEII reads
L1: Hypothesis > Ly ;
L2: Hypothesis > T=y ;

L3:
L4:

z-ElimEqualYED> L1 D> L2> Fuviz’u=y’'v ;

ElimExistsEll > L3 >

Coy(z,y,u) T
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[ The Map proof of z-IntroEqual reads

LO1l: Premise > la ;
LO2: Premise > £’b ;
LO3: Premise > a&b ;
LO4: Premise > Lu—a’u=0b'r ;
LO5: Premise > Lu—2lr ;
L06: Premise > L’u—a’s=b'u ;
LO7: Premise > L0u—0s ;
LO8: SubtypeLB[>L1> la ;
L09: Logic> L3> a—a="b ;
L10: Block > Begin ;
L11: Hypothesis > —a ;
L12: Logic> L3> L11 > —b ;
L13: Block > Begin ;
L14: Hypothesis > £u ;
L15: Logicl> L4D>L14 > a’u=>b’r ;
L16: Logic> L5>L14 > Lr ;
L17: Logic>L6>L14 > a’s=b’u ;
L18: Logic>L7>L14 > L’s ;
L19: Block > Begin ;
L20: Hypothesis > v ;
L21: TypeApply >L1>L14 > £'(a’u) ;
L22: TypeApply >L2> 120> £’(b’v) ;
L23: zTypeEqual > L21 > 122 > la’u=>b’v ;
L24: Block > End ;
L25: IntroExists > (Gen > L23) > L16 > L15 > Jv:a’u=>b'v ;
L26: Block > Begin ;
L27: Hypothesis > v ;
L28: TypeApply > L1 > L27 > £(a’v) ;
L29: TypeApply>L2>L1L14 > (b’ u) ;
L30: z-TypeEqual > L28 > 129 > la’u=>b’v ;
L31: Block > End ;
L32: IntroExists > (Gen > L30) > L18 > L17 > Fv:a’v=>b’u ;
L33: Block > End ;
L34: Logic>L11>L12>(Gen>L25)>(Gen>1L32)> a=b ;
L35: Block > End ;
L36: TND>L8>L9r>> L34 > a=b T*

[ The Map proof of z-RefEqual reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:

Reduction >
Block >

Hypothesis >
Hypothesis >
Hypothesis >
Logic > L3 >
Block >

Hypothesis >

ElimAll > L5 > L5 >

Block >

z-IntroEqual>L4>1L4>L6>1L9>L8>L9>L8>>

Block >

Transfinite’ > L1 > L11 >
ElimAll > L13 >

[ The Map proof of z-RefEqual’ reads

LO1:
L02:
LO03:
LO4:
LO5:
LO6:
LOT7:
LOS8:
L09:
L10:
L11:
L12:

Hypothesis >

StrictEquivKX > L1 >
z-RefEqual > L2 >

Block >
Hypothesis >

z-TypeEqual > L2 > L5 >
Trans> R > L6 >

Block >
GenD> L7 >

ExtBool > L9D> L1 >
Trans > R > L10 >
Logic> L11 > L3 >

[ Map lemma

z-ComEquallygs:
z-ComEqual2,,5:

T~Y
0z
==z
Begin
L’z
lz =2

Mzx=2)"2

End
Wzox =z

T=T
Begin

X

Vu:z’u=2"u
TS
Begin
£u
’u=2x"u
End
r==x

End
Ve:x =2z
lr:x =z

Mzx=2)ze (Azzx=2)"y ;

rT=zE&xr=yY
T=1y

Vy:(T=y=y=T)
x>0 > VaVy: (e z2=ySy=12"2) >

Yy(x=ySy=n1)

[ The Map proof of z-ComEquall reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
L8:

Block >
Hypothesis >
TypeT >

z-TypeEqual > L3 > L2 >

Logic >

Deduction” > L4 > L5 >

Block >
Gen> L6 >

Begin

Ly
0T
T=y

T=y—>y=T
T=y=>y=T
End
Vy:(T=y=>y=T)

[ The Map proof of z-ComEqual2 reads
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LO1: Hypothesis > -z ;
L02: Hypothesis > Uz ;
L03: Hypothesis > VeVy: (2’ 2=y S y=2"2) ;
L04: Block > Begin ;
L05: Hypothesis > Ly ;
L06: z-TypeEqual >L2>L5 > lr=y ;
LO7: Block > Begin ;
LO8: Hypothesis > T=y ;
L09: Logicl> L8 > TSy ;
L10: Block > Begin ;
L11: Hypothesis > Lu ;
L12: z-ElimEqualX>L11>L8 > vz (z,y,u) =y u ;
L13: z-ElimEqualXEll > L11> L8 > vy (z,y,u) ;
L14: zElimEqualY > L11>L8 > z’u =y vy(z,y,u) ;
L15: z-ElimEqualYEI > L11> L8 > 0 vy(z,y,u) ;
L16: TypeApply >L5>L11 > Oy’ u) ;
L17: ElmAII2> L3> L13>L16 > v (T, y,u) =y us>
y'u=2z"vy(x,y,u) ;
L18: Logic>L12> L17 > y'u =1z vy(x,y,u) ;
L19: TypeApply > L5>L15 > 0y vy(z,y,u)) ;
L20: ElimAll2>L3>L11>L119 > z’u=y vy(z,y,u) =
Yy uy(z,y,u) =2"u ;
L21: Logic> L14 > L20 > Yy uy(z,y,u) =2"u ;
L22: Block > End ;
L23: z-IntroEqual> L5> L2 L9D>
L18>L13>L21 > L15 > y=x ;
L24: Block > End ;
L25: Deduction” > L6 > L23 > T=ySyY==2a ;
L26: Block > End ;
L27: Gen > L25> Vy:(z =y =y =1x) T*

[ The Map proof of z-ComEqual reads
L1: Transfinite’ >
z-ComEquall > z-ComEqual2 > Vz:Vy:(z=yS>y=1x) ;

L2: Block > Begin ;
L3: Hypothesis > 0z ;
L4: Hypothesis > Ly ;
L5: Hypothesis > T=y ;
L6: ElimAl2>L1>L3> 14> r=y>y==x ;
L7: Logic>L5>L6 > y==zx ;
L8: Block > End ;
L9: Repetition > L7 > br,yr=y—y==x T

[ Map lemma
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z-TransEquallyy;: Vy:Vz: (T=yAy=2=T=2) ;
z-TransEqual2,,,: -z — 0’z —
Vu:Vy:Vz: (z’u=yAy=2=>1’u=2) >

Vy:Vzi(z=yAy=2=1=2) T*
[ The Map proof of z-TransEquall reads
LO1: Block > Begin ;
LO2: Hypothesis > Ly ;
L03: Hypothesis > 0z ;
L04: TypeT > 0T ;

LO5: zTypeEqual>L4> 12> T=y :
L06: z-TypeEqual >L2>L13> ly =2 ;

LO7: Logicl>L5D> L6 > T=yAy=2) ;
L08: Logic > T=yAy=2—-T=2 :
L09: Deduction” > L7 1> L8 > T=yAy=2=3T==2 :
L10: Block > End ;
L11: Gen2p> L9 > VyVz: (T=yAy=2>3T=2) T

[ The Map proof of z-TransEqual2 reads
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LO1:
L02:
LO3:

LO4:
LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:

L32:
L33:
L34:
L35:

L36:
L37:
L38:

L39:
L40:
L41:
L42:
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Hypothesis >
Hypothesis >
Hypothesis >

Block >

Hypothesis >

Hypothesis >

TypeApply > L2 > L5 >
TypeApply > L5 > L6 >
Logic> L7D> L8 >

Block >

Hypothesis >

Logic > L11 >

Logic > L11 >»

Logic > L11 >»

Block >

Hypothesis >

Define >

Define >

Define >

Define >

z-ElimEqual Y>L12D>L16>>
z-ElimEqual YEII>L12>1L16>>
z-ElimEqualY>L13>1L22>>
z-ElimEqual YEII>L13>122>>
z-ElimEqualX>L13>L16>>
z-ElimEqualXEI>L13>L16>>
z-ElimEqualX>L12>126>>
z-ElimEqualXEI>L12>1 262>
TypeApply > L5 > L22 >
TypeApply > L6 > L24 >
ElimAN3>L3>L16>1L29>130>>

Logic>L21> L23 > L31 >
TypeApply > L5 > 126 >
TypeApply > L6 > L16 >
ElimAlI3>L3>L28>L33>L34>

Logic > L25> L27 > L35 >
Block >
z-IntroEqual>L2>-L60>L141>
L32 > L24 > L36 > L28 >
Block >

Deduction” > L9 > L38 >
Block >

Gen2 > 140 >

-z
Oz
Yu:Vy: Vz:
(u=yAy=2z=>2"u=2)
Begin
Ly
0’z
lr =y
ly =2
Nz=yAy=2)
Begin
z=yAy==z
=y
y=z
T2
Begin
L'y
P = vy(@,3,0)
q—%mzm
T = 0,(y, 2, u)
8 = v (z,y,7)
zu=y’p
é’p

ﬁ‘Q’U
Il

w

<

Il
x
<

o 3

Il
<
S

N e
S
SN—r

S
Il
<

(y'r)

SN 8 8 8 SN SR o

T=2z
End
T=yAy=z23z=12

End

Vy:Vzi(z=yAy=2=1=2)
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[ The Map proof of z-TransEqual reads
LO1: Transfinite’ >
z-TransEquall >

z-TransEqual2 > Vo:Vy:Vz: (z=yAy=2>x=2) ;
L02: Block > Begin ;
L03: Hypothesis > 0x ;
L04: Hypothesis > Ly ;
L05: Hypothesis > 0’z ;
L06: Hypothesis > T=y ;
LO7: Hypothesis > y==z ;
L08: ElmAlI3>L1>L3>L4>L5> T=yAy=z23x=12 ;
L09: Logic> L6D>L7D> L8> T=2z ;
L10: Block > End ;
L11: Repetition > L9 > lry,z2x =y >y=z—- =2 T*

A.56 Lemmas about [z € y]

[zey=if(y,F,Izzz=y"2)]

[ Map lemma
z-Typeln,,g: lx,y:lx €y ;
z-ElimInssg: rTEYy—>r=yczix=y'z ;
z-ElimInElly3g: z €y > l'cziz =y’ 2 ;
z-ElimInNotasg: 2z € y— Yy )
z-Introlnssg: br,y, 2.~y >x=9y'2 > €Y ;
z-Memberssg: ly,z2—y > y’'z€y ;
z-Member’a3qg: by:—~y = dr:z €y ;

z-NotIngs;: by:Ne:—x €y —y ;
z-extlagy: b,y z2x =y —>y€z—>r €2 ;
z-ext2931: bx,y 22t €Ey—sy=2—>Tr €2 ;
z-ext3932: br,y:VNz:(z€x & 2€y) v x =y ;
Z-Qo33: VaVy:(z =y & Vz:(z €z & z€y))
7-€934: VaVyVz: (z=y=> (zr€z2=>y€z2) T
[ The Map proof of z-Typeln reads
LO1: Hypothesis > O ;
LO2: Hypothesis > 0y ;
L03: SubtypeLB > L2 > ly ;
L04: Logic> y = lif(y,F,3z:2 =y’ 2) ;
LO5: Block > Begin ;
L06: Hypothesis > 0z ;
LO7: TypeApply >L2>L6 > £y’ 2) ;
L08: zTypeEquall>L1D> L7 > x=1y"2) ;
L09: Block > End ;
L10: TypeExists > (Genp>L8) > Hriz=y’z ;
L11: Logic> L10 > -y = lif(y,F,Az:x=9y’2) ;

L12: TND> L3> L4 L11> lz ey I
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[ The Map proof of z-ElimIn reads
L1: Hypothesis > TEY ;
L2: Logic>L1> dzix=y'2 ;
L3: ElimExists>Ll2> z=y’ecziz=y’2z T

[ The Map proof of z-ElimInEll reads
L1: Hypothesis > TEY ;
L2: Logic>L1> Jzx=y’z ;
L3: ElimExistsENl> 12> £eziz=y’2z ]*

[ The Map proof of z-ElimInNot reads
Ll: Logic>» wzey—-y [

[ The Map proof of z-Introln reads

L01: Hypothesis > lx ;
L02: Hypothesis > Ly ;
L03: Hypothesis > 0z ;
L04: Hypothesis > -y ;
L05: Hypothesis > r=y’z ;
L06: Block > Begin ;
LO7: Hypothesis > l’u ;
L08: TypeApply >L2>L7 > £y’ u) ;
L09: z-TypeEqual > L1> L8> lt=y’u ;
L10: Block > End ;
L11: IntroExists> (Gen> L9)>L3>L5> Fziz=y’'z ;
L12: Logic> L4>L11 > TEY T*

[ The Map proof of z-Member reads

L1: Hypothesis > Ly ;
L2: Hypothesis > 0z ;
L3: Hypothesis > -y ;
L4: TypeApply > LI >L2> Ly’ 2) ;
L5: z-RefEqual > L4 > y'z=y'z
L6: z-Introln>L4D>LID>L2D>L3D>LE> y'zey I
[ The Map proof of z-Member’ reads
L1: Hypothesis > Ly ;
L2: Hypothesis > -y ;
L3: Block > Begin ;
L4: Hypothesis > lx ;
L5: z-Typeln> L4>L1> lrey
L6: Block > End ;
L7: TypeApply > L1ID>L1> L(y’y) ;
L8: z-Member >L1>L1ID>L2> y'y€ey ;
L9: IntroExists™> (Gen>L5)>L7>L8> dr:zey ]
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[ The Map proof of z-NotIn reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:

Hypothesis > Ly
Hypothesis > V. -z €y
SubtypeLB > L1 > ly

Block > Begin
Hypothesis > Y
z-Member > L1 D> L1 > L5 > y'y€ey
TypeApply > L1 > 11> (y’y)
ElimAll > L2 L7 > yy €y
Logic> L6 > L8 > F

Block > End
Indirect > L3> L9 > y

[ The Map proof of z-extl reads

LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LOT7:
LOS8:
LO09:
L10:
L11:
L12:

Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >

Define >

z-ElimInNot > L5 >
z-ElimInEIl > L5 >
z-ElimIn > L5 >
TypeApply > L3> L8 >

z-TransEqual > L1 > L2D> L10> L4 > L9 >

z-IntroIn > L1 > L3> L8> L7 > L11 >

[ The Map proof of z-ext2 reads

LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Define >

z-ElimInNot > L4 >

z-ElimInEIll > L4 >

z-ElimIn > L4 >

Define >

z-ElimEqualYEII > L8 > L5 >
z-ElimEqualY > L8 > L5 >

TypeApply > L2 > L8 >

TypeApply > L3> L11 >
z-TransEqual>L1>L13>1L14>L9>112>>
Logic> L5 > L7 >

z-Introln > L1 > L3> L11>L16 > L15 >

gy NS S
M mawes

n N
s
8
I
@
S

S |
IS

8
I

<
S

V= Uy(yazau)
v

yu=2z2"v
£y’ u)
£(zv)
z=2z2"v
-z

TEZ
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[ The Map proof of z-ext3 reads

LO1: Hypothesis > 0x ;
LO2: Hypothesis > Ly ;
L03: Hypothesis > Vz:(z €z & z €y) ;
L04: SubtypeLB > L1 > lz ;
L05: Block > Begin ;
L06: Hypothesis > T ;
LO7: Block > Begin ;
LO8: Hypothesis > 0z ;
L09: ElmAl>L3>L8 > zETSH2ZEY ;
L10: Logic> L6>L9 > "z EYy ;
L11: Block > End ;
L12: z-NotIn > L2 (Gen 1> L10) > y ;
L13: Logic> L6 > L12 > =y ;
L14: Block > End ;
L15: Block > Begin ;
L16: Hypothesis > -z ;
L17: TypeApply > L1 > TypeT > (x’T) ;
L18: ElimAll > L3> TypeT > z’Tex&x’'Tey ;
L19: z-Member > L1 D> L16 > z’Tex ;
L20: Logicl> L18>L19 > z’Tey ;
L21: z-ElimInNot > L20 > -y ;
L22: Logicl> L16> L21 > TEY ;
L23: Block > Begin ;
L24: Hypothesis > L'y ;
L25: TypeApply >L1>124 > £(x’ u) ;
L26: ElmAI>L3>125> r'uErST’uEyYy
L27: z-Member > L1D> 124> 116> T’uET ;
L28: Logic > L26 > L27 > r’u €y ;
L29: Define > w=ewzxr’u=y w ;
L30: z-ElimIn > L28 > ’u=y w ;
L31: z-ElimInEll > L28 > 0w ;
L32: TypeAll>L2D> 124> 2y’ u) ;
L33: ElimAll>L3>L132 > yuer Sy uey
L34: z-Member > L2>124> 121> y'u €y ;
L35: Logic>L33> L34 > y'u€x ;
L36: Define > v=evx’v=y'u ;
L37: z-ElimIn > L35> y’u=2zx’v ;
L38: z-ElimInEll > L35 > Lo ;
L39: TypeApply >L1>L138 > £ (z’v) ;
L40: z-ComEqual>L32>L39>1L37> ’v=y’u ;
L41: Block > End ;
L42: z-IntroEquall>L1>L2D> 122D

L30 > L31 > L40 > L38 > T=y ;
L43: Block > End ;
L44: TND > L4D>L13D> 142 > T=y T
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[ The Map proof of z-q reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:
L34:
L35:
L36:
L37:
L38:

Block >

Hypothesis >

Hypothesis >

z-TypeEqual > L2 > L3 >

Block >

Hypothesis >

z-Typeln > L6 > L2 >

z-TypelIn > L6 > L3 >

Logic> L7> L8 >

Block >

TypeAll > (Gen > L9) >

Block >

Hypothesis >

z-ComEqual > L2 > L3> L13 >
Block >

Hypothesis >

z-Typeln > L16 > L2 >
z-Typeln > L16 > L3 >

Block >

Hypothesis >
z-ext2>L16>L2>1L3>L20>L13>>
Block >
CDeduction>L17>L18>1L21>>
Block >

Hypothesis >
z-ext2>L16>L3>1L20>-L25>114>>
Block >
CDeduction>L18>L17>1L26>>
Logic> L23 > L28 >

Block >

Gen > L29 >

Block >

CDeduction > L4 > L11 > L31 >
z-ext3 > L2 > L3 >

CDeduction > L11 > L4 > L34 >
Logic > L33 > L35 >

Block >

Gen2 > L36 >

Begin
Oz
Ly
lr =y
Begin
0’z
lzex
lzey
(z€z & 2z€y)
End
Wzi(zex & z€y)
Begin
r=Yy
y==zx
Begin
0’z
lzex
lzey
Begin
zZET
z€y
End
zeEr=2z2¢€y
Begin
zey
zZE€T
End
zey=z¢€x
zeEx &S 2zEy
End
Vzi(z€x S 2z €Y)
End
=y = Vz: (2€x & 2€Y)
Vz: (z€x & z€yY) — =y
Vz: (z€x & z€y) = =y
=y & Vz: (2€x & 2€Y)
End

VaVy:(z=y&Vz:(z€x&2€y))
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[ The Map proof of z-e reads

LO1: Block > Begin ;
LO2: Hypothesis > 0z ;
L03: Hypothesis > Ly ;
L04: Hypothesis > 0’z ;
L05: z-TypeEqual>L2> L3 > lz =y ;
L06: z-TypelnD> L2>L14 > lr €z ;
LO7: z-TypeIn> L3> L4 > ly ez ;
L08: Logic>L6>L7 > (z€z=>y€2) ;
L09: Block > Begin ;
L10: Hypothesis > T=y ;
L11l: zComEqual>L2> L3> L10> y==x ;
L12: Block > Begin ;
L13: Hypothesis > TEZ ;
L14: z-ext1>L3>L2>L4>L11>L13> y€Ez ;
L15: Block > End ;
L16: CDeduction>L6>L71>L14 > TEZSYEZ ;
L17: Block > End ;
L18: CDeduction > L5 > L8> L16 > r=y=>@E€EZz=>yE2) ;
L19: Block > End ;
L20: Gen3 > L18 > VaVyVz: (z=y=(z€z=>y€z2)) T

A.57 Lemmas about [ ZfcExt(z) |

[ Map lemma
z-IntroZfcExt’s34: bu,v:u=v = L(f’u) F
lu,v:u=v = fu= f vk ZfcExt'(f) :
z-ElimZfcExt’»35: lu,v: ZfcExt' (f) s u=v = f'u= f'v ;
z-SubtypeExtL’yz.:  fo: ZfcExt'(f) — £'(f ') ;
z-SubtypeExtL1’y55:  ZfcExt'(f) — 41 f ;
z-IntroZfcExtIffags:  flu,v:u=v = f'u S f’vF ZfcExt(f) ;

z-IntroZfcExtosg: lu,v:u=v = f uk
bu,v:u=v = flu— vk ZicExt(f) ;
z-ElimZfcExtozg: lu,v: ZECExt(f) D2 u=v > fu s f'v ;

z-SubtypeExtBysg:  fz: ZEcExt(f) — If 'z ;
z-SubtypeExtBlys,:  ZfcExt(f) — 1 f ;
z-IntroZfcExtIff’s37:  (x,y€V;a, beT )notiree(z;a) + lx,y: £ a

lx,y: x€assh  Lx,y: ZfcExt(A\y.b) F ZfcExt' (A\y.a) T*

[ The Map proof of z-IntroZfcExt’ reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:

Premise >

Premise >

Block >

Hypothesis >

Hypothesis >
z-TypeEqual > L4 > L5 >
z-RefEqual > L4 >
z-RefEqual > L5 >
LIDLAD>LAD> LT >
LibL5> LS L8 >
z-TypeEqual > L9 > L10 >
Logic> L9>L11 >

Block >

Hypothesis >
L2>L4>L5>L14 >
Logic> L9D> L15 >

Block >
CDeduction>L6>L11>L16>
Block >

Gen2 > L18 >

235

bu,v:u=v — L(f u) ;
lu,v:u=v— flu=f"v ;
Begin ;
lu ;
IAXY ;
lwu=w ;
u=u ;
v=uv ;
£(f " u) ;
£(fv) ;
fru=fv ;
E(fPu) A fru=fv) ;
Begin ;
u=v ;
flu=f"v ;
CfPu)Afru=fo ;
End ;
u=v=>L0(fPu)A flu=f'v ;
End ;
ZfcExt'(f)

[ The Map proof of z-ElimZfcExt’ reads

L1:
L2:
L3:
L4:
L5:
L6:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

ElimAll2> L3> L1>L2 >
Logic> L4D> L5 >

Lu ;
v ;
ZfcExt' (f) ;
u=v ;
u=v=>L0(fu)A flu=fv
fru=fro

[ The Map proof of z-SubtypeExtL’ reads

L1:
L2:
L3:
L4:
L5:

Hypothesis >

Hypothesis >

z-RefEqual > L1 >
ElimAll2> L2> L1 D> L1 >
Logic> L3> L4 >

Lx ;
ZfcExt'(f) ;
rT==z ;
z=z=>L(f2)Afz=f=z ;
(f )

[ The Map proof of z-SubtypeExtL1’ reads

L1:
L2:
L3:
L4:
L5:
L6:

Hypothesis >

Block >

Hypothesis >
z-SubtypeExtl’ > L3 > L1 >
Block >

Gen > L4 >

ZfcExt'(f)
Begin ;
0z ;
O’z
End ;
bf I

[ The Map proof of z-IntroZfcExtIff reads
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LO1: Premise > lu,viu=v—> f'ues flv
L02: Block > Begin ;
L03: Hypothesis > Ly ;
L04: Hypothesis > Lv ;
L05: z-RefEqual > L3 > u=1u ;
L06: z-RefEqual > L4 > V=0 ;
LO7: L1D>L3>L3D>LE > flfues flu ;
LO8: L1>L4>L4D>L6 > flfve flo ;
L09: Logic> L7 > flu ;
L10: Logic> L8 > Ifov ;
L11: zTypeEqual> L3> L4 > Iy =w ;
L12: Logic> L9 L10 > (flus flv) ;
L13: L1>L3>L4> u=v—=>fues flu ;
L14: CDeduction > L11>L12>L13 > u=v=(f'us f'v) ;
L15: Block > End ;
L16: Gen2>L14 > ZfcExt(f) I*
[ The Map proof of z-IntroZfcExt reads
LO1: Premise > lu,v:u=v—=>f"u ;
LO2: Premise > lu,v:u=v— f'u—> f'v
L03: Block > Begin ;
L04: Hypothesis > 0w ;
L05: Hypothesis > IARY ;
L06: Hypothesis > U =0 ;
LO7: z-ComEqual>L4>L5> L6 > v=u ;
LO8: L1>L4>L5D>L6 > If'u ;
LO9: LIDLSDLADLT > 'flo ;
L10: L2DL4>L5>L6> ffu— fou ;
L11: L2DL5D> 4D LT > o= fu ;

L12: CDeduction > L8> L9 > L10 > ffu=f'v ;
L13: CDeduction > L9> L8> L11 > ffv=>f"u ;

L14: Logic>L12>L13 > flfus flu ;

L15: Block > End ;

L16: z-IntroZfcExtIff > L14 > ZfcExt(f) ¥
[ The Map proof of z-ElimZfcExt reads

L1: Hypothesis > Oy ;

L2: Hypothesis > v ;

L3: Hypothesis > ZfcExt(f) ;

L4: Hypothesis > U= ;

L5: ElimAl2>L3>LI>L2> u=v= fus flv

L6: Logicl> L4D> L5 > flus fo T*
[ The Map proof of z-SubtypeExtB reads

L1: Hypothesis > x ;

L2: Hypothesis > ZfcExt(f) ;

L4: ElimAl2>LIDL3DL3S> z=2= (f2& f'z)
L5: Logic> L4 > If'x T*
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[ The Map proof of z-SubtypeExtB1 reads

L1:
L2:
L3:
L4:
L5:
L6:

Hypothesis >

Block >

Hypothesis >
z-SubtypeExtB > L3 > L1 >
Block >

GenD> L4 >

ZfcExt(f)
Begin
0z
If'x
End

hf

g Ge v e ow we
*

[ The Map proof of z-IntroZfcExtIff’ reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:

L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:

Premise >

Premise >

Premise >

Block >

Hypothesis >
Hypothesis >
Hypothesis >

Block >

Hypothesis >
L3>L9> L9 >
z-ElimZfcExt>

L5> L6 > L10> L7 >
Trans > R > L2 >
L12D>L9D> L5 >
L12>L9D> L6 >
Logic> L11> 113> L14 >
Block >

Trans > R > L1 >
L1I7T>L5D> L5 >
L17>L6D> L6 >

z-ext3>L18>L19>(Gen>L15)>

Block >
z-IntroZfcExt’ > L18 > L20 >

lx,y: 0’ a
lx,y:x €a &b
Lz, y: ZfcExt(\y.b)
Begin
Ly
o
U=
Begin
0z
ZfcExt(Ay.b)

(Ay.b) u & (Ay.b) v
lr,y:ze(Ny.a)yS(Ay.b)'y
z€(M\y.a)usS(A\y.b)'u
z€(Ay.a)'v&(Ay.b)v
z€(Ay.a) uSze(My.a)v
End
ty:£((Ay.a) " y)
£’ ((M\y.a)’u)
£’ ((Ay.a)’v)
(My.a)’u= (Ay.a)’v
End
ZfcExt' (\y.a)
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A.58 Elementary extensionality lemmas

[ Map lemma
z-ExtVarXasg: £z — ZfcExt' (\y.x)
z-ExtVarYasg: ZtcExt' (\y.y)
z-ExtIngsg: ZfcExt' (a) — ZfcExt'(b) — ZfcExt(A\y.a’y € b’y)
z-ExtEqualysy:  ZfcExt'(a) — ZfcExt'(b) — ZfcExt(M\y.a’y =b’y)
a

z-ExtNotayo: ZfcExt(a) — ZfcExt(Ay.—a’y)

z-ExtImply,,o:  ZfcExt(a) — ZfcExt(b) — ZfcExt(A\y.a’y = b’y)
z-ExtOraqy: ZfcExt(a) — ZfcExt(b) — ZfcExt(Ay.a’y V b’y)
z-ExtAnday;: ZfcExt(a) — ZfcExt(b) — ZfcExt(Ay.a’y A b’y)
z-ExtIffay;: ZfcExt(a) — ZfcExt(b) — ZfcExt(Ay.a’y < b’y)

AckermannEsy:  (z€V;a,beT Wx:a <& bF Az:a & b
7-ExtExistspgn:  {(z,y€V;a€T )notfree(z;y) I

0’z — ZicExt(\y.a) b ZfcExt(Ay.3z: a) ;
z-ExtAllgys: (z,y€V;a€T )notfree(z; y)

0 ¢ — ZfcExt(Ay.a) F ZfcExt(Ay.Vz: a) ;
AckermannCays:  (z€V;a,beTMx:a & bl ex:a=cx:b ;
z-ExtChoice’aqs:  (x,y€V; a€T )notfree(z;y) i+

*

0’z — ZfcExt(\y.a) - ZfcExt' (\y.ex: a) T
[ The Map proof of z-ExtVarX reads

LO1: Hypothesis > l'x ;
L02: Block > Begin ;
L03: Hypothesis > lu ;
L04: Hypothesis > v ;
LO5: Hypothesis > U= ;
L06: Trans>R>L1> 0((My.z)’ u) :
LO7: z-RefEqual > L1 > ==z ;
L08: Trans>R>L7> \.z)’ u=(Ayz)'v ;
L09: Block > End ;

]

L10: z-IntroZfcExt’ > L6 > L8 >  ZfcExt' (\y.z)

[ The Map proof of z-ExtVarY reads

L1: Block > Begin ;
L2: Hypothesis > u ;
L3: Hypothesis > IARY ;
L4: Hypothesis > U=v ;
L5: Trans>R>L2> C((Ay-y) u) ;
L6: Transp> R > L4 > Myy) u=(yy)'v
L7: Block > End )

]

*

L8: z-IntroZfcExt' > L5 > L6 >  ZfcExt'(\y.y)

[ The Map proof of z-ExtIn reads
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:

Hypothesis >

Hypothesis >

Block >

Hypothesis >

Hypothesis >

Hypothesis >

z-ElimZfcExt’ > L4 D> L5 > L1 > L6 >
z-ElimZfcExt’ > L4 D> L5 > L2 D> L6 >
z-SubtypeExtL’ > L4 D> L1 >
z-SubtypeExtL’ > L5 > L1 >
z-SubtypeExtL’ D> L4 > L2 >
z-SubtypeExtL’ > L5 > L2 >
z-TypelIn > L9 D> L11 >

Trans > R > L13 >

Block >

Hypothesis >

Trans > R > L16 >

z-ComEqual > L10>L9D> L7 >
z-ext1 >L10>L9>L11 > L18 D> L17 >
z-ext2>L10>L11>L12>L19> L8 >
Trans > R > L20 >

Block >

Block >

z-IntroZfcExt > L14 > L21 >

[ The Map proof of z-ExtEqual reads

ZfcExt'(a)
ZfcExt' (b)
Begin

Lu
L
U=
a’u=a’v
b>u=>b"v
L(a’u
£(a’v
(b7 u
'(b’v
la’u €b’u
My.a’y€eb’y)’u
Begin
(M.a’yeb’y)’u
a’u€b’u
a’v=a’u
a’vedbu
a’vedbv
(My.a’yeby)’v
End

[ N
N

End
ZfcExt(\y.a’y € b’y)
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LO1: Hypothesis > ZfcExt'(a) ;
L02: Hypothesis > ZfcExt'(b) ;
L03: Block > Begin ;
L04: Hypothesis > Ly ;
L05: Hypothesis > Lv ;
L06: Hypothesis > u=v ;
LO7: z-ElimZfcExt’ > L4>L5>L1> L6 > a’u=a’v ;
L08: z-ElimZfcExt’>L4>L5> 12> L6 > ‘u=">b"v

b
L09: z-SubtypeExtL’>L4> L1 > £
L10: z-SubtypeExtL’>L5> L1 > £(a’v
L11: z-SubtypeExtL’>L4>L2 > 2(
L12: z-SubtypeExtL’>L5>L2 > 2(
L13: zTypeEqual>L9>L11 > la’u=>0"u ;

L14: Trans> R > L13> My.a’y=>b"y)’u ;
L15: Block > Begin ;
L16: Hypothesis > M.a’y=by)u ;
L17: Trans> R > L16 > a’u=>b’u ;
L18: z-ComEqual>L10>L9D> L7 > a’v=a’u ;
L19: zTransEqual>L10>L9>L11>L18>L17> a’v=>b’u ;
L20: z-TransEqual>L10>L11>L12>L19>L8> a’v=>b"v ;
L21: Trans> R > L20 > M.a’y=by)v ;
L22: Block > End ;
L23: Block > End ;
L24: z-IntroZfcExt > L14 > L21 > ZfcExt(Ay.a’y=by) T

[ The Map proof of z-ExtNot reads

L01: Hypothesis > ZtcExt(a) ;
L0O2: Block > Begin ;
L03: Hypothesis > l'u ;
L04: Hypothesis > Lv ;
L05: Hypothesis > U= ;
L06: z-ElimZfcExt>L3>L4>L1>L5> a’usSa’v ;
LO7: Logic > L6 > -a’u & a’v ;
LO8: Trans>R>L7> Ay—a’y)u & (Ay.—a’y)v
L09: Block > End ;
L10: z-IntroZfcExtIff > L8 > ZfcExt(A\y.—a’y) I*

[ The Map proof of z-ExtImply reads
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L01: Hypothesis > ZfcExt(a) ;
L02: Hypothesis > ZfcExt(b) ;
L03: Block > Begin ;
L04: Hypothesis > lu ;
L0O5: Hypothesis > v ;
LO6: Hypothesis > U= ;

LO7: z-ElimZfcExt>L4>L5>L1>L6>> a’usSa’v
LO8: z-ElimZfcExt>L4>L5>1L20>-L6> busbv

L09: Logic> L7> L8 > (du = bu) & (av=bv)

L10: Trans> R > L9 > wa’y=0by)us&
(\ya’y=b"y)'v ;

L11: Block > End ;

L12: z-IntroZfcExtIff > L10 > ZfcExt(A\y.a’y = b’ y) I*

[ The Map proof of z-ExtOr reads

L1: Hypothesis > ZfcExt(a) ;

L2: Hypothesis > ZfcExt(b) ;

L3: zExtNot>L1l> ZfcExt(Ay.—a y) ;

L4: z-ExtImply>L3>L2> ZicExt(Ay.—a’y=0b"y) ;

L5: Repetition > L4 > ZfcExt(M\y.a’y vV b’y) T*

[ The Map proof of z-ExtAnd reads

L1: Hypothesis > ZfcExt(a) ;
L2: Hypothesis > ZtcExt(b) ;
L3: z-ExtNot>L1> ZfcExt(Ay.—a’y) ;
L4: z-ExtNot> L2 > ZfcExt(Ay.—b’ y) ;
L5: zExtOr> L3> 12> ZfcExt(A\y.ma’y V —b’y) ;
L6: zExtNotD>L5> ZfcExt( Ay (—|a yVv-bly))
L7: Repetition > L6 > chExt()\y a’yAb’y) T*

[ The Map proof of z-ExtIff reads
L1: Hypothesis > ZfcExt(a) ;
L2: Hypothesis > ZfcExt(b) ;
L3: zExtImply>L1>L12> ZfcExt(A\y.a’y = b’y) ;
L4: zExtImply > L2>L1> ZfcExt(A\y.b'y = a’y) ;
L5: z-ExtAnd> L3> L4 > ZfcExt(My.(a’y = b’y) A (b’y = a’y)
L6: Repetition > L5 > ZfcExt(Ay.a’y & b’y) 7"

[ The Map proof of AckermannE reads
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LO1l: Premise > ’r:a S b ;
L02: Repetition > L1 > UzAha’zebz=0zAT ;
L03: Block > Begin ;
L04: Algebra > dz:a’x ;
L05: AckermannExists > dx:l’xzNa’x ;
L06: Logic > Az: (L’ AT)Aa’z ;
LO7: Replace> L2 > Ae:(L’zAa’z S b ) Na’s
L08: Replace > RangeEll > A (U’zAa’zSb'z)Na’s
L09: Logic > A (UzAa’zs S b z)Ab’'s
L10: Replace > RangeEll > :(’zAa’z S b T)Ab’T ;
L11: Replace> L2 > A ((’z AT)AD ;
L12: Logic > Jx:l’zAb’x ;
L13: AckermannExists > dz:b’x ;
L14: Block > End ;
L15: Block > Begin ;
L16: Hypothesis > 0x ;
L17: L1>L16>> a&b :
L18: Logic>L17 > la ;
L19: Block > End ;
L20: TypeExists> (Gen > L18) > !Jz:a ;
L21: Logic>L19 > dz:a & Jz:a ;
L22: Replace’ > L13 1> L21 > dz:a <& Jx:b T
[ The Map proof of z-ExtExists reads
LO1: Premise > £’ ¢ — ZfcExt()\y.a) ;
L02: Block > Begin ;
L03: Hypothesis > L ;
L04: Hypothesis > Lv ;
LO5: Hypothesis > U= ;
L06: Block > Begin ;
LO7: Hypothesis > Lx ;
LO8: LID>L7 > ZfcExt()\y.a) ;
L09: z-ElimZfcExt>L3>L4>1L8>L5> (M\y.a)’u <& (Ay.a)’v ;
L10: Block > End ;
L11: AckermannE > L9 > Az: (\y.a)’u & Jx: (Ay.a)’v
L12: Trans>R >L11> AyJz:a)’ v S Ay Jz:a)’v
L13: Block > End ;
L14: z-IntroZfcExtIff > L12 > ZfcExt(A\y.3z: a) T

[ The Map proof of z-ExtAll reads
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L1: Premise > 0’z — ZicExt(\y.a) ;
L2: Block > Begin ;
L3: Hypothesis > 0z ;
L4: LI>L3 > ZfcExt(Ay.a) ;
L5: z-ExtNot > L4 > ZfcExt(Ay.—a) ;
L6: Block > End ;

L7: z-ExtExists> L5> ZfcExt(\y.3z: -a) ;
L8: z-ExtNot>L7 > ZfcExt(Ay.—~3z: —a)

L9: Repetition > L8>  ZfcExt(\y.Vz:a) T
[ The Map proof of AckermannC reads

LO1: Premise > lx:a &b ;
LO2: Block > Begin ;
LO3: Hypothesis > 0x ;
LO4: L1> L3> ash ;
L05: Logic> L4 > asb ;
L06: Logic> L4 > la ;
LO7: Block > End ;

L08: Ackermann> (Gen>L5) > ex:a=ex:b
L09: TypeChoice > (Gen > L6) > £’cz:a :

L10: zRefEqual>L9 > Er:a=¢ex:a ;
L11: Replace’ > L8 > L10 > exia=cex:b 1"
[ The Map proof of z-ExtChoice’ reads

L01: Premise > 0’z — ZicExt(\y.a) ;
L02: Block > Begin ;
L03: Hypothesis > lu ;
L04: Hypothesis > Y ;
LO5: Hypothesis > U=v ;
L06: Block > Begin ;
LO7: Hypothesis > lx ;
LO8: LID>L7 > ZfcExt(\y.a) ;
L09: z-ElimZfcExt>L3>L4>L8>L5> My.a)’u s (Ay.a)’v ;
L10: zSubtypeExtB > L3> L8 > (A\y.a)’u ;
L11: Block > End ;
L12: AckermannC > L9 > ex: (Ay.a)’u=cex: (\y.a)’v
L13: Trans> R > L12 > (My.ex:a)’u= (Ay.ex:a)’v ;
L14: TypeChoice > (Gen > L10) > Lex:(Ay.a)’u ;
L15: Trans >R > L14> 0((\y.ex:a)’ u) ;
L16: Block > End ;
L17: z-IntroZfcExt’ > L150>L13 > ZfcExt'(\y.ex: a) i

A.59 Lemmas about [(]
=TT
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[ Map lemma
z-TypeEmpty,: £°0 ;
z-ExtEmpty,,,:  ZfcExt'(\y.0)
Z-1N944: V.’L'Z x ¢ 0 ]*

[ The Map proof of z-TypeEmpty reads
Ll: TypeT > £'0 T

[ The Map proof of z-ExtEmpty reads
L1: zTypeEmpty > 20 ;
L2: zExtVarX>L1> ZfcExt'(\y.0) 1*

[ The Map proof of z-n reads
L1: Block > Begin ;
L2: Hypothesis > g ;
L3: Reduction > &0 ;
L4: Block > End ;
L5: Genp L3> Ve:z €0 1

A.60 Lemmas about [ {z,y}]

*

({z,y} =2::y]

[ Map lemma
z-TypePairy, :  fz,y: £{z,y} ;

z-ploys: Kx,y,z:;ve{y,.z}#a::y\'/x:z ;
2-p2944° Km,y,z:mzyv.r=z¢$€.{y,z} ;
Z-Doyg: VaVyVz: (z € {y,2} Sz =y V z = 2) ;

z-ExtPairas;:  ZfcExt'(a) — ZfcExt'(b) — ZfcExt'(\y.{a’y,b’y}) T*

[ The Map proof of z-TypePair reads
L1: TypePair>>» {z,y:£{z,y} T
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[ The Map proof of z-pl reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:

Hypothesis >
Hypothesis >
Hypothesis >
z-TypePair > L2 > L3 >
z-Typeln > L1D> L4 >

z-TypeEqual > L1 > L2 >
z-TypeEqual > L1 > L3 >

Logic> L6 D> L7 >
Block >

Hypothesis >

Define >

z-ElimIn > L10 >
z-ElimInEll > L10 >
SubtypeLLB > L13 >
Block >

Hypothesis >

Logic > L16 >

Replace’ > L17 > L12 >
Logic> L7>L18 >
Block >

Block >

Hypothesis >

Logic > L22 >

Replace’ > L23 > L12 >
Logic> L6 > 124 >
Block >

TND > L141p> L19> L25 >

Block >

CDeduction > L5 > L8 > L27 >

)
)

)

0{y, 2}
lz € {y, 2}
lz =y
lr =2
Nz=yVazx=2)
Begin
z € {y, 2}
v=ceuwz ={y, 2z} u
z={y,z} u
u
lu
Begin
u
{v,2} u=y
z=y
r=yVae==z
End
Begin
-y
{y, 2} u==2
r=z
z=yVr==z
End
z=yVr=2=z
End

(S A

ISI S Y

ze{y,2z}=>r=yVr=2
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[ The Map proof of z-p2 reads

LO1: Hypothesis > 0x ;
LO2: Hypothesis > Ly ;
L03: Hypothesis > 0’z ;
L04: zTypePair>L2D> L3 > {y,z} ;
L05: zTypeln>L1D> L4 > lz € {y,2} ;
L06: z-TypeEqual>L1>L12> lr =y ;
L07: zTypeEqual>L1> L3> lr =2 ;
L08: Logicl>L6D> L7 > Wz=yVz=2) ;
L09: Block > Begin ;
L10: Hypothesis > r=yVr=2z ;
L11: Reduction > —~{y,z} ;
L12: Block > Begin ;
L13: Hypothesis > T=y ;
L14: TypeT > T ;
L15: Trans> R >L13 > z={y,2}'T ;
L16: z-IntroIn>L1>L4>L14>L11>L15>> z € {y,z} ;
L17: Block > End ;
L18: Block > Begin ;
L19: Hypothesis > T =y ;
L20: Logicl>L10>L19 > T =z ;
L21: TypeF > 0’F ;
L22: Trans> R >L20 > r={y,2}'F ;
L23: z-IntroIn>L1>L4>121>1L11>L22>> z € {y,z} ;
L24: Block > End ;
L25: TNDp L6>L16> 123 > z € {y,z} ;
L26: Block > End ;
L27: CDeduction > L8 > L5 > L25 > r=yVrx=z=>z€{yz} I
[ The Map proof of z-p reads

L1: Block > Begin ;

L2: Hypothesis > lx ;

L3: Hypothesis > Ly ;

L4: Hypothesis > L’z ;

L5: zplD>L1>L2D> L3> z€{y,z}=>zrz=yVr=2z ;
L6: zp2D>L1D>L2D> L3> z=yVz=z=z¢€{yz} ;
L7: Logic>L5> 16> zeE{y,2z2} &Srx=yVr=2z ;
L8: Block > End ;
L9: Gen3 > L7 > Vo:Vy:Vz: (z € {y,2} Sx=yVa=2z) ]
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[ The Map proof of z-ExtPair reads

LO1: Hypothesis > ZfcExt'(a) ;
L02: Hypothesis > ZfcExt' (b) ;
LO3: Block > Begin ;
L04: Hypothesis > Oz ;
LO5: Hypothesis > Ly ;
L06: z-SubtypeExtL’ > L5D> L1 > L(a’y) ;
LO7: zSubtypeExtL’ > L5D> L2 > 2’(b’y) ;
L08: zTypePair> L6> L7 > {a’y,b’y} ;
L09: ElmAl3 > z-p>L4>L6>L7>> zef{a’y, by}&Sr=a’yvz=by ;
L10: z-ExtVarX> L4 > ZfcExt' (\y.x) ;
L11: zExtEqual>L10>L1 > ZfcExt(Ay.x = a’y) ;
L12: z-ExtEqual>L10>L2 > ZfcExt(Ay.x = b’y) ;
L13: z-ExtOr>L11>L112> ZfcExt(\y.x=a’yVz=>b’y) ;
L14: Block > End ;

]

L15: z-IntroZfcExtIff’>L8>L9>L13>  ZfcExt'(A\y.{a’y,b’y})

A.61 Lemmas about [{z € y|A}]

[S'(y,f) = FmzeyAf'z I

[S"(y, f) = Azif(f'(y’z),y’zemizeyAf'z) T

[S(y.f) = if(S(y,[),S"(y,[),0) I’

[{oeyld} = S(y,Ao.A) r

[ Map lemma

z-TypeSly;: by:Wfilz:lz ey A fx :

z-TypeS’ss: Ly: 11 f:15'(y, f) ;

z-TypeS”45: byl f:£°S"(y, f) ;

z-TypeSy,s: Lyl f:0°S(y, f) i

z-SImply,q: b, y: ZfcExt(f) -z € S(y, f) vz €y A f'x ;

z-SImplied, ,q: Lo, y: ZfcExt(f) =z €y A f 'z — 2 € Sy, f) ;

2-SIffp50: lr,y:ZfcExt(f) -z € S(y, f) Sz €y A f'x :

z-TypeSubsetysy: {(€V;a,beT )L’ a b ZfcExt(Az.b) F £’{z€alb} ;

z-Subsetas : (z€V;a,b,c,d€T) ~(c|z:=a) L at L bF
ZfcExt(M\z.c) b a € {z€blc} S a€bA ;

7-8251: {z,y,2€V; a€T )notfree(y, z; a) + ZfcExt(Az.a) —
VydVr: (r €2 S €y Aa) T*

[ The Map proof of z-TypeS1 reads

L1: Hypothesis > Ly

L2: Hypothesis > WS

L3: Hypothesis > 0z

L4: zTypeln>L3>L1> lzxey
L5: ElmAll>L2>13> !f'z
L6: Logicl> L4D> L5 > Nz eyAfz)
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[ The Map proof of z-TypeS’ reads
L1: Hypothesis >
L2: Hypothesis >

L3: TypeExists > (z-TypeS1>L1>L12) >

L4: Repetition > L3 >

[ The Map proof of z-TypeS” reads

LO1: Hypothesis >

L02: Hypothesis >

L03: Define >

L04: ElmEI> L1 >

L0O5: StrictInElIP > L4 >
L06: Block >

LO7: Hypothesis >

L08: ElmInEND>L4> L7 >
L09: ExtBool>L2> 18 >
L10: z-TypeS1>L1D> L2 >
L11: TypeChoice > L10 >
L12: RefEquivK > L11 >
L13: ExtIfBKKD>LO>LS>LI2S

L14: Repetition > L13 >
L15: Block >

L16: IntrolnEll>L51> L14 >
L17: IntroEll > L16 >

[ The Map proof of z-TypeS reads
LO1: Hypothesis >
LO2: Hypothesis >
L03: z-TypeS’>L1>L2 >
L04: Block >
LO5: Hypothesis >
L06: Logicl> L5 >
LO7: z-TypeS” > L1D>L2>
LO8: Replace’>L6> L7 >
L09: Block >
L10: Logic >
L11: TNDp> L3> L8> L10>

[ The Map proof of z-SImply reads

Ly
hf
1S'(y, f)
Ly
hWf
p=Ty
Yy€ep
£p
Begin
U ~p U
y,UNy”U

J (7w & £y o)

lr:Y(z ey A fx)
ex:z ey A fiz

Bz eyA f'x

?
?
?
]*

(ex:xeyAf'z) ~ (ex:z€YAf )

if (f(y ),y u,ez:z€yAf'z) ~

if(f'(y’v),y’ v, ez:z€yAf'z)
S"(y, f) u~S"(y, f) v

End
S"(y,f) €ep
£°5"(y, f)

Ly
hWf
1S'(y, f)
Begin
S'(y, f)
S(y, f) =5"(y, f)
S"(y, f)
£’S(y, f)
End
=S'(y, f) = £’S(y, f)
t’S(y, f)

L G v wr wr e e we e e e
*

[a—
*
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LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:
L34:
L35:
L36:

[ The Map proof of z-SImplied reads

Hypothesis >
Hypothesis >
Hypothesis >
Hypothesis >

z-SubtypeExtB1 > L3 >

Logic > L4 >

Logic > L6 >
Replace’ > L7 > L4 >
Define >

z-ElimInEIl > L8 >
z-ElimIn > L8 >
Define >
ElimExistsEll > L6 >
ElimExists > L6 >
Trans > R > L11 >>

TypeApply > L2 > L10 >

ElimAIll > L5> L16 >
Block >

Hypothesis >

Logic > L19 >

Replace’ > L20 > L15 >

Logic> L14 >

z-IntroIn>L1>12>110>1L22>1 21>
ElimAl2> L3> L1>L1L16 >
LogicD> L19D> L21 D> L23 D> L24 >

Block >
Block >
Hypothesis >
Logic > L28 >

Replace’ > L29 > L15 >

Logic > L14 >

z-ext1>L1>113>L2>L30>L31>>
ElimAlN2> 13> L1>L13 >
Logicl> L14> L30> L32 D> L33 >

Block >

TND > L171> L25 > L34 >

0 x

Ly

ZfcExt(f)

z € S(y, f)

hf

S'(y, f)

Sy, f) =5"(y, f)
z € S"(y, f)

z=ezix=5"(y,f)’ 2

L’z
r=5"(y,f) =z
u=ewu€yYA flu
lu

ueEyYAflu

z =if(f'(y’2),y’ z,u)

£y’ z)

1y’ 2)

Begin
[y’ z)

if(f(y’2),y’ z,u)=y’2

r=vy’'z
Y
TEY

=y’z = (f'z & f(y’2))

zeEYAfz
End
Begin

~f (Y’ 2)

if(f(y'2),y’z,u)=u

T=u
uey
TEY

r=u=>(f"2& fu)

zeyAfix
End
TEYAf'x
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LO1: Hypothesis > O ;
L02: Hypothesis > Ly ;
L03: Hypothesis > ZfcExt(f) ;
L04: Hypothesis > TEYAf'z ;
L05: Logic> L4 > TEY ;
L06: Define > z=ezix=y'z2 ;
LO7: z-ElimInEll > L5 > 0z ;
LO8: z-ElimInD> L5 > r=y’'z ;

L09: TypeApply >L2>L7>  £'(y’2) ;
L10: EMmAI2BL3BLIBLOS z=y'z= (flz & [y 2)) :
L11: Logic>L4D>L8>LI0> f'(y’2)
L12: z-SubtypeExtB1>L3> I;f

L13: Block > Begin ;
L14: Hypothesis > 0y ;
L15: zTypeln>L14> L2 > lwey ;
L16: ElimAll>L12>114> fu ;
L17: Logic>L15> L16 > u€eyA fou) ;
L18: Block > End ;

L19: IntroExists >
(Gen>LIT)>L1>L4> S'(y,f) ;

L20: Logic>L19 > S(y, ) =5"(y, f) ;
L21: z-TypeS” >L2>L12>  £S"(y, f) :
L22: Reduction > =S5"(y, f) ;
L23: Logic>L11> if(f(y’2),y z,ezweyAf'z) =y’ z
L24: Replace’ > L231>L8 > z=if(f'(y’2),y’ z,ex:v€YAf’x) ;
L25: Trans> R > L24 > x=5"y, f) = ;
L26: z-IntroIn>L1D>L21D>

L7 > 122> L25 > z €Sy, f) ;
L27: Replace’>L20>126>>  z € S(y, f) I*

[ The Map proof of z-SIff reads

LO1: Hypothesis > 0z ;
LO2: Hypothesis > Ly ;
L03: Hypothesis > ZfcExt(f) ;
L04: z-SubtypeExtB1> L3> LWf ;
L05: z-TypeS> L2D> L4 > 2’S(y, f) ;
L06: z-Typelnl> L1>L5> lz € S(y, f) ;
LO7: z-Typeln>L1>12> lz ey ;
L08: ElLmAll> 14> 11> e ;
L09: Logic>L7D> L8 > zeyAfz) ;
L10: z-SImply>L1D>L2D> L3> z€S(y,f)oxzeyAf'z ;

L11: z-SImplied > L1>L2> L3 > zeyAflr>zeSy,f) ;
L12: CDeduction>L6>L9>L10> z€S(y,f)=>z€yAf's ;
L13: CDeduction>L9>L6>L11> zeyA flz=z€S(y,f) ;
L14: Logic>L12>L13 > zeSW,f)ezeyAf's T

[ The Map proof of z-TypeSubset reads



A Formal proofs

L1: Premise >

L2: Premise >

L3: z-SubtypeExtB1 > 12>
L4: zTypeS>LI>L3 >

la ;
ZfcExt(Az.b)
haz.b ;
¢’{zcalb} T*

[ The Map proof of z-Subset reads

L1:
L2:
L3:
L4:
L5:

Premise >

Premise >

Premise >

z-SIf> L1 > 12> L3 >
Trans> R > L4 >

[ The Map proof of z-s reads

la

2’b

ZfcExt(Az.c)

a €S, rc) &aebA (Az.c)’a
a € {z€blc} S aebAd

L01: Hypothesis > ZfcExt(\z.A)
L02: z-SubtypeExtB1>L1 > hiz. A
L03: Block > Begin
LO4: Hypothesis > Ly
LO5: Block > Begin
L0O6: Hypothesis > 0z
LO7: Block > Begin
LO8: Hypothesis > lx
L09: z-Typeln> L8> L6 > lz € 2
L10: z-Typeln> L8> 14 > lzey
L11: ElmAl>L2>L8 > I(A\z.A) a
L12: Trans>R>L11>> A
L13: Logic>L9>L10>L12 > zez&zeyA A
L14: Block > End
L15: z-TypeSubset > L4 > L1 > £ {zey|A}
L16: Block > Begin
L17: Hypothesis > Oz
L18: z-Subset > L17>L41>L1 > rze{zeyld} SrzeyA A
L19: Block > End
L20: Gen>L18 > Vi:x € {zeylA} Sz eyA A
L21: IntroExists >
(Gen > L13) > L14 > L20 > Ve (z€z2 Sz ey A A
L22: Block > End
L23: Gen>L21 > VydeVa:(z €z &z €y A A)

A.62 Lemmas about [Uz]

[Uz = {u€cw(@)|FviuecvAivez}]
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[ Map lemma
z-ExtUnion’sso:  ZfcExt'(a) — ZfcExt'(b) —
ZfcExt(Au.Jv:a’u € v Av € b’u) ;
z-TypeUnionyg,: fx:0’J= ;

z-ulagsa: br,y, 22t €2 =2 €y — € us(y)) ;
z-U2953: lr,y:Jz:x €2 A2 €y = x € us(y)) ;
z-U3254: lr,y:Jz:wezAzey = x € ug(y) A Jz:z€2A2€Y)
Z-Uosy: VaVy: (z € Uy & iz €2 Az €y) ;
z-ExtUniongsy:  ZfcExt'(a) — ZfcExt' (A\y.Ja’y) T
[ The Map proof of z-ExtUnion’ reads
LO1: Hypothesis > ZfcExt'(a) ;
L02: Hypothesis > ZfcExt' (b) ;
LO3: Block > Begin ;
LO4: Hypothesis > IARY ;
L05: z-ExtVarX D> L4 > ZfcExt' (Au.v) ;
L06: zExtIn>L1D>L5> ZfcExt(Au.a’u € v) ;
LO7: zExtIn>L5> L2 > ZtcExt(Au.v € b’ u) ;
L08: z-ExtAndD> L6>L7 > ZfcExt(Au.a’u € v Av € b u) ;
L09: Block > End ;
L10: z-ExtExists > L8 > ZfcExt(Au.Fv:a’u €v AveEb’u) T
[ The Map proof of z-TypeUnion reads
L1: Hypothesis > x ;
L2: TypeU4D>L1> £ ug(z) ;
L3: z-ExtVarY > ZfcExt' (A\u.u) ;
L4: zExtVarXD>L1> ZfcExt' (Au.x) ;

L5: z-ExtUnion’> L3> L4 > ZfcExt(Au.Jv:u € v A v € 1) ;
L6: zTypeSubset>L2>L5> £{u€ us(z)|Fiu€vAvex} ;
L7: Repetition > L6 > Uz I*
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[ The Map proof of z-ul reads

LO1: Hypothesis >
LO2: Hypothesis >
LO3: Hypothesis >
L04: Hypothesis >
LO5: Hypothesis >

LO6: TypeU4D> L2 >

LO7: Reduction >
LO&: Define >

L09: z-ElimInEll > L4 >
L10: z-ElimIn> 14>

L11: Define >

L12: z-ElmInEIl> L5 >
L13: z-ElimIn> L5 >

L14: Define >

L15: z-ElimEqualYEI>L9D> L13 >

L16: z-ElimEqualY>L9>L13 >

L17: TypeApply > L3> L9 >

L18: TypeApply > L2>L12 >

L19: TypeApply > L18>L15 >

L20: z-TransEqual>L1>L17>L19>L10>L16>>

L21: Define >

L22: TypePair > L12D> L15 >
L23: Trans >R > L20>
L24: Trans> R > L23 >

L25: zIntroln> L1D>L6> 122> L7 > 124>

[ The Map proof of z-u2 reads

L1: Hypothesis >
L2: Hypothesis >
L3: Hypothesis >
L4: Define >

L5: ElimExistsEll > L3 >
L6: ElimExists > L3 >

L7: Logic> L6 >
L8: Logic> L6 >

L9: zulDLIDLSD> L2 LT L8 >

0 x
Ly

zZeEy

€7 uq(y)
—'U4(Z/)
a=ceca:x=z"a

La

r=2z"a
b=cb:z=9y’b
b

~
—~ ==
@

~
<
- o O
2]
~

dzxezAzey ;
z2=exzx€zAhz€ey ;

Lz

T€zAz€EY ;

TEZ
ZE€y

z € ug(y) r
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[ The Map proof of z-u3 reads

LO1: Hypothesis > Lz ;
LO2: Hypothesis > Ly ;
L03: TypeU4D>L2>> £ uq(y) ;
L04: zTypeln>L1>L3> !z € us(y) ;
L05: Block > Begin ;
L06: Algebra > JzxezAzey ;
LO7: Logic > (FzizezAzey) AT ;
L08: Rev > z-u2> (FzizezAzey) Az eusy) ;
L09: Logicl L4 > z€us(y) AdzizezAzey)
L10: Block > End T*
[ The Map proof of z-u reads
LO1: Block > Begin ;
LO2: Hypothesis > 0z ;
LO3: Hypothesis > Ly ;
L04: z-ExtVarY > ZfcExt' (Au.u) ;
L05: zExtVarX > L3> ZfcExt' (Au.y) ;
L06: z-ExtUnion’>L4>L5>> ZfcExt(Au.3z:u € 2z A z € y) ;
LO7: TypeU4D> L3> £’ uy(y) ;

LO8: z-Subset>L2LT>L6>> 1 € {u€us(y)|Fziu€z Az €y} &
zeusly) Adziz€ezAzey ;

L09: z-u3D>L2>1L3 > zxezAzey=
reuwm(y)AdzizezAzey ;
L10: Replace’ > L91> L8 > zelJy&InizezAzey ;
L11: Block > End ;
L12: Gen2>L10 > VeVy: (z e Jy & ziz €z Az € y) T*
[ The Map proof of z-ExtUnion reads
L01: Hypothesis > ZfcExt'(a) ;
L02: Block > Begin ;
L0O3: Hypothesis > 0x ;
L04: Hypothesis > Ly ;
L05: z-SubtypeExtL’ > L4 > L1 > £(a’y) ;
L06: z-TypeUnion > L5 > ’Ja’y ;
L07: ElimAll2>z-ul> L3> L5> z€Ja'y & JzizezAzeay
L08: z-ExtVarX D> L3> ZfcExt' (\y.x) ;
L09: z-ExtUnion’ > L8> L1 > ZfcExt(\y.3z: z€2Az€a’y) ;
L10: Block > End ;

L11: z-IntroZfcExtIf’>L6GLT>L9S  ZicExt' (\y.Ua’y) I*
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A.63 Lemmas about [Pz ]

zCy = Vzi(zezx=>zey)

[ Map lemma
z-TypePower’yz:  Lx: £’ W (z)
z-ExtPower’ssg:  ZfcExt'(a) — ZfcExt'(b) —

ZfcExt(AuYv: (v € a’u = v € b’u))

z-TypePowerys;:  lz:0’ Pz
z-TypePower2,s,:  lx,y: £’ W(z,y)

Z'W7258: Kx, Y, =z W(ﬂy)’W(w,y)’z = W(.’L’,y, Z) 7(y o y71 o y)
z-w8o5s: br,y, z: LW (z,y, 2)
2-W3259: br,y,z:—x > x Cy—

W (y) W (z,y)z ~ if(y 2€x,y’2,y’c2: Y’ 2€x)
7-Wiog: lr,y,uirx 52 Cy—s>uex—>uec Wy W,y
2-w9961: br,y:mx > Cy—>Juy'ver
7-Whaga: lr,y,ui—z 5> xCy—>ueW(y) W,y suex
2-W6ag3: ley:mx =z Cy—2=W(y) W(z,y)
7-Wlogs: br,y:x Cy =z € W(y))
Z-W2964: lr,yzCy=cseW(y) Az Cy
7-Wog4: VaVy: (z € Py & Vz:(z €x = z € y))

z-ExtPoweryg,: ZfcExt' (a) — ZfcExt'(A\y.Pa’y)

2,ev:y’ v € T)

[

[W(2) = Ayif(y, 0, A2.2°(y (27 2)))
[W(z,y) = Xzif(y’(y™2) €xy™"’
[W(z,y,2) = Xuif(u’ze€z,u’zy cv:y’ v e )
[Pz = {ueW(@)|Vu:(vEu=ve€z)}

255
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[ The Map proof of z-TypePower’ reads

LO1: Hypothesis > Lz

L02: ExistsHull > L1 > Jp:z €2 p A Tx(p)

L03: Define > p=ep:x €3 pATr(p)

L04: ElimExistsEll > L2 > 0p

L05: ElimExists > L2 > z €2 p A Tr(p)

L06: Logicl> L5 > T EYP

LO7: Logic> L5 > Tr(p)

L0O8: Block > Begin

L09: Hypothesis > Yy~py

L10: Block > Begin

L11: Hypothesis > Z~p 2

L12: RefEquivK > L1 > T~

L13: ElimTrInEl > L7 > L6 > T € p

L14: StrictEquivPX > L11 > 0z

L15: ElmTrInTwo > L14>L7> L6 > T’z € p

L16: ExtKApplyP>L13>L12>L11> Tz~
x'z

L17: ExtPApplyK > L15> L9 > L16 > (@' 2) ~p
y'(z’2)

L18: ExtKApplyP>L13>L12BL1TS 2y’ (z 7)) ~
z’(y’(z’2))

L19: ExtT > T~T

L20: ExtIfPKK>L9>L19> L18 > if(y,0,2°(y (2 2))) ~
if(y,0,2°(y (=’ 2)))

L21: Block > End

L22: ExtLambdar> L41>L18 > Azif(y, 0,2 (y ' (z 2))) ~

Azif(y, 0,2 (y (z 2)))
L23: Block > End
L24: ExtLambda > L4 > 120 > Ay Azif(y, 0,z (y '(z 2))) ~
Ay Azif(y, 0,2 °(y (z 2)))
L25: StrictEquivKX > L22 > Ay Azif(y, 0,z (y ' (z 2)))
[ The Map proof of z-ExtPower’ reads

L01: Hypothesis > ZfcExt'(a)

L02: Hypothesis > ZfcExt' (b)

L03: Block > Begin

L04: Hypothesis > v

L05: zExtVarX D> L4 > ZfcExt' (Au.v)

L06: zExtIn>L5>L1> ZfcExt(Au.v € a’u)

L07: zExtIn>L5> 12> ZfcExt(Au.v € b’ u)

L08: zExtImply >L6> L7 > ZfcExt(Au.v € a’u => v € b’ u)

L09: Block > End

L10: z-ExtAll >L8 > ZfcExt(Au.Yv: (v €a’u=>v € b’ u)
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[ The Map proof of z-TypePower reads

L1: Hypothesis > Lz ;
L2: z-TypePower’>L1 > LW (x) ;
L3: z-ExtVarY > ZfcExt' (Au.u) ;
L4: zExtVarXD>L1> ZfcExt' (Au.x) ;

L5: z-ExtPower’> L3> L4>  ZfcExt(A\uVv:(v €Ea’u=v €b’u)) ;
L6: z-TypeSubset > L2>L5> £’{u € W(z)|Vu: (vE€Ea’u=vEDU)} ;
L7: Repetition > L6 > 0Pz T

[ The Map proof of z-TypePower2 reads

LO1: Hypothesis > lx ;
LO2: Hypothesis > Ly ;
L03: Define > w = Az.if(y’z€x, z,ev:yver)
L04: Reduction > W(z,y) =woy? ;
L05: Typelnv > L2 > 0yt ;
L06: Block > Begin ;
LO7: Hypothesis > 0z ;
L08: TypeApply>L2>L7> Ly’ 2) ;
L09: z-TypeIn> L8> L1 > ly’zex ;
L10: Block > Begin ;
L11: Hypothesis > Lo ;
L12: TypeApply >L2>L11 > £y’ v) ;
L13: z-Typelnl> L12D> L1 > lyvex ;
L14: Block > End ;
L15: TypeChoice > (Gen > L13) > Leviy’'ver ;
L16: TypelfBLL>L9D> L7 L15 > L if(y’z€x, z, ev: y'vET) ;
L17: Trans >R > L16 > O(w’ z) ;
L18: Block > End ;
L19: TypeCompose>(Gen>L17)>L5> £

=

(woy™) ;
y)

L20: Replace’ > L41>L19 > (,
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[ The Map proof of z-w7 reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LO7:
LOS:
LO9:
L10:

L11:

L12:

L13:
L14:

Hypothesis >
Hypothesis >
Hypothesis >

Typelnv > L2 >
TypeApply > L2 > L3 >
TypeApply > L4 D> L5 >
TypeApply > L2 > L6 >
z-Typeln > L7D> L1 >
Block >

Algebra >

Reduction >

Logic > L8 >

Reduction >
Block >

[ The Map proof of z-w8 reads

LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:

L15:

L16:
L17:
L18:

Hypothesis >
Hypothesis >
Hypothesis >

Block >

Hypothesis >
TypeApply > L5 > L3 >
z-Typeln > L6 > L1 >
Block >

Hypothesis >
TypeApply >L2>19 >
z-Typeln > L10> L1 >
Block >

0 x

Ly

0’z

an—l

£y’ 2)

Cly~"(y 2))
Cyly 'y’ =)
ly'(y='(y’2)) e
Begin

v )

Yy~ (y'2))
y'ev:y'vex

W(z,y,2)(yoy toy)

End

TypeChoice > (Gen > L11) >

TypeApply > L2>L13 >
Typelf BLLI>L7>L6>L14>>

Trans > R > L15 >
Block >
Gen > L16 >

UJNNN
R nww gy

in
u
(u’2)
Wwzezx
Begin
1A%
£y’ v)
wWvex
End
Leviy’vEx
Oy’eviy’v €x)

e’ u’zE:c{

N S

u’z

CW(z,y,2) u)
End
!1W(x7 Y, Z)

Yy’ ev:yvex

)
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[ The Map proof of z-w3 reads

LO1: Hypothesis > {x ;
LO2: Hypothesis > Ly ;
L03: Hypothesis > Lz ;
LO4: Hypothesis > -z ;
LO5: Hypothesis > zCuy ;

L06: z-Member>L1D>LIDL4> 2’z €
L07: TypeApply>L1>L1> £'(z’x) ;

L08: ElmAI>L5>L7 > r’rEx=>x’TEY ;
L09: Logic> L6 > L8 > T’ EY ;
L10: z-ElimInNot > L9 > -y ;

L11: zw8D>LI>L2>L3> L, W(z,y,2) :
L12: IntrolnvD>>L2D>L10 > yoy ltoy~y ) :
L13: Ext>L11>L12> W(yoyloy) ~ W(m,y,z) "y ;

L14: zw7D> L1213  W(y) W(z,y) 2

W (z,y,2) (yoy~" oy) ;
L15: Replace’ > L141>L13>  W(y)’ W(z,y) 2z ~W(z,y,2)y
L16: Trans> R > L15 > W(y) W(z,y) 2

if(y’z € z,y zyevy’véw) T*
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[ The Map proof of z-w4 reads

LO1: Hypothesis > 0z ;
LO2: Hypothesis > 0y ;
L03: Hypothesis > Ly ;
LO4: Hypothesis > -z ;
LO5: Hypothesis > zCuy ;
L0O6: Hypothesis > u€x ;
LO7: ElimAlND>L5>L3 > UETSUEY ;
L08: Logic>L6> L7 > u€Ey ;
L09: Define > z=ezzu=y’z ;
L10: z-ElimInEll > L6 > 0z ;
L11: z-ElimIn > L6 > u=y’z ;
L12: TypeApply > L21>L10 > Ly’ 2) ;
L13: z-ComEquall> L3> LI12D>LI1> y'z=u ;
L14: z-ext1>L12DL3>LIBL13>L6> Yy z€E€x ;
L15: Define > w=if(y'z€x, ¥z, y’ev: y'veT)
L16: Logic> L14 > y'z=w ;
L17: Replace’ > L16>L11 > U =w ;
L18: z-w3l>L1>L2>L10>L4>L5> W(y) W(z,y)’ z ~w :
L19: RefEquivK > L18 > w~W(y) W(z,y) 2 :
L20: z-RefEqual’ > L19 > w=W(y) W(z,y) 2 ;
L21: StrictEquivKX > L19 > 0w ;
L22: StrictEquivKY > L19 > (W (y) W(z,y)’ 2) ;
L23: z-TransEqual >

L3> L21> 122> L17> L20 > u=W(y) W(z,y) 2z :
L24: Reduction >> W (y)' W(z,y) ;
L25: zTypePower’ > L2 > LW (y) ;
L26: zTypePower2>L1D> L2 > W (z,y) :
L27: TypeApply > L25 > L26 > C(W(y)' W(z,y)) :
L28: z-Introln >

L3> L27> 110> L24 > L23 >
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[ The Map proof of z-w9 reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

z-Member > L1 >L1D> L3 >
TypeAll>L1> L1 >

ElimAll > L4D> L6 >

Logic> L5 D> L7 >

Define >

z-ElimInEIl > L8 >

z-ElimIn > L8 >

TypeApply &> L2 > L10 >
z-ComEqual > L6 > L12 > L11 >
z-extl1 >L12>L6>L1>L13> L8 >
Block >

Hypothesis >

TypeApply > L2> 116 >

z-Typeln > L17> L1 >

Block >

IntroExists > (Gen 1> L18) > L10 > L14 >

0 x
Ly
-z
zCy
r’r€x
Lz’ x)

r’rE€rx=>r’'TE€Y

r’r €Y

s=esix’rz=y’s

s
r’x=1y’s
£(y’s)
y’'s=z'x
y’'sex
Begin

v

£(y’v)

wWvex
End
Jv:y’vex
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[ The Map proof of z-w5 reads

LO1:

L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:

L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Hypothesis >

Define >

z-ElimInEIll > L6 >
z-ElimIn > L6 >>

Define >

zzw3 D> L1 D> L2> L8> 14> 15>
z-RefEqual’ > L11 >
StrictEquivKX > L11 >
StrictEquivKY > L11 >
z-TransEqual >

L3> L13>L14> L9 L12>>
TypeApply > L2 > L8 >
z-Typeln > L16 > L1 >
Block >

Hypothesis >

Logic > L19 >

Replace’ > L20 > L19 >
Block >

Block >

Hypothesis >

zzw9 D> L1 D> L2> 14> 15>
Define >

ElimExists > L25 >

Logic > L24 >

Replace’ > L28 > L27 >
Block >

TND > L17> L21 > L29 >
z-ext1>L3>1L14>L1>1L15>L31>

rCy o

ueW(y) Wiz,y)
z=ezzu=W(y) W(x,y)’ 2z
0z o

u=W(y) Wiz,y) z
w=il(y’z€x,y’2,y’ev: y' vET)

W(y) W(z,y)’ z~w

W(y) W(z,y)' z=w

W) W(z,y) 2)
0w

u=w

Ly’ z)
ly’zex

Begin
y'z€x
Yy z=w
weEZT

End

Begin
—y’'zE€x
Jv:y’vex
v=€eviy'vEX
y'veEx
w=y'v
weEZT

End

weEx

uEZT
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[ The Map proof of z-w6 reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LOT:
LOS8:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:

Hypothesis > lx

Hypothesis > 0y

Hypothesis > -z

Hypothesis > zCuy
z-TypePower’ > L2 >> W (y)
z-TypePower2 > L1 D> L2 > W (z,y)
TypeApply > L5 > L6 > CW(y) W(z,y))
Block > Begin

Hypothesis > u

z-Typeln > L9 D> L1 > lu € x

z-TypeIn > L9 D> L7 > lw € W(y) W(z,y)

z-wADL1>L2>L9>L3> 14>
z-w5>L1>L2>L9>L3>L4>

uezx—ueWy) Wy
u€W(y) W(z,y) >u€x

)
CDeduction>L10>L11>L12 > uezx=>ueWy) Wy
CDeduction>L11>L10>L13 > ueW(y) W(z,y) >ucz

Logic> L14 > L15 >
Block > End

z-ext3>L1I>L7D> (Gen>L16)>>  z=W(y)' W(z,y)

[ The Map proof of z-w1 reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT:
LOS8:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:

Hypothesis >

Hypothesis >

Hypothesis >

SubtypeLB > L1 >

Reduction >

z-TypePower’ > L2 >>

Block >

Hypothesis >

TypeT >

Logic > L8 >

z-Introln > L1 >L6>L9> L5 > L10 >
Block >

Block >

Hypothesis >

zzw6 > L1 >12> 114> L3 >
z-TypePower2 > L1 > L2 >

z-Introln > L1 > L6 >L16 > L5 > L15 >
Block >

TNDp> L4 L11 > L17 >

L x

Ly

rCy

lz

-W(y)

O W(y)

Begin
x
T
z=W(y)’
z € W(y)

End

Begin
-z
z=W(y)’
CW(z,y)
z € W(y)

End

z € W(y)

T

w

ueExrSueW(y) W,y

(z,9)
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[ The Map proof of z-w2 reads
LO1: Hypothesis > 0x
L02: Hypothesis > Ly
L03: z-TypePower’ >L12> £'W(y)
L04: zTypeln>L1>L3> lzxeW(y)

)

L06: z-ExtPower’>L4>L5> ZfcExt(MuNz: (z € x = 2 € y))

L07: zTypePower’ > L3 > W (y)

LO8: z-Subset>L2>L7>L6>> z € {ueW(y)|Vz: (z€u = z€y)} &
zeW(y) AVz: (z €z = 2 €y) ;

L0O5: Block > Begin ;
L06: Algebra > xCy ;
LO7: Logic > zCyAT ;
L08: RevD zwl> s CyAzeW(y) ;
L09: Logic> L4 > zeWlw)AzCy ;
L10: Block > End T
[ The Map proof of z-w reads
LO1: Block > Begin ;
LO2: Hypothesis > 0z ;
LO3: Hypothesis > Ly ;
L04: z-ExtVarY > ZfcExt' (Au.u) ;
L05: z-ExtVarX > L3 > ZfcExt' (Au.y) ;

L09: zw2D>L2D>L13> Vzi(z€x=>2z€y)=

re€W(y) AVz:(z €z = 2 €y) ;
L10: Replace’ > L9 L8 > TEPySVe(z€x=>2€Y) ;
L11: Block > End ;
L12: Gen2>L10> VaeVy: (z e Py & Vz:(z€x=>2€y)) I

[ The Map proof of z-ExtPower reads

LO1: Hypothesis > ZfcExt'(a) ;
L02: Block > Begin ;
L03: Hypothesis > Lx ;
L04: Hypothesis > Ly ;
L05: z-SubtypeExtL’> L4 > L1 > £(a’y) ;
L06: zTypePower > L5 > £’Pa’y ;
LO7: ElimAl2>zwD> L3> L5 > z € Pay & Vz: (z€x=z2€a’y)
L0O8: z-ExtVarX D> L3 > ZfcExt'(\y.z) ;
L09: z ExtPower’> L8> L1 > ZfcExt(Ay.Vz: (z€x=2€a’y)) ;
L10: Block > End ;

L11: z-IntroZfcExtHP’>L6>L7>L9>  ZfcExt'(A\y.Pa’y)

[a—
*

A.64 Lemmas about [w]

[zUy = U{z,y} ]
[{z} = {z,2} ]
[z = zU{z} 1
[w = Azif(z, 0, (W (2’ N))*) ]



A Formal proofs

[ Map lemma
z-TypeUygs: lbr,y: £’ (x Uy)
z-TypeUnitogs:  fx:£'{x}
z-TypeSucygs: lx: 0 (zT)
z-Typelnfty'sge: Vo: (T At S 0w’ T ~w'v)
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z-Typelnfty” 5561 —u — £’u = Vy:Yo: (Wy ~1 v = w’(Wy) ~w’v) =

Vor(u ~tov S w’u~w’o)
z-Typelnfty,ge: £'w

7z-ExtUsggg: ZfcExt'(a) — ZfcExt'(b) — ZfcExt'(\y.a’y Ub’y)
z-ExtUnitogr: ZfcExt'(a) — ZfcExt'(\y.{a’y})
z-ExtSucagr: ZfcExt'(a) — ZfcExt'(M\y.(a’y) 1)
z-ExtInfty,g;: ZfcExt' (\y.w)
z-iag7: lewAVr:(zew= 1zt €w)
[ The Map proof of z-TypeU reads
L1: Hypothesis > x ;
L2: Hypothesis > Ly ;

L3: z-TypePair>L1>12> £¢{z,y} ;
L4: z-TypeUnion> L3 > O Uz, v}

L5: Repetition > L4 > OUy) T
[ The Map proof of z-TypeUnit reads

L1: Hypothesis > Oz ;

L2: z-TypePair>L1>L1> £{z,2} ;

L3: Repetition > L2 > 0{z} I*

[ The Map proof of z-TypeSuc reads
L1: Hypothesis > U ;
L2: z-TypeUnit > L1 > 0{x} ;
L3: z-TypeUBLID>L2>» {('(zU{z}) ;

L4: Repetition > L3 > £'(z) T*
[ The Map proof of z-Typelnfty’ reads
L1: Block > Begin
L2: Hypothesis > IAXY
L3: TypeT > 0T
L4: TypeEquivP > L3> L3> L2 > IT ~7w
L5: Logic > Tr~rrvow' Tr~w’o
L6: Deduction” > L4 > L5 > Tr~rv3w' Tr~w'y
L7: Block > End

L8: Genp>L6> Vor (Tt 3w T~wv)
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[ The Map proof of z-Typelnfty” reads

LO1:
L02:
L03:

LO4:
LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:

L14:
L15:
L16:
L17:
L18:

L19:
L20:
L21:
L22:
L23:

Hypothesis >
Hypothesis >
Hypothesis >

Block >

Hypothesis >

TypeT >

TypeEquivP > L6 > L2 > L5 >
Block >

Hypothesis >

IntrolInTwoT >

ElimEquivP > L9 > L10 >
TypeApply > L5 > L6 >
ElimAll2 > L3> L2>L12 >

Logic> L11>L13 >
Gen > z-TypeSuc >
Ext>L15>L1L14 >
Logic>L1>L19 >
Logic> L1 D> L17 >

Transitivity > L18 > L16 >
Block >

Deduction” > L7 > L19 >
Block >

Gen > L21 >

[ The Map proof of z-Typelnfty reads

LO1:
LO2:

LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:

TypeT >

Transfinite” >
z-Typelnfty’ > z-Typelnfty” >
Block >

Hypothesis >
StrictEquivPX > L4 >
StrictEquivPY > L4 >
ElimAll2 > 12> L5 > L6 >
Logic> L4D> L7 >

Block >

IntroInEll > L1 > LO8 >
IntroEll > L10 >

[ The Map proof of z-ExtU reads

L1:
L2:
L3:
L4:

Hypothesis > ZfcExt'
Hypothesis > ZfcExt'
z-ExtPair > L1 > L2 >  ZfcExt'
z-ExtUnion > L3 >

(a
(b
(
(

ZfcExt'(M\y.a’yUb’y)

—u
u
Yy:Yo: (u’y ~1 v =
w(u’y) ~w’v)
Begin
v
oT
ly ~1 v
Begin
U ~10
Tey, T
uw' T~ro’T
Ow’T)
wWT~o’' TS
W (W T)~w’(v’T)
W (W T)~w’(v’T)
hWaz.zt
(@ TH ~ (w
-
wu~w'v=
(@@ TH ~ (w
wu~w’'v
End
u~NTV>wu~w’'v
End
Yo:(u~to S wu~Sw’ o)

RN

(' T)*

0T

Vu:Vo: (u ~1 o= w’u ~w’v)
Begin
U ~10
u
£
u~TUVSwu~w’y
w'u~w'v
End
weg T
0w

) ;
) ;
Ay. {a y,b’y}

[a—
*



A Formal proofs

[ The Map proof of z-ExtUnit reads

L1: Hypothesis > ZfcExt'(a) ;
L2: z-ExtPair>L1>L1> ZfcExt'(O\y.{a’y,a’y}) ;
L3: Repetition > L2 > ZfcExt'(\y.{a’y}) T*
[ The Map proof of z-ExtSuc reads
L1: Hypothesis > ZfcExt'(a) ;
L2: z-ExtUnit> L1 > ZfcExt' (\y. {a y}) ;
L3: zExtUD>LI>L2> ZfcExt'(\y.a y U{a’y}) ;
L4: Repetition > L3 > ZfcExt' (\y.(a’y) 1) T*

[ The Map proof of z-ExtInfty reads
L1: z-ExtVarX > z-Typelnfty > ZfcExt'(\y.w) T*

[ The Map proof of z-i reads

L01: TypeT > 0T

L02: z-Typelnfty > 0w

L03: Reduction > W

L04: Reduction > 0=w’T

L05: z-Introln>L1>12>L1>1L3>14>> few

L06: Block > Begin

LO7: Hypothesis > x

L08: z-TypeIn>L7>12 > lr ew

L09: z-TypeSuc> L7 > ()

L10: z-Typeln>L9> L2 > Izt ew

L11: Block > Begin

L12: Hypothesis > TEW

L13: Define > y=eyxr=w’y
L14: z-ElimInEIl>L12 > L’ y

L15: zElimIn>L12 > =w’y

L16: TypeKa> L14 > ( )

L17: TypeApply >L2>L14 > L(w’y)

L18: z-ExtVarY > ZfcExt' (A\z2.2)
L19: z-ExtSuc>L18 > ZfcExt' (Az.zt)
L20: zElImZ{cExt'>L7>L17>L19>L15>> zt = (wy)*
L21: Trans >R > L20 > zt =w(K’y)
L22: z-IntroIn>L9>L2>1L16>L3>L21>> zt ew

L23: Block > End

L24: CDeduction > L8> L10> L22 > T€Ew=>zT Ew
L25: Block > End

L26: Gen > 124> Vo:(z € w =zt €w)
L27: Logic> L5 > L26 > 0 €wAVe: (zew=rtew)

A.65 Lemmas about [Cx ]

[Czx=ey:yex]
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[ Map lemma

z-TypeChoice,gq:
Z—EXt}ChOiC6268 :

Z-a268:
Z-C269:

Map theory with classical maps © 2001 Klaus Grue

lx: 0’ Cx ;
ZfcExt'(a) — ZfcExt'(\y.Ca’y) ;
VaVy: (x =y = Cz = Cy) ;
Vz: (z # 0 = Cz € 1) T*

[ The Map proof of z-TypeChoice reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:

Hypothesis >

Block >

Hypothesis >

0z
Begin
Ly ;

z-Typeln > L3> L1 > lyex ;

Block >

End ;

TypeChoice > (Gen > L4) > (’ey:y€x
Repetition > L6 > L’'Cx T*

[ The Map proof of z-ExtChoice reads

L1:
L2:
L3:
L4:
L5:
L6:
L7:
LS&:

Hypothesis >

Block >

Hypothesis >
z-ExtVarX > L3 > ZfcExt' (\y.2)
z-ExtIn > L4 D> L1 > ZfcExt' (\y.z € a’y)

Block >

ZfcExt'(a) ;
Begin ;
0z

End ;

z-ExtChoice > L5 >  ZfcExt'(\y.ez:z €a’y)
Rename > L7 > ZfcExt' (Ay.Ca’y) T*

[ The Map proof of z-a reads

LO1:
L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS8:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:

Block >

Begin ;

Hypothesis > Oz ;
Hypothesis > L'y ;
z-TypeEqual > L2 > L3 > lr =y ;

z-TypeChoice > L2 >> 0’ Cx

z-TypeChoice > L3 > 2’ Cy ;
z-TypeEqual > L5 > L6 > 1ICz =Cy ;

Block >

Begin ;

Hypothesis > T=y ;
z-ExtVarY >> ZfcExt'(Az.2) ;
z-ExtChoice > L10 > ZfcExt'(A2.Cz) ;

z-ElimZfcExt'>L2>L3>L11>L9>> Cz=Cy

Block >

CDeduction > L4 > L7 > L12 > r=y=>C=Cy

Block >

End

End

Gen2p> L14 > VaVy: (z =y => Cx=Cy) T



A Formal proofs

[ The Map proof of z-c reads

LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:

Block > Begin

Hypothesis > 0x
z-TypeEmpty > 20
z-TypeEqual > L2 > L3 > lz=10

Logic > L4 > lz #0
z-TypeChoice > L2 > 0’ Cx

z-Typeln > L6 > L2 > ICzex

Block > Begin
Hypothesis > z#0

Logic> L9 > -z

z-Member’ > L2 > L10 > Jyyex
ElimExists > L11 > (ey:yezx)ex
Rename > L12 > Czex

Block > End

CDeduction > L5 > L7 > L13 > z#£0=>Cxex
Block > End

Gen > L15 > Vz: (z # ) = Cx € x)

A.66 The axiom of replacement

[ Map lemma
z-TypeR’pg9:  (z,u€V; A€F)lu: ZfcExt(Az. A) I

lr,u:'A

z-TypeRoge:  (z,u€V; A€ F)lu: ZfcExt(Az.A) +

Lz:0°((Az.cu: A) o 2)

z-TypeRly;g:  (x,u€V; A, z€ F)lu: ZicExt(Az.A) F £z F

lx:!(z € 2z A Ju: A)

7-TypeR2y70:  (z,u€V; A, yeF)lu: ZfcExt(Az.A) F £’y F

’ .
Z-I''270-

Z-r271:

lr:FuueyAA

VzIyVz: (z € 2 A Ju: A = Ju:u € y A A)

[ The Map proof of z-TypeR’ reads

LO1:
LO2:
LO3:
LO4:
LO5:

Premise > lu: ZfcExt(A\z.A)
Hypothesis > lx

Hypothesis > l'u

L1>L3 > ZfcExt(Az.A)

z-SubtypeExtB > L2D> 14> A

[ The Map proof of z-TypeR reads

e ve v e we

L e we wr wr wr we ws we wa ws ws ws s ws s s
*

(z,y, 2, ueV; A€ F)notfree(y, z; A)-fu: ZicExt(Az.A) F
lr,z2z € 2 — Ju: A — Ju:u € Azeu: A)oz A A
(z,y, 2z, u€eV; AEF)notfree(y, z; A)-Lu: ZfcExt(Az.A) F
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LO1: Premise > lu: ZEcExt(Az. A) ;
L02: Hypothesis > 0z ;
L03: Block > Begin ;
L04: Hypothesis > 0z ;
L05: Block > Begin ;
L0O6: Hypothesis > 0u ;
LO7: zTypeR'>L1>L4D> L6 > 1A ;
L08: Block > End ;
L09: TypeChoice > (Gen > L7) > Leu: A ;
L10: Trans>R>L9 > C((Azeur A)’z)
L11: Block > End ;

L12: TypeAll> (Gen > L10) > lidzeu: A ;
L13: TypeCompose>L12> 12> £’((Az.eu: A) 0 2) T

[ The Map proof of z-TypeR1 reads

L1: Premise > Lu: ZfcExt(Az.A)
L2: Premise > 0z ;
L3: Hypothesis > 0x ;
L4: z-Typeln>L3>L1L2 > lz €z ;
L5: z-TypeR’ > L1>L3> fu:lA ;
L6: TypeExists> (Gen>L5) > [Hu: A ;
L7: Logic> L4> L6 > zezATu:A) T
[ The Map proof of z-TypeR2 reads
LO1: Premise > lu: ZfcExt(Az.A)
L02: Premise > Ly ;
L03: Hypothesis > 0x ;
L04: Block > Begin ;
L05: Hypothesis > L ;
L06: zTypelnD>L5> 12> lu €y ;
LO7: z-TypeR’'>L1I>L3D>L5> 1A ;
LO8: Logicl> L6 > L7 > ueyA A ;
L09: Block > End ;

L10: TypeExists > (Gen>L8) > Hu:ueyA A I

[ The Map proof of z-r’ reads



A Formal proofs

LO1: Premise >

LO2: Hypothesis >
L03: Hypothesis >
L04: Hypothesis >
L0O5: Hypothesis >

L06: zTypeR>L1D> L3>
LO7: z-TypeR2>L1ID>L6D>L2>>

LO8: StrictExists > L7 >
L09: Define >

L10: ElimExistsEll > L5 >

L11: ElimExists > L5 >
L12: Define >

L13: z-ElimInEll> L4 >
L14: zElimIn> L4 >
L15: zExtChoice’ > L1 >

L16: TypeApply > L3> L13 >
L17: z-ElimZfcExt>L2>L16>L15>L14>

L18: Trans> R L17>
L19: Reduction >

L20: z-IntroIn>L10>L6>L13>L19>118>>

L21: Logic> L11>L20 >

L22: IntroExists > L8> L10> 121 >

[ The Map proof of zr reads

lu: ZfcExt(Az. A)

O

0’z

T E 2

Ju: A

£’ ((Ax.cu: A) o 2)

Bu:u € Apeu: A)oz A A
hWuaw € (Az.cu: A)oz A A
u=ceu: A

Ly

A

v=evizx =20

IAXY

r=2z"v

ZfcExt' (Az.cu: A)

£(z7v)

u= (Az.eu: A) (2’ v)
u=((Ar.eu: A)oz)v
—(Az.cu: A) o z

u € (Az.eu: A) oz

u€ (Azeu: A)oz A A
Ju:u € A\z.eu:A)oz A A
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LO1:
L02:
LO3:
LO4:
LO5:
LOG6:
LO7:
LO8:
LO9:
L10:

L11:
L12:

L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:

L26:
L27:

L28:

L29:
L30:

Map theory with classical maps © 2001 Klaus Grue

Premise >

Block >

Hypothesis >

Block >

Hypothesis >

Block >

Hypothesis >

z-TypeR1 > L1 > L3> L7 >
z-TypeR2> L1 > L5 D> L7 >
Logic> L8> L9 >

Block >
TypeAll > (Gen > L10) >

Block >

z-TypeR > L1D> L3 >

Block >

Hypothesis >
z-TypeR1>L1>L3> 116>
z-TypeR2>L1>L14 > L16 >
Block >

Hypothesis >

Logic > L20 >

Logic > L20 >

2’ >L1I>L16>L3>L21>122>
Block >
CDeduction>L17>L18>L23>

Block >
Gen > L25 >

IntroExists >
(Gen>L12) > L14 > L27 >

Block >
Gen > L28 >

lu: ZfcExt(Ax.A)
Begin
0’z
Begin
Ly
Begin
Ox
Wz € z A Ju: A)
Hu:ueyA A
Nz €zAJuA=>
Ju:u €y A A)
End
Wz:(z €2 A3Ju: A=
Ju:u € y A A)
End
L ((Az.cu: A) o 2)
Begin
Oz
lz€ezAdu:A
Fuiu € A\zeu:A)oz A A
Begin
r€zAIJu:A
TEZ
Ju: A
Fu: ue(Az.cu: A)ozAA
End
z€zAJu A=
Ju:u € Azeu: A)oz A A
End
Ve:(z €z AJu: A=
Juiu € Azcu:A)oz A A)

JyVr:(z € 2 A Ju: A =
Ju:u ey A A)
End
Vz3yVe: (z € z A Ju: A =
Ju:u ey A A)

A.67 The axiom of restriction

D(z,y) =JuwuersAuecy

*

{ D(z,y’ev:y’v € 1)
Y



A Formal proofs

[ Map lemma
Z—DT’273:
Z—DT273:
z-TypeD1yy75:
z-TypeD2y,5:
z-TypeD3y74:
Z—DE274:
z-TypeD,,x:
Z—D12762
Z—D2277:
z-darg:

lr:-Fu:uezrzAueT

lr:D(z, T)=T
lr,y:'Fu:uezAuey
le,y:Yv: iy’ v €x
lx,y: L’ ev:y’v Ex
lr,y:FJuwuezAuey — vy’ ves
lz,y: L’ D(z,y)
lr,y:y €x = D(z,y) €Ex
lx,y:—Ju:u € z Au € D(z,y)

Ve:(z #0=>Jziz€x A-FJuu€z Au€2)

[ The Map proof of z-DT’ reads

L1: Hypothesis > 0x

L2: Block > Begin
L3: Hypothesis > lu
L4: z-Typeln>L3>L1> lu ez

L5: Logic> L4 >

L6: Block >

L7: Genp> L5>

“(uexAueT)
End
Vu:=(u €z Au€eT)

L8: Trans> AllNot>L7>» -JuuczAueT

[ The Map proof of z-DT reads
L1: Hypothesis> £’z ;
L2: zDT'>Ll>» -JuuezAueT ;

L3: Logic> L2 >

D(z,T)=T I*

[ The Map proof of z-TypeD1 reads

L1: Hypothesis > g

L2: Hypothesis > Ly

L3: Block > Begin
L4: Hypothesis > lu
L5: z-TypelnD> L4D> L1 > lu € x
L6: z-TypelnD> L4D> L2 > lu €y

L7: Logic>L5D> L6 >

L8: Block >

L9: TypeExists > (Gen > L7) >

uexAuey)
End
BuuezAuey

[ The Map proof of z-TypeD2 reads

L1: Hypothesis > Oz ;
L2: Hypothesis > Ly ;
L3: Block > Begin ;
L4: Hypothesis > Lo ;
L5: TypeApply > L2> L4 > 2y’ v) ;
L6: z-TypelnD> L5D> Lx > lyovex ;
L7: Block > End ;

L8: Genp>L6>

Yv:ly’vex T

273



274

[ The Map proof of z-TypeD3 reads

L1:
L2:

L3: TypeChoice > (z-TypeD2 > L1 > L2) >

Hypothesis >
Hypothesis >

[ The Map proof of z-DE reads

LO1:
LO2:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
L09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:

Hypothesis >

Hypothesis >

Hypothesis >

Define >

ElimExistsEll > L3 >
ElimExists > L3 >

Logic > L6 >

Logic > L6 >

Define >

z-ElimInEIl > L8 >

z-ElimIn > L8 >

TypeApply > L2>L10 >
z-ComEqual > L5 > L12> 19 >
z-extl > L12> L5 LI > LI3 D LT >
z-TypeD2 > L1D> L2 >
IntroExists > L15> L10 > L14 >

71, ;
Y ;
eviy’vezr T

9

9

[ NS NN

x

Ly
Ju:uexAucy
u=cu:u€zAu€y
Ly

uETAuU€EY

uUEx

uecy
v=eviu =y v

1KY

"@

U
Z

<

v
v)
=u

@

y'vEx
Yoily’v €x
Jv:y’vez
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A Formal proofs

[ The Map proof of z-TypeD reads
LO1:
L02:
LO3:
LO4:
LO5:
LOG:
LOT7:
LOS:
LO09:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:

Hypothesis >

TypeT >

Replace’ > z-DT > L2 >
Block >

Hypothesis >
Hypothesis >
Hypothesis >

z-TypeD1 > L1D> L6 >
Block >

Hypothesis >

Logic > L10 >
z-TypeD3 > L1> L6 >
ElimAl > L7>L12 >
Replace’ > L11 > L13 >
Block >

Block >

Hypothesis >

Logic > L17 >

Replace’ > L18 > L6 >
Block >

TNDp> L8> L14 > L19 >
Block >

Transfinite’ > L3 > L21 >
ElimAll > L23 >

0z

T

£’ D(x,T)

Begin

Y

0y

Vz: £’ D(z,y’ 2)

Bu:uerzAuey

Begin
JuuezrAucy

D(z,y) = D(z,y’cv:y’v € x)

Leviy’veEx
£’ D(z,y’ev:iy’v € 1)
£’ D(z,y)
End
Begin
~Ju:u€ezAucy
D(z,y) =y
€’ D(z,y)
End
¢’ D(z,y)
End
Vy: £’ D(z,y)
£’ D(z,y)
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[ The Map proof of z-D1 reads

LO1:

L02:
LO3:
LO4:
LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:
L28:
L29:
L30:
L31:
L32:
L33:
L34:
L35:
L36:

Hypothesis >

TypeT >

z-Typeln > 12> L1 >
Logic > L3 >

z-DT > L1 >

Replace> L5 > L4 >
Block >

Hypothesis >
Hypothesis >
Hypothesis >

z-Typeln > L9 > L1 >
Block >

Hypothesis >
z-TypeD1>L1>L9 >
Block >

Hypothesis >
zDED>L1ID>L9D>L16 >
Define >

ElimExistsEll > L17 >
ElimExists > L17 >
ElimAll > L10 > L19 >
Logic > L20> L21 >
Logic > L16 >

Replace’ > 123 > L22 >
Block >

Block >

Hypothesis >

Logic > L27 >

Replace > L28 > L13 >
Block >

TND > L14> 124> L29 >
Block >

Deduction” > L11 > L31 >
Block >

Transfinite’ > L6 > L33 >
ElimAll > L35 >

0z
0T
Tex
Tex>Tex
D, T)=T
Texz=>D(x,T)ex
Begin

Y

Ly

Vz:(y’z € x = D(z,y’2) € x)

lyex
Begin
yex
JuuezAuey
Begin
JuuezAucy
Jv:y’v e
v=ev:y'vET
Lv
y'vez

y’'vex=>D(x,y’v) €Ex

D(z,y’v) €x
D(z,y) = D(z,y’v)
D(z,y) € x
End
Begin
~Ju:uexAucy
D(z,y) =y
D(z,y) € x
End
D(z,y) € x
End
y€x=>D(x,y) €Ex
End
Vy: (y € z = D(z,y) € z)
ly:y € x = D(x,y) €x



A Formal proofs

[ The Map proof of z-D2 reads

LO1:
L02:
LO03:
LO4:
LO5:
LO6:
LO7:
LOS:
LO9:
L10:
L11:
L12:
L13:
L14:
L15:
L16:
L17:
L18:
L19:
L20:
L21:
L22:
L23:
L24:
L25:
L26:
L27:

Hypothesis >

zDT’ > L1 >

zDT > L1 >

Replace’ > L3> L2 >
Block >

Hypothesis >
Hypothesis >
Hypothesis >
z-TypeD1 D> L1 D> L7 >
Block >

Hypothesis >
zDED>L1ID>L7D> L1 >
Define >

ElimExistsEIlI > L12 >
ElimAll > L8> L14 >
Logic > L11 >

Replace’ > L16 > L15 >
Block >

Block >

Hypothesis >

Logic > L20 >

Replace’ > L21 > L20 >
Block >

TNDp> L9 L17 > L22 >

Block >

0x
~Ju:uezAueT
D(z,T)=T
—Ju:u € z Au € D(z,y)
Begin
Y
Ly
Vz:-Juw:u €z Aué€ D(z,y’2)
HuuexzAuey
Begin
Ju:uezrAucy
Ju:y’'v ex
v=eviy'vET
Lv
—~Ju:u €z Au € D(z,y’v)
D(z,y) = D(z,y’v)
—Ju:u € z Au € D(z,y)
End

Begin
“Ju:uexAucy
D(z,y) =y

—Ju:u € z A u € D(z,y)
End
—Ju:u €z Au € D(z,y)
End

Transfinite’ > L2 > 124>  Vy:—Ju:u € z Au € D(z,y)

ElimAIl > L26 >

ly:—Fu:u € z A u € D(z,y)
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[ The Map proof of z-d reads

LO1: Block > Begin ;
L02: Hypothesis > 0x ;
L03: z-TypeEmpty > 20 ;
L04: z-TypeEquall> L2> L3 > lz=10 ;
L05: Logic > L4 > lz # 0 ;
L06: Block > Begin ;
LO7: Hypothesis > 0’z ;
LO8: z-Typeln>L7>1L1> lzex ;
L09: z-TypeD1>L1D> L7 > BuuexzAuez ;
L10: Logic> L8> L9 > (z € x A =Fu:uer A uez) ;
L11: Block > End ;
L12: TypeExists > (Gen > L10) > 3z:2 € x A ~Ju:u€x A uez ;
L13: Block > Begin ;
L14: Hypothesis > z#0 ;
L15: Logic> L14 > -z ;
L16: Define > y=z’'x ;
L17: z-Member > L2> 12> L15 > YyEz ;
L18: TypeApply > L2D> L2 > Ly ;
L19: z-TypeD D> L2 L18 > £’ D(z,y) ;
L20: z-D1>L2>L18>L17 > D(z,y) € x ;
L21: zD2>L2D>L18 > ~Ju:u €z Au € D(z,y) ;
L22: Logic>L20> L21 > D(z,y) € x A
-Ju:u € x Au € D(z,y) ;

L23: IntroExists >

(Gen 1> L10) > L19 > L22 > Az: z€xA-Fu: u€rAucz :
L24: Block > End ;
L25: CDeduction>L5>L12>L23> zA0=>3z: zexA-Tu:uerAucz
L26: Block > End ;
L27: Gen>L25> Vo: (z #0 =

zizex A-Juuezrz Au€2) T*
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[Ty:2], 49
[~z ], 36

4M($7y) ]7 95

A; ], 03

absolutely correct, 51
Ackermann ], 102
AckermannAll ], 102
AckermannC ], 234
AckermannChoice ], 99
AckermannE ], 234
AckermannExists ], 102
Ackermanns axiom, 89
advanced rules, 28

[ AllNot ], 101

[ Alternate ], 196

[ Alternate3 ], 196

[

[

L B B W W e W

AlternateA ], 196
AlternateB ], 196
anti-lemma, 73
anti-proof, 73
anti-rule, 73

[ ApplyBottom ], 48

[ ApplyLambda ], 48

[ ApplyNil ], 48
argumentation, 49
axiom, Ackermanns, 89

[ Axiomatic system ], 47

BNF, 18

[e(z) ], 23

canonical representation, 36

[ CDeduction ], 73

characteristic function, 40

classical, 95

classical extensionality, 107

classical inner hull, 86
classical map, 15, 85
classical outer hull, 86
classical outer range, 86
classicaly equal, 86
closed nine-tuple, 94
closed term, 19
closure, transitive, 111

[ ComEquiv ], 105
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[ ComEquivK ], 106

[ ComEquivP ], 106

[ Commutativity ], 53

[ CommuteHyp ], 67

[ Compactl ], 204

[ Compact2 ], 204

[ Compact3 ], 204

[ Compact4 ], 204

[ Compactness |, 112
complete, 32
computable construct, 10
conclusion, 28, 49
concrete lemma, 53
concrete variable, 46

[ Contradiction ], 73
correct, absolutely, 51
correct, relatively, 51

[D,],9
[ D, ], 9
[ D, ], 9
K
[ Ded: Extensmnahty] 76
[ Ded:Hyp ], 69
[ Ded:Import ], 69
[ Ded:Minimality ], 80
[ Ded:Monotonicity ], 80
[ Ded:QND ], 69
[ Ded:SubApply ], 69
[ Ded:SubLambda ], 6
[ Ded:Trans ], 69
[ Deduction” ], 73
[ Define ], 122
[ Discl ], 204
[ Disc2 ], 204
[ Discriminate ], 112
domain, 91
domain rule, 98
[ DomainAll ], 99
[ DomainChoice ], 99
[ DomainExists ], 99
[ DomainPure ], 98

[E,], 93
[E. ], 93
[Ex ], 84

Map theory with classical maps © 2001 Klaus Grue
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[E. ], 93
elementary rules, 28

[ ElimAll ], 99

[ ElimAlI2 ], 102

[ ElimAlI3 ], 102

[ ElimAll4 ], 102

[ ElimEll ], 107

[ ElimEquiv ], 105

[ ElimEquiv’ ], 109

[ ElimEquivK ], 106

[ ElimEquivP ], 109

[ ElimExists ], 102

[ ElimExistsEll ], 102

eliminate, 89

elimination rule, 98

elimination, shorthand, 67, 69

[ ElimInEll ], 107

[ ElimInTwo ], 109

[ ElimInTwoS ], 109

[ ElimInTwoT ], 109

[ ElimKK ], 196

[ ElimPure ], 98

[ ElimSub ], 109

[ ElimTrHead ], 112

[ EimTrInEIl ], 112

[ ElimTrInTwo ], 112

[ EimTrSub ], 112

[ ElimTrTail ], 112

[ ElimU1 7], 173

[ ElimU2 ], 178

[ ElimU4 ], 185

[ ElimU4Sub ], 185

[ ElimU6 ], 196

[ ElimU6’ ], 196

[ EllOrderA ], 107
empty environment, 95
environment, 93
environment, empty, 95
equal, 13
equalon[p], 86
equal, classicaly, 86
essential cardinality, 108

[ Existence ], 98

[ ExistsHull ], 112

[ ExistsHull’ ], 203

[ ExistsHull” ], 203
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[ ExistsUnion ], 185
[ ExistsUnionl ], 185
[ ExistsUnion2 ], 185
[ ExistsUnion3 ], 185
[ Ext ], 107

[ ExtBool ], 107

[ ExtBool’ ], 107

[ ExtBool” ], 107

[ Extensionality ], 75
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extensionality, classical, 107

[ ExtF ], 110

[ ExtIfBKK ], 110

[ ExtIfKKK ], 110

[ ExtIfPKK ], 110

[ ExtKApplyK ], 110
[ ExtKApplyP ], 110
[ ExtKPairK ], 110

[ ExtLambda ], 110
[ ExtPApplyK ], 110
[ ExtT ], 110

[F],45
fail, 7
[ Failure ], 49
[ FalseLemma, ], 68
finite, 95
first range, 108
fixed point, 31
fixed point operator, 31
[ FixedPoint ], 59
follow logically, 66
form, root normal, 12
[ free(z, y) ], 19
function term, 20

[ Gen ], 102

[ Gen2 ], 102

[ Gend ], 102
generalization, 102

[ Head ], 58

[ head(z) ], 43, 58
hold, 7
hull, classical inner, 86
hull, classical outer, 86

hull, non-classical inner, 85
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hull, non-classical outer, 85
hull, transitive, 111

hypothesis, inner induction, 103
hypothesis, outer induction, 103

L. (y) ], 94
I ], 9
[, ]9
[if(z,y,2 )] 19
[ IfBottom ], 48
[IfLambda]
[IfNil ], 4
[ImphedExlstence] 98
[ ImplyNonmono ], 127
[ ImplyPure ], 98
[ Indirect ], 72
[ Indirect’ ], 72
induction hypothesis, inner, 103
induction hypothesis, outer, 103
inner hull, classical, 86
inner hull, non-classical, 85
inner induction hypothesis, 103
inner range, 107
inner range, non-classical, 85
[ InsideBlock ], 71
instance, 57
[ Instance(A, B, A, B) ], 57
[ Instantiation ], 57
[ Instantiation’ ], 100
intensional, 13
interpretation, 92
introduction rule, 98
[ IntroEll ], 107
[ IntroEquiv ], 105
[ IntroEquiv’ ], 109
[ IntroEquivK ], 107
[ IntroExists ], 102
[ Introlff ], 73
[ IntroInEll ], 107
[ IntroInEIT ], 107
[ IntroInTwo ], 109
[ IntroInTwo’ ], 109
[ IntroInTwoK ], 109
[ IntroInTwoT ], 109
[ IntroInU5 ], 195
[ Introlnv ], 112
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[ IntroKK ], 196

[ IntroKSub ], 109
[ IntroPure ], 98

[ IntroSub ], 109

[ IntroSubK ], 109
[ IntroSubU4 ], 185
[ IntroTr ], 191

[ IntroTrT ], 191

[ IntroTrU5 ], 195
[ IntroUla ], 173

[ IntroU1F ], 173

[ IntroU1T ], 173

[ IntroU1U1 ], 173
[ IntroU2a ], 178

[ IntroU2b ], 178

[ IntroU2U2 ], 178
[ IntroU3 ], 185

[ IntroU3Hyp ], 184
[ IntroU4 ], 185

[ IntroU4’ ], 185

[ IntroU6°X ], 196
[ IntroU6’Y ], 196
[ IntroU6X ], 196

[ IntroU6XU ], 196
[ IntroU6Y ], 196

[ Inverse ], 204

[ Inversel ], 204

[K], 90

[£], 88,90

[ z lemma y ], 49
lemma, -meta, 53
lemma, concrete, 53
liberal representation, 36
line, proof, 49

[ Logic ], 64
logically, follow, 66

[M4], 132
map, 11

[ Map ], 47
map, classical, 15, 85
mathematical, 13
meta-lemma, 53
meta-proof, 53
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metaquantifier, 47
metavariable, 47
minimal, transfinite universe, 96
[ Minimality ], 80
model, 94
[ ModusPonens ], 65
[ Mono ], 79
monotonic, 32
[ Monotonicity ], 79
[MP’], 78
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nine-tuples, 92
non-classical inner hull, 85
non-classical inner range, 85
non-classical outer hull, 85
non-classical outer range, 85

[ NonExistence ], 98

[ Nonmonolmply ], 127
normal, 92
normal form, root, 12, 22

[ NotAll ], 101

[ NotAllNot ], 101

[ notfree(z;y) ], 75

ontological, 13

order, partial, 77

outer hull, classical, 86

outer hull, non-classical, 85
outer induction hypothesis, 103
outer range, 108

outer range, classical, 86

outer range, non-classical, 85
outer range, second, 87

[P(Z) ], 95
[PY(2)], 95
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p.o., 77
parameters, 56
partial order, 77

[ Peano ], 80
predicate, type, 88
premise, 28

[ Premise ], 53
procedure, trisection, 20
proof, 51

[ A Z proof of y reads z ], 51
proof line, 49
proof, -meta, 53

[ PureA ], 135

[ PureB ], 135

[Q], 62
[Q], 72
QND, 29, 61
[QND ], 61
QND, strong, 95
Quartum Non Datur, 29, 61

%A
©e3

0O Ut ix LN

-

1,14
range, 91, 108
range rule, 98
range, classical outer, 86
range, first, 108
range, inner, 107
range, non-classical inner, 85
range, non-classical outer, 85
range, outer, 108
range, second, 108
range, second outer, 87
[ RangeAll ], 99
[ RangeEll ], 99
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[ RangeExists ], 99

[ RangePure ], 98

[ Reduction ], 58

[ Reduction(z,y) ], 58

[ RetfEquiv ], 105

[ RefEquivK ], 106

[ RefEquivP ], 106

[ Reflexivity ], 53
relatively correct, 51

[ Rename ], 54

[ Rep(xaya 2, U) ]5 99

[ Repetition ], 55

[ Replace ], 55

[ Replace’ ], 55
representation, 37

representation, canonical, 36
representation, liberal, 36

retract, 36

[Rev], 65

[Z <root ¥ ], 29
root equivalent, 20
root node, 24

root normal form, 12, 22

rule, 47

[zruley], 48
rule, domain, 98
rule, elimination, 98
rule, introduction, 98
rule, range, 98
rule, strictness, 88
rule, type, 88

[ 32($7y) ]7 108

second outer range, 87

second range, 108

shorthand elimination, 67, 69

side condition, 29, 48
simple tautology, 64
[ z ]-small, 95

SQND, 95

[ StrictAll ], 101

[ StrictChoice ], 101

[ StrictEll ], 101

[ StrictEquivKX ], 106
[ StrictEquivKY ], 106
[ StrictEquivPP ], 106
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[ StrictEquivPX ], 106

[ StrictEquivPY ], 106

[ StrictExists ], 101

[ StrictInEIlIP ], 107

[ StrictInEIIX ], 107

[ StrictInTwoX ], 109

[ StrictInTwoY ], 109
strictness rule, 88

[ StrictSubX ], 109

[ StrictSubY ], 109

[ StrictTr ], 112

[ StrictTypeAll ], 99

[

[

Strict TypeChoice ], 99
Strict TypeExists ], 101

Strong QND, 95

[ SubApply ], 48

[ SubEquiv ], 109

[ SubEquiv’ ], 167

[ SubEquivK ], 109

[ SubEquivP ], 109

[ SubInEll ], 109

[ SubLambda ], 48

[ SubtypeB1B ], 104

[ SubtypeB2B1 ], 104

[ SubtypeL1B ], 104

[ Subtypel11.2 ], 104

[ Subtypel.2B2 ], 104

[ SubtypeLB ], 104

[ SubtypeLL1 ], 104

[ SubtypelL2 ], 104

[supz ], 32
suppremum, 32

[ syntaxclass ], 45

Tail ], 58

tautology, 64
[ Tautology(z) ], 64
tautology, simple, 64
[ TND ], 72
[ Tr(z) ], 111
[ Trans ], 48
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[ TransEquiv ], 105
[ TransEquivl ], 151
[ TransEquiv2 ], 151
[ TransEquivK ], 106
[ TransEquivP ], 106

transfinite, 96
[ Transfinite ], 103

transfinite universe, 96

transfinite universe, minimal, 96
[ Transfinite’ ], 103
[ Transfinite” ], 103

transitive, 111

transitive closure, 111

transitive hull, 111
[ Transitivity ], 53
[ TransSub ], 109

trisection procedure, 20, 21
[ TrU6 ], 200
[ TrU6a ], 200
[ TrU6b ], 200
[ TrU6c 1, 200
[ TrU6d ], 200
[ TrU6e ], 200
[ TrU6f ], 200
[ TruthExistence ], 98
type predicate, 88
type rule, 88
[ TypeAll ], 101
[ TypeApply ], 104
[ TypeChoice ], 101
[ TypeCompose ], 110
[ TypeEquiv ], 105
[ TypeEquivK ], 106
[ TypeEquivP ], 106
[ TypeExists ], 101
[ TypeF ], 110
[ TypelfBLL ], 104
[ TypelnEll ], 107
[ TypeInTwo ], 109
[ Typelnv ], 112
[ TypeK ], 104
[ TypeKa], 110
[ TypeKK ], 196
[ TypeLim ], 107
[ TypePair ], 110
[ TypeSub ], 109
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[ TypeT ], 104
[ TypeTr], 112

[ TypeTr’ ], 191

[ TypeUl1], 173

[ TypeU1L2 ], 173

[ TypeU21], 178

[ TypeU2L2 ], 178

[ TypeU2T ], 178

[ TypeU3 ], 184

[ TypeU3a ], 184

[ TypeU4 ], 185

[ TypeU4Hyp ], 185

[ TypeU5 ], 195

[ TypeUbApply ], 195

[ TypeUbCompose ], 195
[ TypeU6 ], 196

[ TypeU6’ ], 196

(a)], 173
2(a,b) ], 178
3

51, 194

ua(m,y) :|7 196
undecidable, 20

[ UnionHyp ], 185
universe, minimal transfinite, 96
universe, transfinite, 96
univocal, 115
ur-term, 20

(V] 45
value, 92
variable, concrete, 46

[ Xz ], 93
[Y], 31, 59

[Z-A ], 114
[ 2- ]264
[Z-A1], 114
[z-al], 214
[Z-A2], 114
[z-a2], 214
[Z-A3 ], 114
[z-a3], 214
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Z-A41, 114
z-ad], 214
Z-A51, 114

[

[

[

[z

[Z

[ z- ] 264

[ z-ComEqual ], 217
[ z-ComEquall ], 221
[ z-ComEqual2 ], 221
[Z-D ], 114

[z-d ], 269

[2z-D1], 269

[2z-D2 ], 269

[ z-DE ], 269
[z-DT ], 269

[z DT’ ], 269

[Z-E], 114

[z-e], 225

[ z-ElimEqualX ], 217
[ z-ElimEqualXE ], 217
[ z-ElimEqualXEll ], 217
[ z-ElimEqualY ], 217
[ z-ElimEqualYE ], 217
[ z-ElimEqual YEIl ], 217
[ z-ElimIn ], 225

[ z-ElimInEll ], 225

[ z-ElimInNot ], 225

[ z-ElimZ{cExt ], 230
[ z-ElimZ{cExt’ ], 230
[ z-extl ], 225

[ z-ext2 ], 225

[ z-ext3 ], 225

[ z-ExtAll ], 234

[ z-ExtAnd ], 234

[ z-ExtChoice ], 264

[ z-ExtChoice’ ], 234
[ z-ExtEmpty ], 240

[ z-ExtEqual ], 234

[ z-ExtExists ], 234

[ z-ExtIff ], 234

[ z-ExtImply ], 234

[ z-ExtIn ], 234

[ z-ExtInfty ], 261

[ z-ExtNot ], 234

[ z-ExtOr ], 234

[ z-ExtPair ], 240
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[ z-ExtPower ], 251

[ z-ExtPower’ ], 251

[ z-ExtSuc ], 261

[ z-ExtU ], 261

[ z-ExtUnion ], 248

[ z-ExtUnion’ ], 248

[ z-ExtUnit ], 261

[ z-ExtVarX ], 234

[ z-ExtVarY ], 234

[ Z-Gen ], 114

[ z- gen] 214
[Z-1],114

[ z-i], 261

[ z-IntroEqual ], 217

[ z-Introln ], 225

[ z-IntroZfcExt ], 230

[ z-IntroZfcExt’ ], 230
[ z-IntroZfcExtIff ], 230
[ z-IntroZfcExtIff’ ], 230
[ z-Member ], 225

[ z-Member’ ], 225
[Z-MP ], 114

[z mp ], 214

[Z-N], 114

[ z-n ], 240

[ z- NotIn] 225
[Z-P], 114

[ p] 240

[ z-pl ], 240

[ z-p2 ], 240

[Z2-Q], 114

[z-q], 225

[Z-R], 114

[ r] 265

[ z-1" ], 265

[ z-RefEqual ], 217

[ z-RefEqual’ ], 217
[Z-S], 114

[ z-s], 243

[ z-SIff ], 243

[ z-SImplied ], 243

[ z-SImply ], 243

[ z-Subset |, 243

[ z-SubtypeExtB ], 230
[ z-SubtypeExtB1 ], 230
[ z-SubtypeExtL’ ], 230

z-
z-
Z-
Z-
Z-
Z-
z-
Z-r
z-
z-

-R
-R
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[ z-SubtypeExtL1’ ], 230
[ z-TransEqual ], 217

[ z-TransEquall ], 223

[ z-TransEqual2 ], 223

[ z-TypeChoice ], 264

[ z-TypeD ], 269

[ z-TypeD1 ], 269

[ z-TypeD2 ], 269

[ z-TypeD3 ], 269

[ z-TypeEmpty ], 240

[ z-TypeEqual ], 217

[ z-TypeExists ], 214

[ z-Typelmply ], 214

[ z-Typeln ], 225

[ z-Typelnfty ], 261

[ z-Typelnfty’ ], 261

[ z-Typelnfty” ], 261

[ z-TypeNot ], 214

[ z-TypePair ], 240

[ z-TypePower ], 251

[ z-TypePower’ ], 251

[ z-TypePower2 ], 251

[ z-TypeR ], 265

[ z-TypeR’ ], 265

[ z-TypeR1 ], 265

[ z-TypeR2 ], 265

[ z-TypeS ], 243

[ z-TypeS’ ], 243

[ z-TypeS” ], 243

[ z-TypeS1 1], 243

[ z-TypeSubset ], 243

[ z-TypeSuc ], 261

[ z-TypeU ], 261

[ z-TypeUnion ], 248

[ z- TypeUnlt ], 261
[Z-U], 114

[z-u], 248

[z-ul ], 248
[ z-u2 ], 248
[ z-u3d ], 248
[Z-W ], 114
[z-w ], 251
[z-wl ], 251
[z-w2 ], 251
[z-w3 ], 251
[ z-w4 ],

251
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[
[
[
[
[

296

Z-Wd
z-w6
z-wW'l
z-w8
z-w9

];
];
];
1,
],

251
251
251
251
251
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Appendix C

Summary

C.1 Brackets

All formulas are enclosed in brackets. Formulas that are intended for mechanical
proof checkers are decorated with an asterisk.

C.2 Periority
Below, [] means that [ 4 ] has greater priority than [ B ]. []

means that [ A ] has the same priority as [ B]. As an example, [z Vy > = =
y = = & y | means that [z V y ] has greater priority than [ x = y ] which in

turn has the same priority as [ < y ] (which infers that [  V y ] has greater

297
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priority than [ z < y 1).

[ z'y >
Toy >
zt =~ >
Ty >
zly >
xQy >
ENYS T =pYy=T~NY=T~p Y=z €Y= 5
rEy=2Cy >
Rr=wc=lr i = >
TAy=zAy >
zVy=zVy >
Vory = doiy Zex:y = Exty >
r>yZreyZroyzrSy=as sy >

8
—N
ISI S
V¢

Az.y >
r=y=x =<y >
Ty >
(rey)z >
chyZzfyZahy >
r>y=zby >
>y >
Ty >
z;y >
z/y >
zly >
T =y >

z rule y = z lemma y = z anti lemma y =
x proof of y reads z

[a—
*

C.3 Associativity

Below, [] means that the ambiguous statement [ A ] should be inter-
pretted like [ B]. As an example, [ z’y’ 2 ] could mean either [ (z’y)’z Jor[ =’
(y’z)]but [z’y’z > (z’y)’ 2z ] states that the former choice is the intended
one or, in other words, [ z’y ] is left associative.

Constructs with the same priority have the same associativity soe.g.[z A y ]
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inherits left associativity from [z Ay ].
[’y 2 = (z'y)’z I
[zoyoz = (zoy)oz iy
[z:ry::z S z::(y::2) T
[zlylz = (@ly)lz T
[TAYAz =S (xAy) Az T
[zVyVz = (xVy Ve T
[z=2>y=>2 5 z=>W=2) T
[z=oy—2 S z2>WW—2) T
[zFykFz S5 2k (yk2) T
[zDyD>z S (z>y) T
[z>y>2z = (@>y>z T
[z:y:2 > oi(y:z T
(25952 = (w59);2 T

C.4 Fundamental constructs

] the ur-element
z.4 ] the function that maps[z ] to[ A4 ]
Y] x applied to y
z,y,z) | equals[y]is[z]is the ur-element,
[z ]if [z ]is a function, and
[L]if[z]equals| L]
[Ez ] equals[ T]if[z’y = T ] for some [ y ], and
equals [ L ] otherwise.

[ex] equals[ L Jif [’y = L ] for any classical [ y ], else
equals a classical [ y ] for which [ 2’y ] if such a one exists,
else equals some, unspecified classical [ y ].

equals
equals

C.5 Definitions

The following list of definitions merely includes those concepts that are needed
for stating the axioms and inference rules in Section C.10.

[L = (Az.z’z)’ (T3’ T) ]I
[Y =M.\ f(272)) Az f (2 2)) ]
[T =N T*
[F = Az.N I
[~z = if(z, T,F) ]:
x{ Vo tif(a,g,2)
' . [ if(y,T,F) I
Ty ‘“’{ iy, F.F)
L[ if(y,T,T) i
A ”3{ iy, T.F)
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%

[ if(y,T,F
: if(y, T, T
Ty :“"{ ifgz,F,T))
. if(y, T,F
ey =”“"{ ifE‘Z,F,Tg
[zAy  =if(z,y,F) I
[m&y :1f(;c,y,T) ]*
[z &y ZySz T
[~z = if(z,F,T) I
[z =if(z,T,T) I
[ L =Vy:'(zy) I
if(y,N, L
z 1y Zm{ iny,J_,/\g.x’z,Ly’z)
[z<y =z=z2ly I
[Ez:y = EXz.y T
[zoy =Xz.z’(y’2) I
[? = Ag.if(z, T, L) I
[ex:y = eAz.y T
[3z:y = ~((Az.y) ez y) I
[Va:y = -3z T
3 L[ if(y, T,F) )
T=rY —m{ if(y, F,Vu:Vo:rz’(p’u’v) =p y’(p’u’v))
[K = Az )\y.x T
(z€p =VuVui(u=pv=2"u=z’0) I
(£ = M Azif(z, T,(Vy: f(z’y)) NEp: f ' pAz € p) |
1 =Yl .

C.6 Shorthand conventions

Whenever a term [ A ] occurs in a position where a formula is expected, [ A ] is
shorthand for [ A =T ].

[A— (B=C)]isshorthand for [AAB=AAC].

[ Vz,y: z ] is shorthand for [ Vz:Vy: z ]. Similar conventions are in effect for

(3L (ML (€], [4], and[ £ ]
[ (xz;y)z ] is shorthand for [ (z){y)z ]. [ (z,y€z)v ] is shorthand for [ (z€z)

(yez)v ].

C.7 Operations on Godel-numbers

The following constructs can be used in side conditions.
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[ (A | z:=B) ] equals [ A ] where all free occurrences of [ = ] are replaced by
[ B ]. Bound variables are renamed to avoid variable clashes. Renaming is done
in some deterministic but unspecified way.

[A~Blistrueif[ A] and [ B ] are identical except for renaming of bound
variables.

[ notfree(xy, - -, Tm; a1, -, a,) | is true if [ &1, ..., 2, ] are distinct variables
none of which are free in any of [ a1,...,a, ]

C.8 Syntax of MT

variables V: [V u= z|y|z]|--- ]
terms 7 [T == VIN|XV.T|T’T|U&T,T,T)|ET |eT ]
formulas F: [F == T=T ]

C.9 Constructs for formulating rules

[z F y ] states that [ y ] is provable if [ z ] is provable.

[z # y ] states that [ y ] is provable if [ 2 ] computes to [ T ].
[ (z€V)y ] states that [ y ] holds for all variables [ z ].

[ (z€T)y | states that [ y ] holds for all terms [ z ].
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C.10 Axioms and inference rules

[ Map rule
IfNil: (B,C€eT) if(N,B,C) =B ;
IfLambda: (zeV; A, B,C€eT) if(Az.A,B,C)=C ;
IfBottom: (B,CeT) if(L,B,C) =L ;
Trans: (A,B,CeT) A=BFA=C+-B=C ;
SubLambda: (xeV; A, BET) A=BF Xz. A= Xz.B ;
SubApply: (A,B,CeT) A=BFC'A=C"B ;
ApplyNil: (BeT) N’B=N ;
ApplyLambda: (zeV; A,B,C€eT) C~(A|z:=B) {
(Az.A)’B=C ;
ApplyBottom: (BeT) 1’B=1 :
QND: (A,B,CeT) A’N=B’NHk
A’AC=B’ACH
A'L=B"1+F
AC=B'C ;
Extensionality: (u,veV; A, B,CeT) notfree(u,v; A, B,C) I+
(A W) = ~(B ) -
Avwv=A4"(C"u’v) F
B'uwv=B(C"u’v)F
A’u=B"u ;
Monotonicity: (A,B,CeT) A<XBFC'AXC’B ;
Minimality: (a,beT) a’b=<bFY’a=xb ;
Existence: ET=T ;
NonExistence: EL=1 ;
ImpliedExistence: E(xoy) - Ex ;
TruthExistence: Ez =E(?o02) ;
ElimAll: Vr:a’x - £€’b—a’b ;
AckermannChoice: ex:a’rx=¢ex:l’xNa’x
Strict TypeChoice: Oex:a’x =ha ;
]

*

Strict TypeAll: Wz:a’z = ha
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